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Atiyah-Singer



Axial Anomaly Revisited

Csaki, Shirman, JT hep-th/1003.0448

Figure 1: The fermion triangle diagram which contributes to the anomaly. One must also
add the crossed graph where the gauge bosons are interchanged.

A simpler way of obtaining the anomaly is to follow the method of Argyres and Douglas
[10] of using SL(2, Z) transformations to map the theory with a dyon to a dual theory with
an electric charge, perform the calculations in the dual theory, and then map back, as we did
for the β-function in Sec. 2. Thus we want to perform SL(2, Z) transformations of the sort
(2.8-2.9). As in (2.11) one can map a dyon with charges (q, g) to a dual electron with charge
n, where n is the greatest common factor of the integers q and g, using a transformation
with c = g/n and d = q/n. In the dual theory with electric charge n, the axial anomaly is

∂µj
µ
A(x) =

n2

16π2
F �µν ∗F �

µν =
n2

32π2
Im (F �µν + i ∗F �µν)2 . (5.1)

Using (3.2) we find that in the original theory with a dyon the axial anomaly is
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�
. (5.3)

We immediately recognize that the coefficients are indeed determined by the one-loop β
function contributions as expected. The second term, proportional to the gauge kinetic term
F µν Fµν , may give one pause since it might seem that it allows us to rotate away this term
in the action. However there is only an axial anomaly if there are charged massless fermions,
but then θ and βθ are unphysical. Rotating θ to zero we are left with

∂µj
µ
A(x) =

1

16π2

��
q2 − g2 16π2

e4

�
F µν ∗Fµν + qg F µν Fµν

�
. (5.4)

6 Gauge Anomalies

In the case of a mixed gauge anomaly between the U(1) of electromagnetism (with only
electric charges) and an SU(N) gauge group one finds that gauge dependent terms appear
in the action

Lanom = c Ω Gaµν ∗Ga
µν (6.1)
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E-M Duality

Heaviside, Phil. Trans. Roy. Soc. A 183 (1893) 423
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SL(2,Z) Duality

duality not a symmetry

Cardy and Rabinovici Nucl. Phys. B205 (1982) 1



Tiling the coupling plane 



duality covariant

Maxwell Eq.

includes Witten effect



Maxwell Eq.

Sikivie-Maxwell Eq.
duality covariant

naively duality violating!
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Seiberg-Witten
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massless monopoles

size smaller than Compton wavelength

Seiberg-Witten
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possible vacua parameterized by u
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Low Energy EFT

perturbative   functionβ



Low Energy EFT

instantons



Low Energy EFT



large perturbative 

small strongly coupled 

everywhere

has R-charge=2

R-charge is anomalous and spontaneously broken

axion

Seiberg-Witten Axion



expand around VEV: 

decay constant: 

Low Energy EFT



expand around VEV: 

decay constant: 

perturbative anomaly

Low Energy EFT



expand around VEV: 

decay constant: 

non-perturbative instanton/monopole effects

Low Energy EFT



Low Energy EFT
expand to linear order in axion: 

non-perturbative instanton effects

one-loop chargino contribution



Electric Frame
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Axion Coupling



expand around VEV: 

non-perturbative electric charge effects

Dual Low Energy EFT

one-loop monopole contribution



Magnetic Frame
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Dual Axion Coupling



a → γγ Squared Amplitude
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Without SUSY
PQ magnetic fermion


light electron

RG



Without SUSY
PQ magnetic fermion


light electron
duality PQ electric fermion


light magnetic “electron”

RG



Without SUSY
PQ magnetic fermion


light electron
duality PQ electric fermion


light magnetic “electron”

Witten effect

RG



Without SUSY
PQ magnetic fermion


light electron
duality PQ electric fermion


light magnetic “electron”

Witten effect

RG

duality
CP violating


 axion couplings
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SL(2,Z) Covariance

SL(2,Z) doublets



SL(2,Z) Covariance

SL(2,Z) doublets
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SL(2,Z) Covariance



SL(2,Z) Covariance

SL(2,Z) doublets

SL(2,Z) invariant



Linearized EOM



Linearized EOM

Challenge for Model Builders
this class of theories has two CP problems: 

enhance g while keeping        small 



axion couplings are not quantized


additional monopole/instanton terms can be large


generically leads to CP violation


Conclusions


