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- importance of symmetries in QFT

- 't Hooft anomalies since1980’s: e.g. preons, Seiberg dualities

- new developments !

THIS TALK
higher-form/discrete: Gaiotto, Kapustin, Komargodski, Seiberg 2014-...
TWO PARTS GRRS+

MAIN:  mixed O-form/1-form anomaly “new” vs “old”

IN THE FORM  anomalies, nonpertubative semiclassical dynamics
OF COMMENTS:  and the large volume (“real world”) limit



1-FORM CENTER SYMMETRY AND 0-FORM DISCRETE SYMMETRY

1.pure4dd YM,any G, 0 =0 or x
parity at @ = 0, x

2. 4d N=1 SYM, any G, or G with o massless adjoint Weyl, or...

. : 0
discrete chiral ZZ(]\?nf for G =SUWN) : U(l) —» Zanf

in each case, 1-FORM CENTER, e.q. Zjifl) for SU(N), act on Wilson loops

in each case, 0-FORM involves 27 shift of @ angle (in YM, only at 8 = 7)
explicitly:
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parityat@ = 0, P. = V5 P, ‘72 _ i 27 dxK°
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1-FORM CENTER SYMMETRY AND 0-FORM DISCRETE SYMMETRY

GKKS+ have shown that these symmetries have a mixed anomaly

usually considered in the Euclidean path integral.:

gauge center -> find that discrete symmetry disappears



THIS TALK: MIXED ANOMALY IN HILBERT SPACE ON TORUS

- desire to understand a new observation from different view points
Hamiltonian was particularly useful in 2d, work w/ Anber 1807, 1811

- lattice is usually a torus

- this study reveals connections to “old” work, somewhat unknown/unappreciated!

- last but not least: allows for simple understanding of anomaly, e.g. w/out “%(B)”

MAIN anomaly has immediate consequences for spectrum of ﬁ:

RESULT  ©Xact degeneracies of “electric flux” states in appropriately
twisted Hilbert space at any size torus

N.B.: different from ‘topological order’ (e.g. Z, in superconductors), where torus
degeneracy only in “topological scaling limit,” neglect tunnelling at V' < oo



outline

1. mixed 0-form/1-form anomaly in torus (T3) Hilbert space

old: 1980°s+... T° “femtouniverse” w/ twists
new: anomaly interpretation

2. consequence for spectrum of H: exact degeneracies of
“electric flux” states at any size T>

3. implications for infinite volume phases, semiclassics,
and connection to Euclidean discussions

will skip derivations - see Cox, Wandler, EP, 2106.11442 (nicely explained!) -

and focus on discussing the implications (mostly on example of SU(N) at 0 = r)



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

A e ALY [/ "hoA T
.
fow
S /[4‘2 A A +
’7>/’
-
- 8( ] rr constant-twist (1) - gauge (the good one!)
B [,
- J the gauge invariant data:
( -73{36,"|L Mw,
AT - m, € Z (mod N), k = 1,2,3

“spatial 't Hooft twists SU(N)/Z, bundle”



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

example:ny, =n;,, =1 111, = eiz_igl“zl—’l, =1

any noncontractible

/ 2-plane

<§> g% - 7;”\1/ (mod 1)
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turned on static topological

2-form £, gauge background
In 1-2 plane [Kapustin,Seiberg '14]



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

example:ny, =n;,, =1 111, = ei%rzrl, ;=1

any noncontractible

/ 2-plane

2

'

<)
L/
2 c/ ‘
0 —
(2

«—

, : = o <§> g . = (mod 1)
L@q g.'wup—aeﬁ«krup 12 v
winding Dirac  _  |attice: unit _ turned on static topological

surtace of center vortex in  2-form Z,, gauge background

“t Hooft loop” 0-3 plane in 1-2 plane [Kapustin,Seiberg *14]

quantizing in fixed m background
. . ) . (1)
= in spatial 2-form flux gauging ZN



framework: 7> Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions
't Hooft '81; Luscher '82; van Baal '84; Gonzalez-Arroyo; Korthals Altes ‘80s+...

Witten ’82,°00: use for tr(—1)"

A ) ) AA A ﬁ A
- center-symmetry: I, ,_;,3 act on winding loops 1,W,1, L= e'Wou W,
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framework: 7> Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions
't Hooft '81; Luscher '82; van Baal '84; Gonzalez-Arroyo; Korthals Altes ‘80s+...

Witten ’82,°00: use for tr(—1)"

- center-symmetry: [, ;_; ,3 act on winding loops TkaT_ = W Wk

- 2
- Tl commute with Hamiltonian, generate |-form Z\!; Tl eigenvalues ' V4 € Z,,

- all eigenvectors of H also labeled by Z,, “electric flux” e (change é: act w/ W. loop)

ﬂe
— — — [
Tl | Vje> | We>e
boundary conditions on 7 eigenvalues of Tl, generating 1-form Z
—_— N
M (mod N) ... € (mod N) ...

discrete “magnetic flux” discrete “electric flux”



framework: 7> Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions
't Hooft '81; Luscher '82; van Baal '84; Gonzalez-Arroyo; Korthals Altes ‘80s+...

Witten ’82,°00: use for tr(—1)"

- center-symmetry: 1 ;_;,; act on winding loops TkaTl_ = W Wk

A A + AT
- T, commute with Hamiltonian, generate |-form Z\; T, eigenvalues e'v% € Z,,

) )
( (

\ \ 7- A
T | > | > e 7 | _ | /‘\/%rpf ’
[NWe) = [Yg€ ™
63:0 @_3:- /(mOa//V)
boundary conditions on 77 “flux” label is due to 't Hooft eigenvalues of Tl, generating 1-form Z
— does not necessarily imply -
m (mOd N) °e nonzero gauge field strength! € (mOd N) o

discrete “magnetic flux’’ (dynamical issue, twist of b.c.)  dijscrete ‘“electric flux’’



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

't Hooft: center-symmetry generator “along” m has fractional T° —» G winding #

A

in our constant-1"; gauge

the gauge invariant statement is that a 4ad { j has O =
configuration with twists as shown: ( | N
sl
_3 V //r‘
n N—> 7 1
SFccQ N ﬂ(e _im)
(6,%,5) T)\ys) = |ys)e v e

argument takes too long to give in a short talk
remind you of this: will skip derivations - see Cox, Wandler, EP, 2106.11442 (nicely explained!) -

and focus on discussing the implications (mostiy on example of SUNN) at 0 = 7)



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

Ire

't Hooft: center-symmetry generator “along” 7 has fractional 7° — G winding #

a picture (J. Greensite’s demand) to illustrate fractional winding (holds in our “good” constant-I"; gauge )
Ko~XAF], Y ~j+(,2~ z £ |
5 —> N 2 3
SUL )] VVI':(O(O(/])) _\_;(X,\;/%)'- m — 5 = SU(Z)’ SZC SZ
yMe R wege of T = (%7

angle ¢, only € (0,7) 2 E [(OU ot 2 )

s e S
Y, = CASNZ / f

9,z Siu 2 x 5iy 1Y = 4—{,((3)8_(”2)
\j; ~ Shunzz *WSTYX 7 L//‘L(gj)/g((fb} L ~ St O (full range)
3.7: LOSML K L&Z( I+D) _g%7))

/

angle vy, full range as ;e O, | ~ ¢og 7

e

53

1]

(explicit form of T3(x, y, 2) from Wandler, EP '22)



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

Ire

't Hooft: center-symmetry generator “along” 7 has fractional 7° — G winding #

A - 3.0
immediate consequence for V27r — pl2n]d°xK

n Q . n | Ty —
P’/( — VZ?TPO XZ(O) — € : fN =e " ! V2771

anN



framework: 7" Hilbert space: Ay = 0: W[A] with A obeying ’t Hooft twisted boundary conditions

’t Hooft: center-symmetry generator “‘along”
i 27 [ d?xKY

immediate consequence for szz —3

CZ—Yl V27T — 622#_ VQT&' CZ—'l

/

SUN)YMatfd =r

m has fractional 7° — G winding #

Ire

same as algebra in
charge-N 2d Schwinger

\ [Anber, EP ’18]

SU(N) massless QCD(adj)

A A o 271 mjp /\.‘_ R ~ 27Tm R
T, Pr=enN mung iy T, X o =e JX(()) T
J 7 J
anN anN
A ~ a , 3 7;2737TNQA i fd3$§? r—1
P,“ — VZ?TPO [Cox, Wandler, EP ’21] XZ(O) — e “"f — e °"f vV,




SU(N) YM, take e.g. 7 = (0,0,1) at H — vs. @ = ()

[TZ%; IA{HZW] =3 : [pTH ﬁ@zw] =0 : T?)p’/t — 6Z.Wpﬁ A?j 7Aﬂ3ﬁ() — ﬁOT;

. deformed  gjihedral D
P, :|E,e3) — |E,1 —e3 (modN)) forall E (2N elements)"




SU(N) YM, take e.g. m = (0,0,1) at @ = 1

P, :|E,e3) — |E,1 —e3 (modN)) forall E

even N: “anomaly” V=9 S _—
all states doubly degenerate! ey e (- s el > et
N=2 8= 9 - O 10> [ 1> [0 > o >
(0 &2 1> D> [0 | 47> o> / 11> )2
1> > loy 11> e 11> |27 2, 1S 11~
odd N: “global inconsistency”

THIS IS GENERAL.:

any YM at 0 = 7, if center of even order, Sp(2k + 1), E;, Spin(2k): double degeneracy;
if center of odd order: global inconsistency (no anomaly on 7°: Sp(2k), Spin(2k + 1))



SU(N) YM, take e.g. m = (0,0,1) at @ = 1 vs. @ = ()

deformed  dihedral D,y

COMMENT 1:

What about real infinite-T> world ?

focus on even N: no state mapped to itself, all states doubly degenerate!

if confinement? 6 = () expect e; = 0 flux to have finite E at L. — oo, others £, . = oL

-
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[¢5=0> - © leg=1> e5=0>
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=07 [€370> le,=1 > [ €35 1>



SU(N) YM, take e.g. m = (0,0,1) at @ = 1 vs. @ = ()

deformed  dihedral D,y

COMMENT 1:

What about real infinite-T> world ?

focus on even N: no state mapped to itself, all states doubly degenerate!

if confinement? 8 = re.g. |e; = 0) and | e; = 1) states of finite E at L — oo
clustering: if center preserved, parity broken: |0), | 1) parity breaking vacua

(. E -E
1 L t!¢3"0> - EO A /I[: ™ = l€5=1> " les=0>
L é . \L
J

=02 €270 > €,=12 [€3=12
=

as in dYM [unsal, Yaffe 2008+... coming UP]y .« -y lattice [Kitano et al 2021] ?



SU(N) YM, take e.g. m = (0,0,1) at H — vs. @ = ()

deformed  dihedral D,y

COMMENT 1:

What about real infinite-T> world ?

focus on even N: no state mapped to itself, all states doubly degenerate!

if no confinement? 0 = re.g. |e; =0) and | e; = 1) states of finite E at L — oo

clustering: if parity preserved, center must be broken
still double degeneracy at any volume

Example: 4d Georgi-Glashow SU(2) — U(1) w/ real triplet vev v > 1/L; IR-free CFT at § = x, at any L

| /|
; L > two vacua exchanged v > | o >
TIo+ | [ 7 —— || ]S 2 =] LA
AT T [ _ ol A _ ‘ (=
= W,: 1y | by 15-center Iy | o< 1

€, -0 €y ~|



SU(N) YM, take e.g. 7 = (0,0,1) at H — 7T vs. @ = ()

deformed  dihedral D,y

COMMENT 2:

The Euclidean connection ? connect to GKKS+

— _ﬁﬁ =7 7 k3

. kym
twist by T3k3 - path integral configurations w/ Q,,, = 3N > 4+ n, summed over n € Z.




SU(N) YM, take e.g. 7 = (0,0,1) at H — 7T vs. @ = ()

deformed  dihedral D,

COMMENT 2:

The Euclidean connection ? [GKKS+]

A\ A\ A\

_ —BH ~k
Z[k39m3] = 1r s (e PHor T3 ) insert P_P_= 1 use deformed
— ,mg

U U

Zlks, ms] = ZI—ks,ms] eiFhms ™ 70 ¥
3, M3 | = 3, 3] € mixed anomaly in path J



SU(N) YM, take e.g. 7 = (0,0,1) at 9 — vs. @ = ()

deformed  dihedral D,y

COMMENT 2:

The Euclidean connection ? [GKKS+]

A\ A\ A\

Z[k3,m3] — tr%phys (e_ﬁHe—” Tkg) insert P_P_= 1 use deformed

0= Om3 4 74

mixed anomaly In path

- «Op (2)\
Z[k3’m3] = 7[— k39m3] ez—k3m3 .(B ) | J,

solution: Z| ks, ms| = e’V LRIy H(ky) = E(—k3)

the two degenerate fluxes of van Baal’'s = TQFT, = = e FFvac 2cos ”"3(,”3 (coming up)



Discrete chiral symmetry in SYM/QCD(adj) study proceeds similarly.

Strongest constraints for SU(N): N-fold degeneracy of all electric flux
states on 7" at any L, here, anomaly: “confinement -> chiral breaking”

[constraints from Zéo)-gravity (Cordova, Ohmori ’19), assuming gap, are stronger
for G = SU(N)... due to smaller rank centers]

All my further comments below also apply for general G and SYM!



SUMMARY SO FAR:

Studied mixed O-form/1-form anomaly: “new?” vs “old”- Hilbert space w/ twist

main result:

Set up offers a relatively simple understanding of this type of anomaly.

Quantization in discrete 777 background implies exact degeneracies

between ¢-flux states, due to deformed symmetry algebra, at any finite
size torus.

1.pure4d YM,any G, 0 = & 2.4d N=1 SYM, any G, or G with ne adjoint Weyl, or..

end of MAIN



continue IN THE FORM OF COMMENTS about various semiclassical limits:

femtouniverse [small T3, BJ... Liischer. van Baal... '80s] or R3>x S! small S'+... [Unsal,...’10’s]

a word about motivation for these studies (not that we live at 6 = n):

any theory of confinement should provide dynamical explanation of @ = 7 degeneracy!

here:
semiclassical understanding of confinement in various (semi co-volume) limits of /

(to be sure: ...truly co-volume still outstanding...)



SU(N) YM, take e.g. m = (0,0,1) at @ = 1 vs. @ = ()

deformed  dihedral D,y

COMMENT 4:

van Baal, femtouniverse [ < A‘l, ‘84, saw this behaviour, now understood from anomaly:

fractional instantons on T> X R
split perturbative degeneracy of
lowest “electric flux” energies

T(Iowes’[ classical states have no gauge field strength)
k) =T%|0), k=0,...,N — 1
- ke
e) ~ ) e | k)




SU(N) YM, take e.g. 7 = (0,0,1) at H — vs. @ = ()

deformed  dihedral D,

COMMENT 4:

van Baal, femtouniverse [ < A‘l, ‘84, saw this behaviour, now understood from anomaly:

871'2
CG g% N 2T 9 i e=3
E(0, e3) = cos | —e ms | 107
(0, €s) Lg* (N N 3> su@) o=t -
0.5: o
fractional instantons on T° X R lowest |
split perturbative degeneracy of ei’:glf(’;sﬂ“x S~ s e ©
lowest “electric flux” energies y
-0.5
T(Iowes’[ classical states have no gauge field strength) I e=1
k — Tk k — — 1 —1.0k
| > 3 ‘ O>9 ()9 9N e=0

- 2rtke
| e) ~ Z e’ V| k> [van Baal, PhD thesis, ’84] unpublished Ch3, picture attributed there to 't Hooft



SU(N) YM, take e.g. 7 = (0,0,1) at H — vs. @ = ()

deformed  dihedral D,

COMMENT 4:

van Baal, femtouniverse [ < A‘l, ‘84, saw this behaviour, now understood from anomaly:

871'2
Ce 9°N A7 0 : e=3
E 9,6 — COS —e m | 1.0k
(6, €3) Lg? (N SN 3) SU6) o=
3 0.5* e=2
fractional instantons on 1° X R lowest
split perturbative degeneracy of electric flux™———— —,  __F~4 s s Y
y : ’y : energies ~ e=5
lowest “electric flux” energies y
-0.5
T(Iowes’[ classical states have no gauge field strength) I e=1
ky = T%]0), k=0,...N — 1 1.0 ~
k) =1510) e=0 TQFT: 2 state QM

- 2rtke
| e) ~ Z e’ V| k> [van Baal, PhD thesis, ’84] unpublished Ch3, picture attributed there to 't Hooft



SU(N) YM, take e.g. m = (0,0,1)

COMMENT 5:

A tale of two semiclassical Iimits

femtouniverse L << A~} -  dYM,R’XS'. ALN < 21
[van Baal, '84] [Unsal, Yaffe ‘08 +]
Ce 9851?7 s 0 _C - _ 8a” 2tk 0
E(0,e3) = Lot COS (Wfﬁg Nm3> 1 Prac(k, 0) = L4e Ve* cos( N N)
fractional instantons on T°> X R monopole-instanton gas R dx S|

accident or...?

[as in Witten 79, large-N arguments, V = oo - here, any N]
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dYMon RXT?X S 1, with 77 through T? (along S 1) lafter Unsal 2020+...]
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COMMENT 5: ] ] Imi
COMMENT 5: A tale of two semiclassical limits Unsal. Yaffe '08 +

van Baal, femtouniverse L. < A°! «—— = dYM,R’XS!,ALN <271

dYMon RXT?X S 1, with 77 through T? (along S 1) lafter Unsal 2020+...]

changing 77 from < A~! to > A7l keep L(S") <« A~}

femtouniverse
k) = T%|0), k=0,....N — 1
no magnetic flux (k|trF,W;|k) =0
7A’3 “broken” classically (k\trVAV3 | k) #0

7A’3 restored by fractional instantons

izﬂke . N —;L; 2]2’-6 _ﬁ
then [e) ~ ) eV [k) have energies ~e¢ < cos(—=——)




A tale of two semiclassical limits

van Baal, femtouniverse [ < A1 e

Unsal, Yaffe ‘08 +
dYM, R x S!, ALN <« 2nx

dYMon RXT?X S 1, with 77 through T? (along S 1) lafter Unsal 2020+...]

changing 7° from < A~! to

femtouniverse
k) = T%|0), k=0,....N — 1
no magnetic flux (k|trF,W;|k) =0
YA’3 “broken” classically (k\trVAV3 | k) #0

7A’3 restored by fractional instantons

then |e) ~ Z i | k) have energies

> A~ keep L(S!) < A~}

dYM

[Wandler EP "22]

k) = T%|0), k=0,....N — 1
magnetic flux (k| trF;, W, | k) # 0
YA”3 “broken” classically by flux

T3 restored by "M" and "KK”

2me 0
- )

N N



COMMENT 5: ] ] Imi
COMMENT 5: A tale of two semiclassical limits Unsal. Yaffe '08 +

van Baal, femtouniverse I, < A™! w«—— = dYM,R>X S ALN <21

dYMon R X T? X Sl, with 77 through T? (along Sl) lafter Unsal 2020+...]

changing 77 from < A~! to > A7l keep L(S") <« A~}

symmetries realized identically in two limits, semiclassical objects different
femtouniverse dYM [Wandler EP °22]

i272'k€ . N —;Li] 27[6 _ﬁ
then [e) ~ ) "7 |k) have energies ~ ¢ ¥ cos(—=—-5)

thus, these two semiclassical limits, R X 7° and R> x S!.
reproduce the expected vacuum structure of pure YM on R*



SU(N) YM, take e.g. m = (0,0,1) at @ = 1

1P, — &% BT

COMMENT 6:

Exact degeneracy at finite volume? How come?

59
usually, ~7 /,- WZ:,J//WM b
|

]

(

oZOM aa bt
| é//— wall jostobu o-;

s |
Ac 1 = [+> /

L— L —>

L/

hence (+|e?|—)~e " ow 20 for finite L

we can see how this argument fails at @ = &, semiclassically:



SU(N) YM, take e.g. m = (0,0,1) at @ = 1

1P, — &% BT

COMMENT 6:

Exact degeneracy at finite volume? How come?

SU(2) dYM,R° X S' ALy < 27,0 =1
V()

6 -0 G\ J= Z5.

"/"\/\Jo Jaluc (;?/)
- Ao dis ek Powmccin walls (0"&4’)



SU(N) YM, take e.g. m = (0,0,1) at @ = 7

1P, — &% BT

COMMENT 6:

Exact degeneracy at finite volume? How come?

3 1 —
the presence of these two distinct DWs implies SU@2) dYM, R° X S ALy < 2,0 =rx
“double-string confinement” and “deconfinement
on domain walls”... other anomaly-related Viah
phenomena found pre-anomaly! DWW, DW,,

[Anber, Sulejmanpasic, EP 2015] (will not discuss) /m
1(5) - 1.5 6 -o G2\ 0= 25
_: 1.0 K ’{'\/\’0 Valuc (;Q/)
1: IOB - fWo disdsuck bwein walls ((/MM )

oo 0w % ffrom Bub, Wong, EP '19]



SU(N) YM, take e.g. m = (0,0,1) at @ = 1

1P, — &% BT

COMMENT 6:

Exact degeneracy at finite volume? How come?

SUEP) dYM: R X T? x S!, large-T?, small S'+ my = 1

V(e
A / 0 =T / B [ = 7L / DVV1 DW2
/.' /T 7 /T q K
’i | » ’ M
m
| DW, + (1) (7 L
(' | | _ 620 a5\ T 25
| | |
‘Azo / ‘/o“; 2 / B "{'\I\IO Vol Uc (%)
L— | —> L— L —> - "‘VJO &\S’\"\‘\AQ)( &DVMQ;!U WO\\&S (0\/&41 )

[in progress ..."23] -> no tunnelling even at finite volume: A+B =0 when m; = |



SU(N) YM, take e.g. m = (0,0,1) at @ = 1

1P, — &% BT

COMMENT 6: -
Exact degeneracy at finite volume? How come?

SUP2) dYM: R X T> x S, Iarge-Tz, small S+ my = 1
V(e

A{/{’" A //T B/l/ . //T DV, . DW.,,
| | . ’{mjl | | M
{v DW | (-1) | /

. D\
6 -0 GO\ J= 725\

1%-50 / ,/;‘%q "f"\/\'o Valucn (;?/)

L— L — L = - - ds ;
1. gemiclassics (Wheﬁ it hzbldsj doesn’t lie! o dishuck  dowe walls  (Gues! )
2. all of this applies as well for other SU(N>2)




SUMMARY:-

Studied mixed O-form/1-form anomaly: “new” vs “old”- Hilbert space w/ twist

Set up offers a relatively simple understanding of this type of anomaly.

Quantization in discrete 77 background implies exact degeneracies

between e-flux states, due to deformed symmetry algebra, at any finite
size torus.

Different semiclassical limits (the femtouniverse and dYM with flux)
have identical symmetry realization and produce a vacuum structure
identical to that expected in infinite volume limits (YM/SYM).



Exact degeneracies in 71 background (trivial to implement!) may be

ce?
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Symmetry realizations in 77 backgrounds imply that semiclassical
objects responsible for mass gap (& confinement) in different
regimes are related.

In most cases, their nature and implications not well understood...

also Tanizaki, Unsal 22, R* X T? + incl. fundamentals!

Anber, EP, 22, SYM & gaugino condensate?

Other symmetries and anomalies?



