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- importance of symmetries in QFT  

- ’t Hooft anomalies since1980’s: e.g. preons, Seiberg dualities 

- new developments !

Gaiotto, Kapustin, Komargodski, Seiberg 2014-…

    mixed 0-form/1-form anomaly “new” vs “old”

       higher-form/discrete:
“GKKS+”

    anomalies, nonpertubative semiclassical dynamics,  
    and the large volume (“real world”) limit

THIS TALK

TWO PARTS

MAIN:

IN THE FORM  
OF COMMENTS:



1. pure 4d YM, any G, θ = 0 or π

2. 4d N=1 SYM, any G, or G with  massless adjoint Weyl, or…nf

for G = SU(N) : U(1) → Z2Nnf

1-FORM CENTER SYMMETRY AND 0-FORM DISCRETE SYMMETRY

 parity at θ = 0, π

in each case, 1-FORM CENTER, e.g.  for SU(N), act on Wilson loops Z(1)
N

in each case, 0-FORM involves  shift of  angle (in YM, only at )2π θ θ = π
explicitly:

discrete chiral Z(0)
2Nnf



1. pure 4d YM, any G, θ = 0 or π

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x
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a
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)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(
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2
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2g2
B̂a
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a
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= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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Since the adjoint fermions obey (3.6), the Z
(1)
N center-symmetry generators T̂i commute with

the Hamiltonian.
Classically, the nf Weyl fermions have a U(nf ) (0-form) global chiral symmetry. However,

in the quantum theory, this is broken by the triangle anomaly to
Z2nfN×SU(nf )

Znf
. In what

follows, we shall only consider the discrete chiral symmetry which is defined as the center of
the full unbroken chiral symmetry, that is Z2nfN . The classical U(1) ∈ U(nf ) chiral current
operator ĵµf = λ̂a †σ̄µλ̂a, with a sum over a and flavour understood, has an anomaly given by
the (Heisenberg picture) operator equation

∂µĵ
µ
f = ∂µ(λ̂

a †σ̄µλ̂a) = 2nfN∂µK̂
µ . (3.48)

This allows one to define a conserved but gauge variant current which we label Ĵµ
5 for historical

reasons:31

Ĵµ
5 = ĵµf − 2nfNK̂µ . (3.49)

The corresponding U(1) charge operator, Q̂5 =
∫

d3xĴ0
5 =

∫

d3xĵ0f − 2nfN
∫

d3xK̂0, com-
mutes with the Hamiltonian but is not gauge invariant. However, the unitary operator rep-
resenting a Z

(0)
2nfN

subgroup of the chiral symmetry is gauge invariant32

X̂
Z
(0)
2nfN

= e
i 2π
2nfN Q̂5

= e
i 2π
2nfN

∫
d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫

d3xĵ0f contains a trace
in its definition, the fermion part of the chiral symmetry operator commutes with the 1-form
center symmetry generators T̂j . Hence, the algebra between X̂

Z
(0)
2nfN

and the T̂j is exactly the

same as between V̂2π and Z
(1)
N symmetry generators T̂j of eqn. (3.26)

T̂j X̂
Z
(0)
2nfN

= e−i 2πN mj X̂
Z
(0)
2nfN

T̂j. (3.51)

This implies that the discrete chiral symmetry transformation results in a shift $e → $e− $m.
We can now return to our example of $m = (0, 0, 1). We have, as in the pure gauge theory,

that T̂1,2 commute with the Hamiltonian and the chiral symmetry generator X̂
Z
(0)
2nfN

. Similar

to (3.40), the interesting part of the algebra is

[T̂3, Ĥ] = 0, [X̂
Z
(0)
2nfN

, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)

As Ĥ commutes with T̂3, as before, we can label energy eigenstates as |E, e3〉. Clearly, the
algebra (3.52) then requires that

X̂
Z
(0)
2nfN

|E, e3〉 = |E, e3 − 1〉 . (3.53)

31See [71] for the calculation of the relevant field-current and current-current equal-time commutators.
32The discussion that follows parallels the one in the charge q > 1 Schwinger model [13]. In particular, the

algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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conserved non-gauge invariant U(1) charge

1-FORM CENTER SYMMETRY AND 0-FORM DISCRETE SYMMETRY

 parity at θ = 0, π

discrete chiral Z(0)
2Nnf
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Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):
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5 = ĵµf − 2nfNK̂µ . (3.49)

The corresponding U(1) charge operator, Q̂5 =
∫

d3xĴ0
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= e
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2nfN Q̂5
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2nfN

∫
d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫

d3xĵ0f contains a trace
in its definition, the fermion part of the chiral symmetry operator commutes with the 1-form
center symmetry generators T̂j . Hence, the algebra between X̂

Z
(0)
2nfN

and the T̂j is exactly the

same as between V̂2π and Z
(1)
N symmetry generators T̂j of eqn. (3.26)

T̂j X̂
Z
(0)
2nfN

= e−i 2πN mj X̂
Z
(0)
2nfN

T̂j. (3.51)

This implies that the discrete chiral symmetry transformation results in a shift $e → $e− $m.
We can now return to our example of $m = (0, 0, 1). We have, as in the pure gauge theory,

that T̂1,2 commute with the Hamiltonian and the chiral symmetry generator X̂
Z
(0)
2nfN

. Similar

to (3.40), the interesting part of the algebra is

[T̂3, Ĥ] = 0, [X̂
Z
(0)
2nfN

, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)

As Ĥ commutes with T̂3, as before, we can label energy eigenstates as |E, e3〉. Clearly, the
algebra (3.52) then requires that

X̂
Z
(0)
2nfN

|E, e3〉 = |E, e3 − 1〉 . (3.53)

31See [71] for the calculation of the relevant field-current and current-current equal-time commutators.
32The discussion that follows parallels the one in the charge q > 1 Schwinger model [13]. In particular, the

algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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5 for historical

reasons:31

Ĵµ
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5 =

∫
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2Nnf

2. 4d N=1 SYM, any G, or G with  massless adjoint Weyl, or…nf

̂V2π = ei 2π ∫ d3xK̂0

( )



GKKS+  have shown that these symmetries have a mixed anomaly

1-FORM CENTER SYMMETRY AND 0-FORM DISCRETE SYMMETRY

usually considered in the Euclidean path integral:  

gauge center -> find that discrete symmetry disappears



anomaly has immediate consequences for spectrum of : 

exact degeneracies of “electric flux” states in appropriately 
twisted Hilbert space at any size torus

Ĥ

- desire to understand a new observation from different view points

- lattice is usually a torus

Hamiltonian was particularly useful in 2d, work w/ Anber 1807, 1811 

somewhat unknown/unappreciated!- this study reveals connections to “old” work,

N.B.: different  from ‘topological order’ (e.g.  in superconductors), where torus 
degeneracy only in “topological scaling limit,” neglect tunnelling at 

Z2
V < ∞

- last but not least: allows for simple understanding of anomaly, e.g. w/out “ ”𝒫(B(2))

THIS TALK: MIXED ANOMALY IN HILBERT SPACE ON TORUS

MAIN 

RESULT



 mixed 0-form/1-form anomaly in torus ( ) Hilbert spaceT3

consequence for spectrum of : exact degeneracies of 
“electric flux” states at any size 

Ĥ
T3

old: 1980’s+…   “femtouniverse” w/ twistsT3

new: anomaly interpretation

1.

2.

implications for infinite volume phases, semiclassics, 
and connection to Euclidean discussions 

3.

will skip derivations - see Cox, Wandler, EP, 2106.11442 (nicely explained!) - 
  
and focus on discussing the implications (mostly on example of SU(N) at )θ = π

outline



 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

constant-twist  (  ) - gauge (the good one!) Γi

mk ∈ Z (mod N), k = 1,2,3
the gauge invariant data:

“spatial ’t Hooft twists ”SU(N)/ZN bundle



example: m3 = n12 = 1 , Γ1Γ2 = ei 2π
N Γ2Γ1 Γ3 = 1

turned on static topological  
2-form  gauge background  
in 1-2 plane

ZN  [Kapustin,Seiberg ’14]

 (mod 1)

=

any  noncontractible 
2-plane

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A



example: m3 = n12 = 1 , Γ1Γ2 = ei 2π
N Γ2Γ1 Γ3 = 1

winding Dirac 
surface of 
“’t Hooft loop”

turned on static topological  
2-form  gauge background  
in 1-2 plane

ZN
lattice: unit 
center vortex in 
0-3 plane  [Kapustin,Seiberg ’14]

 (mod 1)

= =

quantizing in fixed  background  
= in spatial 2-form flux gauging 

⃗m
Z(1)

N

any  noncontractible 
2-plane

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A



’t Hooft ’81; Luscher ’82; van Baal ’84;  Gonzalez-Arroyo; Korthals Altes ‘80s+…

Witten ’82, ’00: use for tr(−1)F

- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3
̂TlŴk

̂T−1
l = ei 2π

N δkl Ŵk
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- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3
̂TlŴk

̂T−1
l = ei 2π

N δkl Ŵk

-  commute with Hamiltonian, generate 1-form ;  eigenvalues ̂Tl Z(1)
N

̂Tl ei 2π
N el ∈ ZN
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boundary conditions on T3 eigenvalues of , generating 1-form ̂Tl ZN
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“flux” label is due to ’t Hooft 
does not necessarily imply 
nonzero gauge field strength!  
 (dynamical issue, twist of b.c.)
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’t Hooft:   center-symmetry generator “along”  has fractional  winding #⃗m T3 → G

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

argument takes too long to give in a short talk  

 

in our constant-  gauge Γi

will skip derivations - see Cox, Wandler, EP, 2106.11442 (nicely explained!) - 
  
and focus on discussing the implications (mostly on example of SU(N) at )θ = π

remind you of this:

the gauge invariant statement is that a 4d 

configuration with twists as shown:

 has Q =
⃗m ⋅ ⃗k

N
(mod Z)

̂Tl |ψ ⃗e⟩ = |ψ ⃗e⟩e
2πi
N (el− θ

2π ml)



’t Hooft: center-symmetry generator “along”  has fractional  winding #⃗m T3 → G
 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

a picture (J. Greensite’s demand) to illustrate fractional winding

(explicit  form of  from Wandler, EP ’22)̂T3(x, y, z)

    (holds in our “good” constant-  gauge )Γi

angle , only φ ∈ (0,π)

 angle , full range ψ

(full range)



 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

̂V2π = ei 2π ∫ d3xK̂0
immediate consequence for

’t Hooft: center-symmetry generator “along”  has fractional  winding #⃗m T3 → G

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a

i +
1

8π
B̂a

i )(Π̂
a
i +

1

8π
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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Since the adjoint fermions obey (3.6), the Z
(1)
N center-symmetry generators T̂i commute with

the Hamiltonian.
Classically, the nf Weyl fermions have a U(nf ) (0-form) global chiral symmetry. However,

in the quantum theory, this is broken by the triangle anomaly to
Z2nfN×SU(nf )

Znf
. In what

follows, we shall only consider the discrete chiral symmetry which is defined as the center of
the full unbroken chiral symmetry, that is Z2nfN . The classical U(1) ∈ U(nf ) chiral current
operator ĵµf = λ̂a †σ̄µλ̂a, with a sum over a and flavour understood, has an anomaly given by
the (Heisenberg picture) operator equation

∂µĵ
µ
f = ∂µ(λ̂

a †σ̄µλ̂a) = 2nfN∂µK̂
µ . (3.48)

This allows one to define a conserved but gauge variant current which we label Ĵµ
5 for historical

reasons:31

Ĵµ
5 = ĵµf − 2nfNK̂µ . (3.49)

The corresponding U(1) charge operator, Q̂5 =
∫

d3xĴ0
5 =

∫

d3xĵ0f − 2nfN
∫

d3xK̂0, com-
mutes with the Hamiltonian but is not gauge invariant. However, the unitary operator rep-
resenting a Z

(0)
2nfN

subgroup of the chiral symmetry is gauge invariant32

X̂
Z
(0)
2nfN

= e
i 2π
2nfN Q̂5

= e
i 2π
2nfN

∫
d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫

d3xĵ0f contains a trace
in its definition, the fermion part of the chiral symmetry operator commutes with the 1-form
center symmetry generators T̂j . Hence, the algebra between X̂

Z
(0)
2nfN

and the T̂j is exactly the

same as between V̂2π and Z
(1)
N symmetry generators T̂j of eqn. (3.26)

T̂j X̂
Z
(0)
2nfN

= e−i 2πN mj X̂
Z
(0)
2nfN

T̂j. (3.51)

This implies that the discrete chiral symmetry transformation results in a shift $e → $e− $m.
We can now return to our example of $m = (0, 0, 1). We have, as in the pure gauge theory,

that T̂1,2 commute with the Hamiltonian and the chiral symmetry generator X̂
Z
(0)
2nfN

. Similar

to (3.40), the interesting part of the algebra is

[T̂3, Ĥ] = 0, [X̂
Z
(0)
2nfN

, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)

As Ĥ commutes with T̂3, as before, we can label energy eigenstates as |E, e3〉. Clearly, the
algebra (3.52) then requires that

X̂
Z
(0)
2nfN

|E, e3〉 = |E, e3 − 1〉 . (3.53)

31See [71] for the calculation of the relevant field-current and current-current equal-time commutators.
32The discussion that follows parallels the one in the charge q > 1 Schwinger model [13]. In particular, the

algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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Further, using (3.19) and (3.21), we can find the commutation relation of V̂↵ with the center
symmetry generators:

T̂l V̂↵[Â] T̂
�1
l

= V̂↵[Ĉ[ki = �il, 0]� Â] = ei↵
R
T3 [K0(Ĉ[ki=�il,0]�Â)�K0(Â)] V̂↵ = ei↵

ml
N V̂↵. (3.24)

Another commutation relation involving V̂↵ follows from (3.10) and (3.23):

[⇧̂
a

i (~x), V̂↵] =
↵

8⇡2
B̂a

i (~x) V̂↵ . (3.25)

For our purposes, the most important consequence of (3.24) is a relation crucial for our
analysis of the anomaly

T̂l V̂2⇡ = ei2⇡
ml
N V̂2⇡ T̂l , (3.26)

showing that 2⇡ shifts of ✓ do not commute with the 1-form center symmetry in the 2-form
ZN gauge field background labelled by ~m. The relation (3.26) is behind the mixed ’t Hooft
anomaly between the 1-form center symmetry and 0-form symmetries that involve 2⇡ shifts
of ✓, such as the parity symmetry at ✓ = ⇡ or the discrete chiral symmetry in the presence of
adjoint fermions. Satisfying these non-trivial algebras requires non-trivial vacuum structure,
so we gain useful insight into the IR physics by studying these algebras.

3.1.4 The case of ~m = (0, 0, 1)

Before elaborating on these anomalies, we shall write down more explicit details for �i and
T̂i for the choice ~m = (0, 0, 1). This is the case considered in [48], and we found it to be an
instructive example.

Following our steps above, we first must find the constant transition functions, or twist
matrices, �i, entering (3.6, 3.7). Since �3 must commute with the other two for this choice
of ~m, we can take it to be the identity. The others are the “clock and shift” matrices (3.5):

�1 = WP , �2 = WQ, �3 = 1N , �1�2 = ei
2⇡
N �2�1 , (3.27)

thus, by (3.4), n12 = m3 = 1, as desired. Witten noticed that for this choice of boundary
conditions, we can take T1 and T2 constant. In particular, the choices T1 = �

�1
2 and T2 = �1

work.20 The fact that these operators are so simple is not surprising, since m1 = m2 = 0

ensures that they enjoy a trivial algebra with V2⇡, as per (3.26). The same algebra implies
that T3 is bound to be more complicated. As an explicit example, in SU(2) where �1 / �1

and �2 / �3, we find

T3(~x) = e
i
⇡
2

y
L2

�
3

e
i
⇡
2

x
L1

�
1

e
�i⇡

z
L3

�
3

e
�i

⇡
2

x
L1

�
1

e
�i

⇡
2

y
L2

�
3

, (3.28)

which can be seen to obey (3.12) with ~k = (0, 0, 1). As alluded to several times above, from
(3.19) one can explicitly calculate Q[(T3)

n
] = n/2. We will not give an explicit form of T3 for

N > 2, but they do exist. The algebra (3.26) now becomes

T̂3 V̂2⇡ = ei
2⇡
N V̂2⇡ T̂3, (3.29)

so, recalling (3.22), 2⇡ shifts of ✓ change the eigenvalues of T̂3, e3 ! e3 + 1.
20E.g., by the first relation in (3.12), T1 has to obey T1 = e

i2⇡/N�1T1�
�1
1 , satisfied by T1 = ��1

2 , etc.
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Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(
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θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
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)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a

i +
1

8π
B̂a

i )(Π̂
a
i +

1

8π
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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Since the adjoint fermions obey (3.6), the Z
(1)
N center-symmetry generators T̂i commute with

the Hamiltonian.
Classically, the nf Weyl fermions have a U(nf ) (0-form) global chiral symmetry. However,

in the quantum theory, this is broken by the triangle anomaly to
Z2nfN×SU(nf )

Znf
. In what

follows, we shall only consider the discrete chiral symmetry which is defined as the center of
the full unbroken chiral symmetry, that is Z2nfN . The classical U(1) ∈ U(nf ) chiral current
operator ĵµf = λ̂a †σ̄µλ̂a, with a sum over a and flavour understood, has an anomaly given by
the (Heisenberg picture) operator equation

∂µĵ
µ
f = ∂µ(λ̂

a †σ̄µλ̂a) = 2nfN∂µK̂
µ . (3.48)

This allows one to define a conserved but gauge variant current which we label Ĵµ
5 for historical

reasons:31

Ĵµ
5 = ĵµf − 2nfNK̂µ . (3.49)

The corresponding U(1) charge operator, Q̂5 =
∫

d3xĴ0
5 =

∫

d3xĵ0f − 2nfN
∫

d3xK̂0, com-
mutes with the Hamiltonian but is not gauge invariant. However, the unitary operator rep-
resenting a Z

(0)
2nfN

subgroup of the chiral symmetry is gauge invariant32

X̂
Z
(0)
2nfN

= e
i 2π
2nfN Q̂5

= e
i 2π
2nfN

∫
d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫

d3xĵ0f contains a trace
in its definition, the fermion part of the chiral symmetry operator commutes with the 1-form
center symmetry generators T̂j . Hence, the algebra between X̂

Z
(0)
2nfN

and the T̂j is exactly the

same as between V̂2π and Z
(1)
N symmetry generators T̂j of eqn. (3.26)

T̂j X̂
Z
(0)
2nfN

= e−i 2πN mj X̂
Z
(0)
2nfN

T̂j. (3.51)

This implies that the discrete chiral symmetry transformation results in a shift $e → $e− $m.
We can now return to our example of $m = (0, 0, 1). We have, as in the pure gauge theory,

that T̂1,2 commute with the Hamiltonian and the chiral symmetry generator X̂
Z
(0)
2nfN

. Similar

to (3.40), the interesting part of the algebra is

[T̂3, Ĥ] = 0, [X̂
Z
(0)
2nfN

, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)

As Ĥ commutes with T̂3, as before, we can label energy eigenstates as |E, e3〉. Clearly, the
algebra (3.52) then requires that

X̂
Z
(0)
2nfN

|E, e3〉 = |E, e3 − 1〉 . (3.53)

31See [71] for the calculation of the relevant field-current and current-current equal-time commutators.
32The discussion that follows parallels the one in the charge q > 1 Schwinger model [13]. In particular, the

algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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SU(N) YM at θ = π SU(N) massless QCD(adj) 

same as algebra in 
charge-N 2d Schwinger 
[Anber, EP ’18]

[Cox, Wandler, EP  ’21]

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

̂V2π = ei 2π ∫ d3xK̂0
immediate consequence for

’t Hooft: center-symmetry generator “along”  has fractional  winding #⃗m T3 → G

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫
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. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫
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= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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Since the adjoint fermions obey (3.6), the Z
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Ĵµ
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algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)
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To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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|E, e3〉ei
2π
N e3. By (3.40), the state P̂π|E, e3〉 is also a eigenstate of Ĥθ=π of the same energy E.

In addition, from the last commutator in (3.40), it obeys T̂3(P̂π|E, e3〉) = (P̂π|E, e3〉)ei
2π
N

(1−e3),
i.e. is an eigenstate of T̂3 of electric flux 1−e3. Note that this could be the same state, should
it happen that 1− e3 = e3 (modN), see below.

Thus, we have shown that the algebra (3.39) implies that the eigenstates of Ĥθ=π on T3

with boundary conditions twisted by !m = (0, 0, 1) have certain degeneracies. In particular,
parity relates eigenstates of Ĥθ=π of the same energy E

P̂π : |E, e3〉 → |E, 1 − e3 (modN)〉 . (3.41)

The implications of the above equation are different for even and odd N as we discuss below.

3.2.1 Discussion

Let us now comment on the implications of the algebra (3.40) and eqn. (3.41), as well as
on their manifestation in various calculable setups. Unless stated otherwise, the comments
below refer to the θ = π theory in the !m = (0, 0, 1) background.

1. Remembering that the electric flux e3 is defined (mod N), it follows that if N is even,
there are no parity invariant states. This implies that all the eigenstates of Ĥθ=π are
at least doubly degenerate. In particular, the vacuum states must spontaneously break
the parity symmetry. This double degeneracy occurs at a finite T3 of any size. Exact
degeneracies of states related by a symmetry are usually not expected in finite volume,
but by now there are similar examples in quantum mechanics and 2d field theories,
all related to anomalies, as in [5, 6, 56]. One expects that tunnelling amplitudes,
which usually lift the degeneracies at finite volume, vanish due to delicate cancellations
involving complex phase factors.23 It would be interesting to see these cancellations in
an explicit controlled calculation in the 4d theory at hand.

The double degeneracy of the spectrum of Ĥθ=π for even N is a consequence of the
parity-center symmetry anomaly reflected in (3.39, 3.40). In the infinite volume limit,
one expects that local physics is independent of the twist !m and that the double degen-
eracy persists and is manifested as spontaneous breaking of parity in the R3 theory.

In the R3-limit, it is natural to expect that two of the pairwise degenerate electric-flux
states related by P̂π (the ones of lowest energy, finite as Li → ∞, after subtracting UV
divergences) become the two parity-breaking vacua of the theory. There is no reason
for the other N/2 − 1 parity-partner electric-flux sectors to have the same minimum
energy. These are expected to become higher-energy degenerate pairs of vacua whose
(meta-)stability is a complicated dynamical issue.24

23Here, these should arise due to the twist !m != 0 and, possibly, various analytic continuations, e.g. [57].
24Semiclassical calculations on R

3 × S
1 have explicitly exhibited such metastable or unstable vacua [44–46].
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θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):
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For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π
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Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
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i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
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In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
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the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:
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θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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  e.g.  and  states of finite E at  
clustering: if parity preserved, center must be broken   
still double   degeneracy at any volume

θ = π |e3 = 0⟩ |e3 = 1⟩ L → ∞

4d Georgi-Glashow  w/ real triplet vev ; IR-free CFT at , at any L!SU(2) → U(1) v ≫ 1/L θ = π

if no confinement?

COMMENT 1:

What about real infinite-  world ?T3
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The Euclidean connection ?

Z[k3, m3] ≡ trℋphys.
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3 Qtop. =

k3m3
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vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making
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For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
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To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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mixed anomaly in path  ∫
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Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π
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T̂j P̂π = e
2πi
N mj P̂π T̂ †
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Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 2:

[GKKS+] 



̂T3
̂P0 = ̂P0

̂T†
3

dihedral    D2N
deformed

The Euclidean connection ?

Z[k3, m3] ≡ trℋphys.
θ=0,m3

(e−βĤθ=π ̂T k3
3 ) ̂Pπ

̂Pπ = 1̂insert use 

Z[k3, m3] = Z[−k3, m3] ei 2π
N k3m3

where we restored m3 dependence and ignored perturbative corrections (C is a numerical
constant and L denotes the length of the torus sides, which are taken equal).28 A look
at the electric flux energies (3.43) shows complete agreement with (3.40): all levels are
doubly degenerate at θ = π and even N , and there is a global inconsistency between
θ = 0 and θ = π at odd N .

4. To connect to the Euclidean formalism, note that the double degeneracy of the energy
eigenstates due to (3.40) imposes restrictions on the partition function twisted by a
center transformation in the time direction. Consider

Z[k, 1] = tr (e−βĤθ=π T̂ k
3 ), (3.44)

where the trace is over the physical Hilbert space Hphys.
θ=0 with our chosen twist #m =

(0, 0, 1). In the Euclidean formalism (in the continuum or on the lattice), this is the path
integral of the θ = π theory in a particular 2-form gauge field background of topological
charge k/N . Inserting P̂ 2

π = 1 in the trace and using (3.40), we obtain the relation

Z[k,m3] = Z[−k,m3] e
i
2πkm3

N , (3.45)

expressing the ’t Hooft anomaly in the path integral (here, we imagine restricting to
even-N , as for odd N one can add a counterterm, as per footnote 25; note that we also
restored explicit m3-dependence). The expression (3.45) is formal, as the Hilbert space
trace (3.44) diverges and needs a proper definition. Assuming that this is provided,

note that a simple solution of (3.45) is Z[k,m3] = ei
πkm3

N Ξ, with Ξ an undetermined
even function of k.

For example, in the case of the “femto-universe,” the partition function (3.44) in the
k,m3 background of only the two lightest fluxes, e3 = 0 and e3 = 1, with energies given
in (3.43), is of this form, with Ξ = e−βEvac 2 cos πkm3

N . More generally, this solution
of (3.45) can be thought of as the partition function of the IR TQFT whose states
correspond to the two vacua with spontaneously broken parity.29

5. Another calculable regime studied more recently is that of deformed Yang-Mills (dYM)
theory on R3 × S1, for S1 size L obeying ΛNL # 2π [27]. This can be viewed as a
T3 gauge theory, with added appropriate massive adjoint fermions (see also [65, 66])
considered in the limit L1,2 → ∞ with L3 = L kept small. Here, the semiclassical
expansion is significantly friendlier than in the femto-universe, at least to leading order.

28Ref. [48] gives an expression equal to our E(θ, e3)−E(0, 0). We prefer the form in (3.43) as it emphasizes

the contribution of the various semiclassical objects and can be compared to a similar expression in dYM

[41, 46]. Following remarks of [59], a virtually identical formula can be obtained in dYM, but the details will

not be given here.
29One can relate the anomalies represented by (3.45) (and by (3.56) for the discrete chiral symmetry) to

the variations of appropriate 5d “invertible TQFTs,” or “anomaly theories,” see e.g. [60–64], but we shall not

discuss this here.
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mixed anomaly in path  ∫
“ ”𝒫(B(2))

solution: w/   Ξ(k3) = Ξ(−k3)Z[k3, m3] = ei π
N k3m3 Ξ

the two degenerate fluxes of van Baal’s = TQFT,

deformed

vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫
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d3x
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)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a
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1

8π
B̂a

i )(Π̂
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i +
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8π
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= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 2:

(coming up) 

[GKKS+] 



Discrete chiral symmetry in SYM/QCD(adj) study proceeds similarly.  

Strongest constraints for SU(N): N-fold degeneracy of all electric flux 
states on  at any L, here, anomaly: ``confinement -> chiral breaking’’ T3

COMMENT 3:

[constraints from -gravity (Cordova, Ohmori ’19), assuming gap, are stronger  
for … due to smaller rank centers]

Z(0)
k

G ≠ SU(N)

All my further comments below also apply for general G and SYM!



SUMMARY SO FAR:

Quantization in discrete  background implies exact degeneracies 
between -flux states, due to deformed symmetry algebra, at any finite 
size torus.

⃗m
⃗e

  Studied mixed 0-form/1-form anomaly: “new” vs “old”- Hilbert space w/ twist

  Set up offers a relatively simple understanding of this type of  anomaly. 
main result:

1. pure 4d YM, any G, θ = π 2. 4d N=1 SYM, any G, or G with   adjoint Weyl, or…nf

end of MAIN 



continue IN THE FORM OF COMMENTS about various semiclassical limits:

femtouniverse [small , BJ… Lüscher, van Baal…’80s] or  small +… [Ünsal,…’10’s]T3 R3 × S1 S1

a word about motivation for these studies (not that we live at ):  

any theory of confinement should provide dynamical explanation of  degeneracy! 

here:  
semiclassical understanding of confinement in various (semi -volume) limits of     

(to be sure: …truly -volume still outstanding…)

θ = π

θ = π

∞ T3

∞
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̂T†
3

deformed dihedral    D2N

van Baal, femtouniverse , ’84, saw this behaviour, now understood from anomaly:L ≪ Λ−1

fractional instantons on T3 × R

vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making
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θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π
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i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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split perturbative degeneracy of  
lowest “electric flux” energies

COMMENT 4:

(lowest classical states have no gauge field strength)

|k⟩ = ̂Tk
3 |0⟩, k = 0,...,N − 1

|e⟩ ∼ ∑ ei 2πke
N |k⟩



̂T3
̂P0 = ̂P0

̂T†
3

deformed dihedral    D2N

van Baal, femtouniverse , ’84, saw this behaviour, now understood from anomaly:L ≪ Λ−1

2. If N is odd, there is no anomaly25 and there is a parity invariant state, namely the
state with electric flux |e3 = (N + 1)/2i. Hence, it is possible to avoid the spontaneous
symmetry breaking. However, notice that the only parity invariant state at ✓ = ⇡ is
different from the parity invariant state at ✓ = 0, the state with |e3 = 0i, recalling
(3.34) and footnote 21. Thus, there is a global inconsistency between these two theories
meaning there must exist level crossing, becoming a phase transition in the R3 limit, as
✓ is changed.

3. The double degeneracy (global inconsistency) at ✓ = ⇡ forced upon us by (3.40) has
been explicitly seen in the limit of a small T3, the “femto-universe” with Li ⌧ ⇤

�1

[34, 47], where the gauge coupling is small and a semiclassical weak-coupling expansion
is under control.

Again, we consider ~m = (0, 0, 1). In the small-Li limit, focusing on the lowest-lying
states, one neglects spatially dependent modes of Ai. One then constructs states of
(classically) zero energy, as first done in calculations of the Witten index [48], and then
studies the perturbative and nonperturbative corrections to their energies. Clearly, with
constant transition functions, Aj = 0 obeys the twisted boundary conditions (3.6) and
has zero classical energy, Ba

i
= 0. This classical background corresponds to a state

in the physical Hilbert space that we denote26
|[0]i. There are a total of N classical

static backgrounds A↵

j
(↵ = 0, 1, . . . , N � 1) that also have zero energy, Ba

i
= 0, obey

the boundary conditions (3.6), but are not gauge transformations of A0
j
= 0. The

corresponding classical backgrounds are A↵

j
⌘ �iT↵

3 @jT
�↵

3 and the states are given by
T̂↵

3 |[0]i. Eigenstates of T̂3 can be obtained by projecting

|e3i =
1

N

N�1X

↵=0

e�i
2⇡
N e3↵ T̂↵

3 |[0]i , T̂3 |e3i = ei
2⇡
N e3 |e3i . (3.42)

Therefore, the classically degenerate zero-energy states |e3i also satisfy, at ✓ = ⇡,
P̂⇡ |e3i = |1� e3i and, at ✓ = 0, P̂0 |e3i = |�e3i. The N states (3.42) remain de-
generate to any finite order of perturbation theory [35, 51] but tunnelling effects lift the
degeneracy. To leading order in the semiclassical expansion,27 the electric flux energies
become e3- and ✓-dependent [34, 47]:

E(✓, e3) = �
Ce

� 8⇡2

g2N

Lg4
cos

✓
2⇡

N
e3 �

✓

N
m3

◆
, (3.43)

25Formally, one can redefine T3 = e
�i 2⇡k

N T
0
3, with 2k = N � 1. For odd N , this preserves det T3 = 1 and

removes the phase from [T̂3, P̂⇡] in (3.40). This reflects the freedom to add a 4d local counterterm [5].
26This state is obtained after averaging |Aj = 0i over appropriate gauge transformations, as in (3.9).
27The splittings are due to fractional instantons on T3 ⇥ R, of action 8⇡2

/(g2N) and topological charge
1/N . The g

�4 prefactor in (3.43) is due to the four translational zero modes of the instantons. There is no
size modulus as the size of the instantons is fixed by Li. There are no analytic solutions known, although it
is argued that they exist and that their action saturates the self-dual bound 8⇡2

g2N
[47]. Clearly, this makes

higher-order calculations difficult, for recent progress see [57].
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Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a

i +
1

8π
B̂a

i )(Π̂
a
i +

1

8π
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 4:

e=5

e=2

e=4

e=3

[van Baal, PhD thesis, ’84] unpublished Ch3, picture attributed there to ’t Hooft

(lowest classical states have no gauge field strength)

|k⟩ = ̂Tk
3 |0⟩, k = 0,...,N − 1

|e⟩ ∼ ∑ ei 2πke
N |k⟩



̂T3
̂P0 = ̂P0

̂T†
3

deformed dihedral    D2N

van Baal, femtouniverse , ’84, saw this behaviour, now understood from anomaly:L ≪ Λ−1

2. If N is odd, there is no anomaly25 and there is a parity invariant state, namely the
state with electric flux |e3 = (N + 1)/2i. Hence, it is possible to avoid the spontaneous
symmetry breaking. However, notice that the only parity invariant state at ✓ = ⇡ is
different from the parity invariant state at ✓ = 0, the state with |e3 = 0i, recalling
(3.34) and footnote 21. Thus, there is a global inconsistency between these two theories
meaning there must exist level crossing, becoming a phase transition in the R3 limit, as
✓ is changed.

3. The double degeneracy (global inconsistency) at ✓ = ⇡ forced upon us by (3.40) has
been explicitly seen in the limit of a small T3, the “femto-universe” with Li ⌧ ⇤

�1

[34, 47], where the gauge coupling is small and a semiclassical weak-coupling expansion
is under control.

Again, we consider ~m = (0, 0, 1). In the small-Li limit, focusing on the lowest-lying
states, one neglects spatially dependent modes of Ai. One then constructs states of
(classically) zero energy, as first done in calculations of the Witten index [48], and then
studies the perturbative and nonperturbative corrections to their energies. Clearly, with
constant transition functions, Aj = 0 obeys the twisted boundary conditions (3.6) and
has zero classical energy, Ba

i
= 0. This classical background corresponds to a state

in the physical Hilbert space that we denote26
|[0]i. There are a total of N classical

static backgrounds A↵

j
(↵ = 0, 1, . . . , N � 1) that also have zero energy, Ba

i
= 0, obey

the boundary conditions (3.6), but are not gauge transformations of A0
j
= 0. The

corresponding classical backgrounds are A↵

j
⌘ �iT↵

3 @jT
�↵

3 and the states are given by
T̂↵

3 |[0]i. Eigenstates of T̂3 can be obtained by projecting

|e3i =
1

N

N�1X

↵=0

e�i
2⇡
N e3↵ T̂↵

3 |[0]i , T̂3 |e3i = ei
2⇡
N e3 |e3i . (3.42)

Therefore, the classically degenerate zero-energy states |e3i also satisfy, at ✓ = ⇡,
P̂⇡ |e3i = |1� e3i and, at ✓ = 0, P̂0 |e3i = |�e3i. The N states (3.42) remain de-
generate to any finite order of perturbation theory [35, 51] but tunnelling effects lift the
degeneracy. To leading order in the semiclassical expansion,27 the electric flux energies
become e3- and ✓-dependent [34, 47]:

E(✓, e3) = �
Ce

� 8⇡2

g2N

Lg4
cos

✓
2⇡

N
e3 �

✓

N
m3

◆
, (3.43)

25Formally, one can redefine T3 = e
�i 2⇡k

N T
0
3, with 2k = N � 1. For odd N , this preserves det T3 = 1 and

removes the phase from [T̂3, P̂⇡] in (3.40). This reflects the freedom to add a 4d local counterterm [5].
26This state is obtained after averaging |Aj = 0i over appropriate gauge transformations, as in (3.9).
27The splittings are due to fractional instantons on T3 ⇥ R, of action 8⇡2

/(g2N) and topological charge
1/N . The g

�4 prefactor in (3.43) is due to the four translational zero modes of the instantons. There is no
size modulus as the size of the instantons is fixed by Li. There are no analytic solutions known, although it
is argued that they exist and that their action saturates the self-dual bound 8⇡2

g2N
[47]. Clearly, this makes

higher-order calculations difficult, for recent progress see [57].
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Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a

i +
1

8π
B̂a

i )(Π̂
a
i +

1

8π
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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lowest “electric flux” energies
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COMMENT 4:

e=5

e=2

e=4

e=3

(lowest classical states have no gauge field strength)

|k⟩ = ̂Tk
3 |0⟩, k = 0,...,N − 1

|e⟩ ∼ ∑ ei 2πke
N |k⟩

TQFT: 2 state QM
[van Baal, PhD thesis, ’84] unpublished Ch3, picture attributed there to ’t Hooft



 femtouniverse L ≪ Λ−1 dYM, R3 × S1, ΛLN ≪ 2π
[Unsal, Yaffe ’08 +] 

ρvac(k, θ) =
c

L4
e− 8π2

Ng2 cos(
2πk
N

−
θ
N

)

monopole-instanton gas   R3 × S1

A tale of two semiclassical limits

 YM, take e.g. SU(N) ⃗m = (0,0,1)

2. If N is odd, there is no anomaly25 and there is a parity invariant state, namely the
state with electric flux |e3 = (N + 1)/2i. Hence, it is possible to avoid the spontaneous
symmetry breaking. However, notice that the only parity invariant state at ✓ = ⇡ is
different from the parity invariant state at ✓ = 0, the state with |e3 = 0i, recalling
(3.34) and footnote 21. Thus, there is a global inconsistency between these two theories
meaning there must exist level crossing, becoming a phase transition in the R3 limit, as
✓ is changed.

3. The double degeneracy (global inconsistency) at ✓ = ⇡ forced upon us by (3.40) has
been explicitly seen in the limit of a small T3, the “femto-universe” with Li ⌧ ⇤

�1

[34, 47], where the gauge coupling is small and a semiclassical weak-coupling expansion
is under control.

Again, we consider ~m = (0, 0, 1). In the small-Li limit, focusing on the lowest-lying
states, one neglects spatially dependent modes of Ai. One then constructs states of
(classically) zero energy, as first done in calculations of the Witten index [48], and then
studies the perturbative and nonperturbative corrections to their energies. Clearly, with
constant transition functions, Aj = 0 obeys the twisted boundary conditions (3.6) and
has zero classical energy, Ba

i
= 0. This classical background corresponds to a state

in the physical Hilbert space that we denote26
|[0]i. There are a total of N classical

static backgrounds A↵

j
(↵ = 0, 1, . . . , N � 1) that also have zero energy, Ba

i
= 0, obey

the boundary conditions (3.6), but are not gauge transformations of A0
j
= 0. The

corresponding classical backgrounds are A↵

j
⌘ �iT↵

3 @jT
�↵

3 and the states are given by
T̂↵

3 |[0]i. Eigenstates of T̂3 can be obtained by projecting

|e3i =
1

N

N�1X

↵=0

e�i
2⇡
N e3↵ T̂↵

3 |[0]i , T̂3 |e3i = ei
2⇡
N e3 |e3i . (3.42)

Therefore, the classically degenerate zero-energy states |e3i also satisfy, at ✓ = ⇡,
P̂⇡ |e3i = |1� e3i and, at ✓ = 0, P̂0 |e3i = |�e3i. The N states (3.42) remain de-
generate to any finite order of perturbation theory [35, 51] but tunnelling effects lift the
degeneracy. To leading order in the semiclassical expansion,27 the electric flux energies
become e3- and ✓-dependent [34, 47]:

E(✓, e3) = �
Ce

� 8⇡2

g2N

Lg4
cos

✓
2⇡

N
e3 �

✓

N
m3

◆
, (3.43)

25Formally, one can redefine T3 = e
�i 2⇡k

N T
0
3, with 2k = N � 1. For odd N , this preserves det T3 = 1 and

removes the phase from [T̂3, P̂⇡] in (3.40). This reflects the freedom to add a 4d local counterterm [5].
26This state is obtained after averaging |Aj = 0i over appropriate gauge transformations, as in (3.9).
27The splittings are due to fractional instantons on T3 ⇥ R, of action 8⇡2

/(g2N) and topological charge
1/N . The g

�4 prefactor in (3.43) is due to the four translational zero modes of the instantons. There is no
size modulus as the size of the instantons is fixed by Li. There are no analytic solutions known, although it
is argued that they exist and that their action saturates the self-dual bound 8⇡2

g2N
[47]. Clearly, this makes

higher-order calculations difficult, for recent progress see [57].
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fractional instantons on T3 × R
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COMMENT 5:

[as in Witten ’79, large-N arguments,  - here, any N]V = ∞

[van Baal, ’84]



van Baal, femtouniverse L ≪ Λ−1 dYM, R3 × S1, ΛLN ≪ 2π
Unsal, Yaffe ’08 + A tale of two semiclassical limits

dYM on  , with  through  (along ) [after Unsal 2020+…] R × T2 × S1 ⃗m T2 S1

changing  from           to         , keep T2 ≪ Λ−1 ≫ Λ−1 L(S1) ≪ Λ−1

COMMENT 5:
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van Baal, femtouniverse L ≪ Λ−1 dYM, R3 × S1, ΛLN ≪ 2π
Unsal, Yaffe ’08 + A tale of two semiclassical limits
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|k⟩ = ̂Tk
3 |0⟩, k = 0,...,N − 1
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⟨k | trŴ3 |k⟩ ≠ 0 “broken” classicallŷT3

 femtouniverse

 restored by fractional instantonŝT3

⟨k | tr ̂F12Ŵ3 |k⟩ = 0

COMMENT 5:

|e⟩ ∼ ∑ ei 2πke
N |k⟩ have energies ∼ e− 8π2
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)then

dYM on  , with  through  (along ) [after Unsal 2020+…] R × T2 × S1 ⃗m T2 S1



van Baal, femtouniverse L ≪ Λ−1 dYM, R3 × S1, ΛLN ≪ 2π
Unsal, Yaffe ’08 + A tale of two semiclassical limits

dYM on  , with  through  (along ) [after Unsal 2020+…] R × T2 × S1 ⃗m T2 S1

changing  from           to         , keep T2 ≪ Λ−1 ≫ Λ−1 L(S1) ≪ Λ−1

|k⟩ = ̂Tk
3 |0⟩, k = 0,...,N − 1

no magnetic flux
⟨k | trŴ3 |k⟩ ≠ 0

⟨k | tr ̂F12Ŵ3 |k⟩ ≠ 0magnetic flux
 “broken” classicallŷT3  “broken” classically by flux                     ̂T3

 femtouniverse  dYM

 restored by fractional instantonŝT3  restored by “M” and “KK”̂T3

⟨k | tr ̂F12Ŵ3 |k⟩ = 0

COMMENT 5:

|e⟩ ∼ ∑ ei 2πke
N |k⟩ have energies ∼ e− 8π2

g2N cos(
2πe
N

−
θ
N

)then

 [Wandler EP ’22]

|k⟩ = ̂Tk
3 |0⟩, k = 0,...,N − 1



van Baal, femtouniverse L ≪ Λ−1 dYM, R3 × S1, ΛLN ≪ 2π
Unsal, Yaffe ’08 + A tale of two semiclassical limits

dYM on  , with  through  (along ) [after Unsal 2020+…] R × T2 × S1 ⃗m T2 S1

changing  from           to         , keep T2 ≪ Λ−1 ≫ Λ−1 L(S1) ≪ Λ−1

symmetries realized identically in two limits, semiclassical objects different
 femtouniverse  dYM

COMMENT 5:

|e⟩ ∼ ∑ ei 2πke
N |k⟩ have energies ∼ e− 8π2

g2N cos(
2πe
N

−
θ
N

)then

 [Wandler EP ’22]

thus, these two semiclassical limits,  and ,

reproduce the expected vacuum structure of pure YM on  

R × T3 R3 × S1

R4



Exact degeneracy at finite volume? How come?  

at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫
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d3x

(
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)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 6:

⟨ + |e−βH | − ⟩ ∼ e−Ld−1σDW ≠ 0

usually, 

hence for finite L

we can see how this argument fails at , semiclassically:θ = π
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For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
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θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =
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between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 6:

the presence of these two distinct DWs implies 
“double-string confinement” and “deconfinement 
on domain walls”… other anomaly-related 
phenomena found pre-anomaly!  

[Anber, Sulejmanpasic, EP 2015] (will not discuss)

[Unsal ’12 +… ]
DW DW1 2

Exact degeneracy at finite volume? How come?  

Figure 13: Logarithmic growth of string separation d as a function of R, with fitted parameters (for SU(5), k = 2).
The step-like nature of the data is entirely a numerical side-e↵ect: the pixels of the discretization have size h = 0.1,
while R is increased in intervals of 1. When log(R) grows slower than 0.1 upon an increase of �R = 1, the width will
have a step-like growth.

(a) k = 2 (b) k = 5

Figure 14: N -ality dependence of string separation. In SU(10), the string separation is significantly larger for k = 5
than k = 2 (compared at the same R, of course).

This introduces a dependence of the simulation results on the dimensionless parameter:

✏ ⌘ 3g2N

16⇡2
, (6.8)

where g
2 is the 4D gauge coupling at the scale 4⇡/L, of the order of the heaviest W -boson

mass. Thus, the results for the string tension are expressed as T = MmT̃ (✏), where we should

recall that M and m also depend on ✏. To take this into account, we use (6.8), the definitions

of M and m, and the definition of ⇤, (2.8), now rewritten as

L⇤ = 4⇡✏�
1
3 e

� 1
2✏ , (6.9)
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cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.

– 15 –

COMMENT 6:

SU(2) dYM:  , large- , small + R × T2 × S1 T2 S1 m3 = 1
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[in progress …’23] -> no tunnelling even at finite volume: A+B =0 when m3 = 1

Exact degeneracy at finite volume? How come?  
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[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =
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COMMENT 6:

SU(2) dYM:  , large- , small + R × T2 × S1 T2 S1 m3 = 1

DW DW1 2

 1. semiclassics (when it holds) doesn’t lie!

Exact degeneracy at finite volume? How come?  

2. all of this applies as well for other SU(N>2)

A B



SUMMARY:

Quantization in discrete  background implies exact degeneracies 
between -flux states, due to deformed symmetry algebra, at any finite 
size torus.

⃗m
⃗e

  Studied mixed 0-form/1-form anomaly: “new” vs “old”- Hilbert space w/ twist

  Set up offers a relatively simple understanding of this type of  anomaly. 

Different semiclassical limits (the femtouniverse and dYM with flux) 
have identical symmetry realization and produce a vacuum structure 
identical to that expected in infinite volume limits (YM/SYM). 



FUTURE:

Symmetry realizations in  backgrounds imply that semiclassical 
objects responsible for mass gap (& confinement) in different 
regimes are related.  

In most cases, their nature and implications not well understood…

⃗m

Exact degeneracies in  background (trivial to implement!) may be 
useful  for lattice? 

⃗m

Other symmetries and anomalies? 

[YM : Kitano, Matsudo, Yamada, Yamazaki ’21]θ = π

 also Tanizaki, Ünsal ’22,  + incl. fundamentals! R2 × T2

 Anber, EP, ’22, SYM & gaugino condensate? 


