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Exclusive Processes

• Tremendous progress in the understanding of exclusive scattering
processes: analytic structure, multi-loop perturbative data,
amplituhedron, S-matrix bootstrap,...

• Practical Outcome: Ability to accurately describe complicated SM
scattering processes.
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The High Multiplicity Regime

• A complementary regime: high multiplicity
• Collisions with E � mgap

• Conformal Field Theories
Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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• Good observables are correlations in fluxes at (null) infinity.
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Motivation

• How can we characterize a theory using asymptotic data?

• Theoretical motivation:
• What is the space of observables at null infinity?
• How are they related to (C)FT data?
• How do we constrain theories in the absence of S-matrix

and/ or local ops (e.g. CFT coupled to gravity)

• Phenomenological motivation:
• Can we relate asymptotic measurements to parameters of the

underlying theory? (couplings, transport coefficients, ....)
• Can we identify universal features

that can be computed to high precision?

• Wealth of collider data provides a practical testing ground.

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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Jet Substructure: Searches
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Figure 2: The observed and fitted mSD distributions for the passing (left) and failing (right) re-
gions, combining all pT categories, and three data taking years. The fit is performed under the
signal-plus-background hypothesis with a single inclusive H(cc) signal strength parameter.
The QCD yields and shapes and the tt yields are estimated from data. The dashed line repre-
sents the H ! cc expectation, amplified by a factor of 200. The step-like features at 166 and
180 GeV occur due to excluded mSD bins, outside of the r acceptance region. The lower panel
shows the residual difference between the model and data, scaled by the statistical uncertainty
in the data, effectively showing an approximate significance.
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• Jet Substructure uses the internal structure of jets to provide
qualitatively new ways to study physics at the LHC.

• Its introduction in 2008 by Butterworth, Davison, Rubin and Salam,
along with anti-kT by Cacciari, Soyez, Salam, and the starting of the
LHC, reinvigorated the study of jets in QCD.
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Jet Substructure: Quantum Field Theory

• Beyond searching for new physics, much more subtle questions about
QCD are imprinted in collider energy flux:Phase diagram of QCD matter
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STAR Detector

9

• STAR Time Projection Chamber (TPC) 
provides excellent charged track 
resolution

• Barrel Electromagnetic Calorimeter 
(BEMC) provides energy measurement 
for neutral components of jets, and 
provides jet trigger

• Must correct for detector effects to 
reconstruct correct jet 𝒑𝑻

• Learn what to correct by simulating 
detector effects with PYTHIA + Geant
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Energy Correlators in Data
• Progress bridging theory and experiment across collider systems!

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Shape of data agrees with  
within uncertainty


Theo sys:

 (shape only҅no normalization effect)


• QCD scale of  prediction 

• Hadronization factors 

•QCD scale in hard scattering 

• Underlying event + parton shower tune 

• PDF
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• Theoretical comparison calculated in the Perturbative Region ( 3GeV
pTJetLow

< ∆𝑅 < Jet R) 

received directly from Kyle Lee, MIT.
• Behavior agrees well with directly calculable theoretical expectations!

15 < 𝐉𝐞𝐭 𝐩𝐓 < 20 GeV/c 30 < 𝐉𝐞𝐭 𝐩𝐓 < 50 GeV/c
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Comparison to pQCD

NLL calculations correspond to full (charged+neutral) jets and are normalized to data in perturbative region

Perturbative 
region

Free hadron 
scaling

Higher  pch jet
T

Lee et al., arXiv:2205.03414
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Energy Correlators in Data

• Progress bridging theory and experiment across collider systems!
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EEC in  with ALEPH data (LEP1)e+e−

First measurement of EEC exploring in the 
back-to-back limit with ALEPH data!

At a first look, comparable flat non-perturbative plateau  
btw collinear and back-to-back limits 

Reasonable agreement with Archived MC


More in-depth scan in the small angle 
correlation compared with old literature 

good statistics 
accuracy to probes 
non-perturbative 
small-angle region
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Neither CGC or nPDF models fully capture the 
enhancement and suppression seen in data.

15

- CGC predictions* from Haoyu Liu 
et. al., over a range of saturation 
scale values

*  models provided by Haoyu Liu, Ian Moult, and Xiaohui Liu
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Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Decoding Energy Flux

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Correlation Functions

• In condensed matter physics or cosmology we decode the underlying
dynamics using correlation functions.

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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• Can we achieve a similarly coherent picture of collider physics?
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Defining the Problem

• What is a detector?

=
X

i

hiOi (1.1)

=
X

j

cjDj (1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators Oi that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coe�cients
hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj |Oki).

local operator detector

“measure at a point” “measure in cross-sections”
UV divergence IR divergence

need to renormalize need to renormalize
theory-dependent theory-dependent

OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.

After suitably renormalizing the detector to remove the divergences, we obtain a new “good”

observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial

quantization in the UV CFT: it is its Hilbert space of states on Sd�1. Thus, local operators

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusing mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future

null infinity I +. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = �@µ1 · · · @µJ�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial dependence on infrared

scales characterizing the measurement.

– 2 –

• To be able to understand subtle signals in energy flux, we must
understand what a detector is in Quantum Field Theory.

[Caron Huot, Kologlu, Kravchuk, Meltzer, Simmons Duffin]
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Calorimeter Cells in Field Theory

[Hofman, Maldacena], [Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov]
[Korchemsky, Sterman]
[Ore, Sterman]
[Basham, Brown, Ellis, Love]

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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E(~n) = lim
r→∞

r2
∞∫
0

dt niT0i(t, r~n)

〈Ψ|E(n̂1) · · · E(n̂k)|Ψ〉

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• From the perspective of QFT, jet substructure is the study of
correlation functions of energy flow operators.
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Energy Correlators

• Correlation functions 〈0|O†E(~n1) · · · E(~nk)O|0〉 take an interesting
intermediate position between amplitudes and correlation functions.

Bootstrapping the simplest correlator in planar N = 4 SYM at all loops

Frank Coronado1,2,3

1Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
2Department of Physics & Astronomy, University of Waterloo, Waterloo, ON N2L 3G1, Canada

3ICTP South American Institute for Fundamental Research, São Paulo, SP Brazil 01440-070

We present the full form of a four-point correlation function of large BPS operators in planar
N = 4 Super Yang-Mills to any loop order. We do this by following a bootstrap philosophy based
on three simple axioms pertaining to (i) the space of functions arising at each loop order, (ii) the
behaviour in the OPE in a double-trace dominated channel and (iii) the behaviour under a double
null limit. We discuss how these bootstrap axioms are in turn strongly motivated by empirical
observations up to nine loops unveiled through integrability methods in our previous work [9] on
this simplest correlation function.

I. INTRODUCTION

Integrability methods have shaped a new path for the
explicit evaluation of correlators of local operators in pla-
nar N = 4 SYM [1–5] and also non-planar [6–8], specially
for four-point functions of large protected single-trace op-
erators. In [9] we used integrability-based methods to
find the loop corrections to the polarized four-point func-
tion we named as the simplest. This correlator consists
of four external protected operators with R-charge po-
larizations chosen as shown in figure 1. In the limit of
long operators1 (K � 1), we argued this four-point func-
tion admits a factorization into the tree level part which
carries all the dependence on the external scaling dimen-
sion K and the loop corrections which are given by the
squared of the function O (the octagon)

hO1O2O3O4i =


1

x2
12x

2
13x

2
24x

2
34

�K
2

⇥ O2(z, z̄) (1)

where the cross ratios are defined in terms of the space-
time positions as:

zz̄ = u =
x2

12x
2
34

x2
13x

2
24

and (1�z)(1�z̄) = v =
x2

14x
2
23

x2
13x

2
24

In this paper we present some of the analytic properties
of the octagon O which follow from the explicit nine-loop
results in [9]. These properties include a restriction on
the space of functions that appear at any loop order and
the remarkable simplicity of the octagon in two di↵erent
kinematical limits: the OPE limit (z ! 1, z̄ ! 1) and
the double light-cone limit (z ! 0, z̄ ! 1).

We also state that these three analytic properties can
be used to uniquely define the octagon and with that

1 The rank of the gauge group Nc ! 1 is the largest parameter
followed by K. Then the planar correlator is expanded in powers
of the ’t Hooft coupling g2.

O1(0) O2(z)

O3(1) O4(1)

•
•

•

P
 in

•
•

•
P

 out

FIG. 1. The simplest four-point function with external opera-

tors O1(0, 0) = Tr(Z
K
2 X̄

K
2 )+cyclic permutations, O2(z, z̄) =

Tr(XK ), O3(1, 1) = Tr(Z̄K) and O4(1,1) = Tr(Z
K
2 X̄

K
2 )+

cyclic permutations. The Wick contractions form a perime-
ter with four bridges of width K

2
. According to Hexagonal-

izaiton [3] in the limit K � 1 the loop corrections are ob-
tained by summing over 2D intermediate multiparticle states
 in and  out on mirror cuts 1-4 and 2-3 respectively, with
both sums evaluating to O. Alternatively the octagon O rep-
resents the resummation of planar Feynman diagrams draw
inside(outside) the perimeter.

also the simplest correlator (1). We show how to solve
this bootstrap problem by first introducing a Steinmann
basis of Ladders which resolve two of the aforementioned
analytic properties. Then using the third property to
completely fix the coe�cients in an Ansatz constructed
with the Steinmann basis.

This bootstrap approach reproduces the explicit re-
sults obtained from perturbation theory and integrabil-
ity and allows us to easily extend them to arbitrary loop
order. We accompany this letter with an ancillary file
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a
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Energy Correlators:

Scaling and Multi-Point Correlators
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Scaling Behavior
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Primordial fluctuations
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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Scaling Behavior in QFT

15

Condensate Laboratory Aboard the ISS (CLASS) Concept Design
At the temperature of BEC, gravity can play a significant role in the cooling, 
trapping and dynamics of the ultra-cold atoms. Recognizing the potential benefits 
that microgravity research in this science area aboard the ISS might yield, the 
concept design of the CLASS was developed. CLASS was intended to provide 
researchers the capability to explore interactions in Bose Einstein Condensates 
of atoms at lower temperatures than achievable on the ground. The principal 
investigator for this experiment was Nobel laureate W. Phillips from the National 
Institute of Standards and Technology (NIST) in Gaithersburg, Maryland.

Matter Near Critical Phase Transitions 
The condensed phase of simple gases 
provides a unique test bed for the predictions 
of fundamental theories. For a certain 
combination of temperature and pressure, 
determined by the molecular properties of 
the gas, the differences between the liquid 
and the vapor phases disappear. This state 
of the system is the critical point, in the 
neighborhood of which the fluid system 
exhibits the unusual properties of universality 
and scaling. Universality implies that 
the same parameters (critical exponents) 
characterize the system under many different 
conditions; scaling implies that the equations 
describing the system’s behavior do not 

change their form when the length scale is altered. Critical points are found in 
many different materials including fluids, solids, alloys, fluid mixtures and magnets.

The physics of matter near critical points have been explored in detail in ground-
based experiments. Fundamental theories have been developed to explain the 
unusual behavior of universality and scaling for matter near critical points. 
The special interest in this phenomenon is because the theoretical explanation, 
renormalization group (RG) theory, has implications for many diverse fundamental 
and applied research areas including weather modeling, metallurgy, oil field 
recovery, elementary particle physics, and cosmology. The region very close to the 
critical transition, where correction terms are small compared to critical anomalies, 

Figure 3.3.1. Heat capacity of superfluid helium in 
microgravity conditions. (Source: J. Nissen)
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The OPE Limit of Lightray Operators

• Energy flow operators admit a Lorentzian OPE: “the lightray OPE”

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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• Predicts universal scaling behavior in correlations of energy flux at
energies E � ΛQCD .

[Hofman, Maldacena]
[Chang, Kologlu, Kravchuk, Simmons Duffin, Zhiboedov]
QCD: [Dixon, Moult, Zhu]

See early work by [Konishi, Ukawa, Veneziano]
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Scaling Behavior in Jets

• Scaling measured inside jets by STAR, ALICE and CMS from 15 GeV
to 1784 GeV:

An experimental realization of the detector OPE!

Kyle Lee /33
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• Universal scaling measured in real data from ALICE, CMS, and STAR from 15 GeV to 1784 GeV!
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• Can we accurately extract anomalous exponents of different
detectors?
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The Spectrum of a Jet
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• The light-ray OPE predicts that the N -point correlators develop an
anomalous scaling that depends on N .

〈E1E2···EJ−1〉
〈E1E2〉 ∼ 〈O[J]〉

〈O[3]〉

• Directly probes the spectrum of (twist-2) lightray
operators from asymptotic energy flux.
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Anomalous ScalingAnomalous Scaling

• Precision measurements reveal anomalous scaling: Universal quantity
in complicated hadronic environment.
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Anomalous Scaling of 3/2 Ratio

• Anomalous scaling measured from 15 GeV to 1784 GeV!
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Using [Chen, Gao, Li, Xu, Zhang, Zhu]
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Using [Dixon, Moult Zhu], [Chen, Gao, Li, Xu, Zhang, Zhu]

• Beautiful quantitative test of QFT!
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Yibei Li Hao ChenXiaoYuan Zhang

• Uses scaling anomalous dimensions at three-loop order.

• Beautiful quantitative test of QFT!

• Universal quantity in complicated
hadronic environment.
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The Strong Coupling

• Use scaling to extract value of the strong coupling constant αs at 4%
accuracy.

The Strong Coupling

M. Swiatlowski (TRIUMF) August 4, 2023

EECs for … in practice�s

33

Chengfeng 

Huge amount of effort! %

Now need to scrutinize 
and understand… #

(Overlay from MLB)

• Proof of principle ↵s can be extracted from jet substructure in
complicated hadron collider environment: 4% accuracy.

• Jet substructure is now a precision science!
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Uncertainty ~ 4%, most precise from 
jet-substructure measurement to date


Benefit from:  

Ratio: most uncertainties cancel out 

High precision calculation

 �s(mZ) = 0.1229+0.0040
�0.0050

 = 0.1229+0.0014(stat.)+0.0030(theo.)+0.0023(exp.)
�0.0012(stat.)�0.0033(theo.)�0.0036(exp.)

Covariance 
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�s(mZ) = 0.118

Error band: 
shape only
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Theory at NLO

CMS Preliminary

Figure 1 – Slope of the ratio of the three- and two-particle energy correlators, E3C/E2C, with respect to the
distance between the constituents, xL, for di↵erent jet energies 1 (left). Unfolded data are overlaid with analytical
calculations at NNLLapprox accuracy. The ratio section illustrates changes in the slope of E3C/E2C for values of
↵S higher (↵S = 0.136) and lower (↵S = 0.100) than the default value of ↵S = 0.118. Running of the strong
coupling constant using the world average (yellow band) compared to measurements performed at di↵erent scales,
Q 3 (right). Four new extractions from the R�� measurement, reaching the highest scale probed to date, are
added.

where �Ri,j =
q

(�⌘i,j)2 + (��i,j)2 represents the angular distance between two constituents.
The dependence of E2C and E3C on xL reveals mappings of various stages of parton showers.
Short xL describe the final stages of fragmentation, that is free hadrons that are uncorrelated.
The scaling is linear in this case. Conversely, large xL describe interacting partons, characterized
by an inverse scaling.

In this measurement, dijet events with jet rapidity |⌘jet| < 2.1 and transverse momentum
pjet

T > 97 GeV were selected. In jets, all charged and neutral particles with pT > 1 GeV
were selected. The data used for the extraction of ↵S were corrected for the detector e↵ects
(unfolded). The ratio of energy correlators E2C/E3C ⇠ ↵logR. In this way for the extraction
of ↵S , E2C/E3C was compared to analytical calculations available at an approximate next-to-
next-to-leading logarithm (NNLLapprox) matched to next-to-leading order (NLO) perturbative
QCD (pQCD) calculations. This yielded the worlds most precise ↵S measurement from jet
substructure: ↵S = 0.1229+0.0040

�0.0050. While the uncertainty of the measurement is larger compared
to measurements obtained from jet and top quark cross section measurements, ↵S obtained
from jet substructure is more sensitive to collinear e↵ect. In this way, this measurement helps
to probe the consistency of ↵S in di↵erent phase spaces.

Another new measurement of ↵S at CMS was performed using azimuthal correlations among
jets 3,4. A ratio observable

R��(pT ) =

PNjet(pT )
i=0 N

(i)
nbr(��, pnbr

T,min)

Njet(pT )
(2)

was defined, where the denominator counts the number of jets pet pT bin while the numerator
counts the number of neighboring jets for a given jet i. Neighboring jets in this measurement
were taken to fall within the interval 2⇡

3 < �� < 7⇡
8 , i.e., neighboring jets do not have to be

spatially close to each other. Such a choice of �� ensures that in the dijet event, each jet has
0 neighbors, resulting in the numerator of R�� counting only the 3+ jet topologies while the
denominator counts all the jets.

For the extraction of ↵S , perturbative QCD calculation using NLOJet++ within fastNLO
framework was compared to the unfolded data. Non-perturbative (NP) e↵ects for data were esti-
mated using Monte Carlo (MC) predictions taking a ratio of the distributions with and without
NP e↵ects CNP = (�PS+MPI+HAD)/�PS . NLO electroweak (EW) e↵ects were estimated from
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Figure 2 – Summary of the ↵S (mZ) measurements in CMS and the world average (black maker and the yellow
band). The error bands illustrate the full uncertainty of the measurement.

the SHERPA MC generator in interfaced to RECOLA. The fit yielded ↵S(mZ) = 0.1177+0.0117
�0.0074.

The main contribution to the uncertainty is the scale uncertainty (+114
�68 ) which could be re-

duced by around threefold if next-to-NLO (NNLO) predictions were available. Experimental,
NP and EW uncertainties are small due to cancellations when taking the ratio. The measure-
ment also probed running of ↵S , splitting the whole pT range into four subregions. Notably, the
measurement reaches to the highest scale to date, Q ⇡ 2081 TeV showing no deviations from
RGE.

In the multi-di↵erential dijet cross section measurement, a double-di↵erential (2D) cross
section as a function of the invariant mass of the two jets, m1,2, and the largest absolute rapidity,
|y|max, was used to extract ↵S

5. A simultaneous fit of parton distribution functions (PDF) and
↵S was performed by fitting the unfolded data to pQCD predictions available up to NNLO.
The predictions were obtained with the NNLOJET program interfaced with fastNLO. The fit
resulted in ↵S(mZ) = 0.1179 ± 0.0019. A triple-di↵erential (3D) distribution as a function of
the rapidity separation, y⇤, the total boost, yb, and m1,2 was also used to extract ↵S and yielded
↵S = 0.1181 ± 0.022 which is in a good agreement with the 2D result. The main uncertainty in
this measurement is the fit, i.e., the experimental uncertainty mostly caused by the jet energy
scale uncertainty and luminosity.

3 Summary of the measurements of the strong coupling constant in CMS

A summary of the measurements of ↵S in CMS at
p

s = 7, 8 and 13 TeV can be seen in figure
2. In this section, we will review the measurements of ↵S at

p
s = 13 Tev, not mentioned in

section 2.
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Figure 1 – Slope of the ratio of the three- and two-particle energy correlators, E3C/E2C, with respect to the
distance between the constituents, xL, for di↵erent jet energies 1 (left). Unfolded data are overlaid with analytical
calculations at NNLLapprox accuracy. The ratio section illustrates changes in the slope of E3C/E2C for values of
↵S higher (↵S = 0.136) and lower (↵S = 0.100) than the default value of ↵S = 0.118. Running of the strong
coupling constant using the world average (yellow band) compared to measurements performed at di↵erent scales,
Q 3 (right). Four new extractions from the R�� measurement, reaching the highest scale probed to date, are
added.

where �Ri,j =
q

(�⌘i,j)2 + (��i,j)2 represents the angular distance between two constituents.
The dependence of E2C and E3C on xL reveals mappings of various stages of parton showers.
Short xL describe the final stages of fragmentation, that is free hadrons that are uncorrelated.
The scaling is linear in this case. Conversely, large xL describe interacting partons, characterized
by an inverse scaling.

In this measurement, dijet events with jet rapidity |⌘jet| < 2.1 and transverse momentum
pjet

T > 97 GeV were selected. In jets, all charged and neutral particles with pT > 1 GeV
were selected. The data used for the extraction of ↵S were corrected for the detector e↵ects
(unfolded). The ratio of energy correlators E2C/E3C ⇠ ↵logR. In this way for the extraction
of ↵S , E2C/E3C was compared to analytical calculations available at an approximate next-to-
next-to-leading logarithm (NNLLapprox) matched to next-to-leading order (NLO) perturbative
QCD (pQCD) calculations. This yielded the worlds most precise ↵S measurement from jet
substructure: ↵S = 0.1229+0.0040

�0.0050. While the uncertainty of the measurement is larger compared
to measurements obtained from jet and top quark cross section measurements, ↵S obtained
from jet substructure is more sensitive to collinear e↵ect. In this way, this measurement helps
to probe the consistency of ↵S in di↵erent phase spaces.

Another new measurement of ↵S at CMS was performed using azimuthal correlations among
jets 3,4. A ratio observable

R��(pT ) =

PNjet(pT )
i=0 N

(i)
nbr(��, pnbr

T,min)

Njet(pT )
(2)

was defined, where the denominator counts the number of jets pet pT bin while the numerator
counts the number of neighboring jets for a given jet i. Neighboring jets in this measurement
were taken to fall within the interval 2⇡

3 < �� < 7⇡
8 , i.e., neighboring jets do not have to be

spatially close to each other. Such a choice of �� ensures that in the dijet event, each jet has
0 neighbors, resulting in the numerator of R�� counting only the 3+ jet topologies while the
denominator counts all the jets.

For the extraction of ↵S , perturbative QCD calculation using NLOJet++ within fastNLO
framework was compared to the unfolded data. Non-perturbative (NP) e↵ects for data were esti-
mated using Monte Carlo (MC) predictions taking a ratio of the distributions with and without
NP e↵ects CNP = (�PS+MPI+HAD)/�PS . NLO electroweak (EW) e↵ects were estimated from

CMS determination of ↵s from hEEEi/hEEi [CMS ’24]

• Very clear target for improved perturbative calculations. e.g. NNLO
2→ 3 hard functions, NP corrections, ... not yet included.
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Higher Point Functions in Energy Flux

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Multipoint Correlators

• Higher-point correlators probe detailed aspects of the underlying
microscopic interactions. e.g. CMB three-point functions allow to
distinguish models of inflation.

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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Figure 1: Plot of the function F (1, x2, x3) x2
2x

2
3 for the local distribution (6). The figure is

normalized to have value 1 for equilateral configurations x2 = x3 = 1 and set to zero outside the
region 1 − x2 ≤ x3 ≤ x2.

Slow roll
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Figure 2: Plot of the function F (1, x2, x3) x2
2x

2
3 for the usual slow-roll inflation (9) with ϵ = η =

1/30. The figure is normalized to have value 1 for equilateral configurations x2 = x3 = 1 and set to
zero outside the region 1 − x2 ≤ x3 ≤ x2.

It is interesting to rewrite the definition of f(F ) as

f(F ) =
F · Flocal

Flocal · Flocal
= cos(F,Flocal)

(
F · F

Flocal · Flocal

)1/2

. (21)
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Higher Deriv.
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Figure 3: Plot of the function F (1, x2, x3) x2
2x

2
3 for non-Gaussianities generated by higher derivative

interactions (12) and in the DBI model of inflation [20, 21]. The figure is normalized to have value
1 for equilateral configurations x2 = x3 = 1 and set to zero outside the region 1 − x2 ≤ x3 ≤ x2.
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Figure 4: Plot of the function F (1, x2, x3) x2
2x

2
3 for ghost inflation (13). The figure is normalized

to have value 1 for equilateral configurations x2 = x3 = 1 and set to zero outside the region
1 − x2 ≤ x3 ≤ x2.

We see that the fudge factor is proportional to the cosine between the distributions. This suppression
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• What is the structure of higher-point functions of energy flux?
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Multipoint Correlators
• The only explicit results for correlators with N > 2 were the

remarkable strong coupling results of Hofman and Maldacena:

• The wealth of techniques developed to compute perturbative
scattering amplitudes can be applied to multi-point correlators at
weak coupling.

the correction by demanding that the integral over one of the angles gives the total energy.

The dots in (4.9) denote higher order terms in the 1/
√
λ expansion.

In this derivation we have assumed that the state we are considering has no oscillators

excited along the three transverse AdS directions. In the case of the superstring we can

still have a massless mode with indices in the transverse AdS directions since those can

be accounted for by fermion zero modes on the string worldsheet in light cone gauge. The

result (4.9) is very general and holds for any theory with a ten dimensional weakly coupled

dual with an AdS5 factor if we replace 1/λ → α′2/R4
AdS , under the assumption that we

are creating a ten dimensional massless closed string with the external operator.

4.3. Corrections to the n point function

We now consider the n point function ⟨E(n⃗1) · · · E(n⃗n)⟩. We have seen that the gravity

result is just a constant. Let us compute the stringy corrections. The leading deviation

can be computed by expanding the full expression (4.4) up to quadratic order in products

of ki.kj. The resulting correction is basically the same as the one contributing to the

two point function (4.9). In order to see something new we can go to cubic order in the

products ki.kj. In the end this gives us a correction to the n point function which looks

like

⟨E(n⃗1) · · · E(n⃗n)⟩ =
( q

4π

)n

⎡
⎣1 +

∑

i<j

6π2

λ
[(n⃗i.n⃗j)

2 − 1

3
]+

+
β

λ3/2
[
∑

i<j<k

(n⃗i.n⃗j)(n⃗j.n⃗k)(n⃗i.n⃗k) + · · ·] + o(λ−2)

⎤
⎦

(4.10)

where β is a numerical coefficient16 and the dots denote terms that are necessary to ensure

that the integral over each of the angles gives zero as well as a term that corrects the

coefficient of the (n⃗in⃗j)
2 term by an order λ−3/2 amount.

Thus, we find that for a strongly coupled field theory the energy distribution is uniform

with small fluctuations which have an amplitude of order 1/
√
λ. In other words, δE/E ∼

1√
λ
. The two point function of these fluctuations is given by the first non-constant term

in (4.10). One might have thought that these flucutuations would be gaussian. However,

we find that the three point function of the fluctuations is of order λ−3/2. Thus, when we

16 β = −1728
∫ 2π

0

dσ1dσ2

(2π)2
log[2 sin σ1

2
] log[2 sin σ2

2
] log[2| sin (σ1−σ2)

2
|] ∼ 518 ± 5.
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Correlators in Perturbation Theory
• Two approaches to calculate energy correlators:

1 Light transforming N-point functions of stress tensors:

2 Perturbative phase space integrals using (squared) form factors:

〈0|O†T · · ·TO|0〉 → 〈0|O†E(~n1) · · · E(~nk)O|0〉
Two Point NLO in N = 4: [Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov]
Two Point NNLO in N = 4: [Henn, Sokatchev, Yan, Zhiboedov]
LO Charge-Charge Correlator in QCD: [Chicherin, Henn, Sokatchev, Yan]

Three-point energy correlator in N = 4 super-Yang Mills Theory

Kai Yana, Xiaoyuan Zhangb
a Shanghai Jiao Tong University, 800 Dongchuan Road, 200240 Shanghai, China

b Harvard University, 02138 Cambridge, MA, US

An analytic formula is given for the three-point energy correlator (EEEC) at leading order (LO) in
maximally supersymmetric Yang-Mills theory (N = 4 sYM). This is the first analytic calculation of
a three-parameter event shape observable, which provides valuable data for various studies ranging
from conformal field theories to jet substructure. The associated class of functions define a new
type of single-valued polylogarithms characterized by 16 alphabet letters, which manifest a D6 ◊Z2
dihedral symmetry of the event shape. With the unexplored simplicity in the perturbative structure
of EEEC, all kinematic regions including collinear, squeezed and coplanar limits are now available.

1. Introduction.
The energy correlator observable measures the energy

deposited in multiple detectors as a function of angles
between the detectors. From the phenomenological per-
spective, energy correlators probe the energy flow and
can be used as jet observables [1–6] for precise tests of
the standard model or new physics search. From the
practical side, energy correlators is perhaps the simplest
infared safe event shape [7, 8] to calculate analytically.
From the theory side, they belong to class of observ-
ables probing the spatial correlation among flow opera-
tors, which provides valuable data for understanding the
nature of quantum field theories [9–11].

The two-point energy correlator (EEC) [12] is com-
puted analytically to next-to-leading order (NLO) in
quantum chromodynamics (QCD) [13, 14] and NNLO in
N = 4 super-Yang-Mills theory (sYM) [15, 16], numer-
ically up to NNLO in QCD [17–26], and resummed to
all orders in both the back-to-back [27–32] and collinear
limit [33–35]. Meanwhile the precision study on multi-
particle energy correlator has been initiated, featuring
the LO prediction for the three-point energy correlator
(EEEC) in the triple-collinear limit [36].

The EEEC, which depends on three angles among the
detectors, captures the nontrivial shape dependence in
the scattering processes. The standard definition for the
EEEC as a di�erential cross-section can then be recast
as a five-point correlation function

EEEC(‰1,‰2,‰3) =
⁄ 3Ÿ

i=1
[d�n̨i

”(n̨i · n̨i+1 ≠ cos ‰i)]

◊
s
d4x eiqxÈ0|O†(x)E(n̨1)E(n̨2)E(n̨3)O(0)|0Í

(q0)3
s
d4x eiqxÈ0|O†(x)O(0)|0Í . (1)

Here the detector operator that measures the en-
ergy flux in the direction n̨ is given by an inte-
grated stress-energy tensor Tµ‹ [9, 37–40], E(n̨) =s Œ

≠Œ d· limræŒ r2niT0i(t = · + r, rn̨) . The operators O

(source) and O† (sink) create the final state, whose par-
ticles are detected by the two calorimeters. The choice
of the local operator O depends on the physical problem.
For e+e≠ annihilation, O is given by an electromagnetic
current.

E(~n1)

E(~n2)

E(~n3)

O

1

✓

1

|y| = 1

O tan ✓
2

FIG. 1. Graphical representation of the three-point energy
correlator: particles produced out of the vacuum by the
source are captured by the three detectors located at spa-
tial infinity in the directions of the unit vectors n̨1, n̨2 and
n̨3. They can be mapped onto three points located on a
circle with radius |y| = tan ◊

2 on the celestial sphere. The
three angles are parametrized by (sin ‰1

2 , sin ‰2
2 , sin ‰3

2 ) =
sin ◊ (sin „1

2 , sin
„2
2 , sin

„1+„2
2 ) .

The energy correlator is an onshell observable that
bares close relations to the o�shell correlation functions
involving the stress-energy tensors. In view of this prop-
erty, previous studies in N = 4 sYM theory employed
various shortcut to obtaining the EEC by taking multi-
ple discontinuities of Euclidean correlation functions and
by exploiting the superconformal symmetries of the lat-
ter [15, 16, 41–43] . It remains unknown whether such
approaches are feasible for computing the higher-point
energy correlators. In this letter we adopt an onshell ap-
proach to obtain the EEEC from the super form factor
for protected scalar operator [44, 45], benefiting from the
simplicity of matrix elements in N = 4 sYM. We present
the one-loop EEEC result for arbitrary angles, which is
the first analytic calculation of multi-particle correlation
observables with full shape dependence.

Our result encodes valuable information on the func-
tion space of the EEEC in perturbative quantum field
theory: the classifications of symmetries, symbol alpha-
bets and polylogarithms. These mathematical structures
are studied much more thoroughly in the context of scat-
tering amplitudes than finite observables in collider ex-
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Energy correlators [Basham, Brown, Ellis, Love ’78]

h |E(~n1) · · · E(~nk)| i
h | i =

X

i1,...,ik

Z
d�

kY

j=1

Eij
�(~nj � ~pij

/p0
ij

)

• Measures correlations between flux of energy in di↵erent directions
~nj on the celestial sphere, in some state | i.

• IR safe [Kinoshita ’62; Lee, Nauenberg ’64], under good theoretical control. Can
be computed via amplitudes and/or correlation functions.

• Calculations in QCD and N = 4 SYM [Hofman, Maldacena ’08; Belitsky,

Hohenegger, Korchemsky, Sokatchev, Zhiboedov ’13; Dixon, Luo, Shtabovenko, Yang, Zhu ’18; Luo,

Shtabovenko, Yang, Zhu ’19; Henn, Sokatchev, Yan, Zhiboedov ’19; Chen, Luo, Moult, Yang,

Zhang, Zhu ’20; Chicherin, Korchemsky, Sokatchev, Zhiboedov ’23 ...]

• (Related calculations in classical gravity [Kosower, Maybee, O’Connell ’18; ...])

• Experimentally measurable. Can cleanly access lots of di↵erent
physics: jet substructure, top mass, QGP... [Komiske, Moult, Thaler, Zhu ’22;

Holguin, Moult, Pathak, Procura ’22; Chen, Moult, Thaler, Zhu ’22; Lee, Mecaj, Moult ’22, ...], and...

Two Point LO in QCD: [Basham, Ellis, Brown, Love]
Two Point NLO in QCD: [Dixon, Luo, Shtabovenko, Yang, Zhu]
Three Point Collinear LO in QCD: [Chen, Luo, Moult, Yang, Zhang, Zhu]
Three Point General Angle LO in N = 4: [Yan, Zhang]
Three Point General Angle LO in QCD: [Yang, Zhang]
Four Point Collinear LO in N = 4: [Chicherin, Moult, Sokatchev, Yan, Zhu]
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Correlators in Perturbation Theory
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An analytic formula is given for the three-point energy correlator (EEEC) at leading order (LO) in
maximally supersymmetric Yang-Mills theory (N = 4 sYM). This is the first analytic calculation of
a three-parameter event shape observable, which provides valuable data for various studies ranging
from conformal field theories to jet substructure. The associated class of functions define a new
type of single-valued polylogarithms characterized by 16 alphabet letters, which manifest a D6 ◊Z2
dihedral symmetry of the event shape. With the unexplored simplicity in the perturbative structure
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tial infinity in the directions of the unit vectors n̨1, n̨2 and
n̨3. They can be mapped onto three points located on a
circle with radius |y| = tan ◊

2 on the celestial sphere. The
three angles are parametrized by (sin ‰1

2 , sin ‰2
2 , sin ‰3

2 ) =
sin ◊ (sin „1

2 , sin
„2
2 , sin

„1+„2
2 ) .

The energy correlator is an onshell observable that
bares close relations to the o�shell correlation functions
involving the stress-energy tensors. In view of this prop-
erty, previous studies in N = 4 sYM theory employed
various shortcut to obtaining the EEC by taking multi-
ple discontinuities of Euclidean correlation functions and
by exploiting the superconformal symmetries of the lat-
ter [15, 16, 41–43] . It remains unknown whether such
approaches are feasible for computing the higher-point
energy correlators. In this letter we adopt an onshell ap-
proach to obtain the EEEC from the super form factor
for protected scalar operator [44, 45], benefiting from the
simplicity of matrix elements in N = 4 sYM. We present
the one-loop EEEC result for arbitrary angles, which is
the first analytic calculation of multi-particle correlation
observables with full shape dependence.

Our result encodes valuable information on the func-
tion space of the EEEC in perturbative quantum field
theory: the classifications of symmetries, symbol alpha-
bets and polylogarithms. These mathematical structures
are studied much more thoroughly in the context of scat-
tering amplitudes than finite observables in collider ex-
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• For generic angles, the correlator depends on the
cross ratios ζij =

1−cos θij
2 , and the source.

• In the collinear (OPE) limit, ζij → 0, it becomes a
function of 2(N − 2) variables that is independent of the source.

• The LO contribution to the N -point function is given by a finite
integral in (N − 1) dimensional projective space of the universal
splitting functions:

• This limit can be physically measured
inside high energy jets at the LHC.
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We present a compact formula, expressed in terms of classical polylogarithms up to weight three,
for the leading order four-point energy correlator in maximally supersymmetric Yang-Mills theory,
in the limit where the four detectors are collinear. This formula is derived by combining a simplified,
manifestly dual conformal invariant form of the 1 æ 4 splitting function obtained from the square of
the tree-level five-particle form factor of stress-tensor multiplet operators, with a novel integration-
by-parts algorithm operating directly on Feynman parameter integrals. Our results provide valuable
data for exploring the structure of physical observables in perturbation theory, and for calculations
of jet substructure observables in quantum chromodynamics.

Introduction

Explicit calculations of observables in quantum field
theory (QFT) have played a crucial role in uncovering
hidden simplicity and structure, and in providing theo-
retical data for the development of new computational
approaches. While a large amount of data exists for per-
turbative scattering amplitudes, less attention has been
focused on physical cross-section level observables rele-
vant for colliders. Motivated by the remarkable simplic-
ity hidden in scattering amplitudes, we can hope for more
exciting surprises in the study of physical observables.

An interesting class of physical observables are N -
point correlation functions of energy flux [1–4], which
we denote ENC. The ENC are infrared finite [5, 6], ex-
hibit an operator product expansion [7–9], and can be
directly measured in experiment [10–18], making them
ideal candidates for explorations in perturbation theory.
Although the ENC was computed at strong coupling [7]
in N = 4 super-Yang-Mills (sYM), little is known about
its structure at weak coupling. The E2C was computed at
leading-order in the coupling expansion (LO) in quantum
chromodynamics (QCD) in the seminal work of [2], and
more recently at next-to-leading order (NLO) in QCD
[19, 20] and NNLO in N = 4 sYM [21, 22]. Explorations
of higher point correlators were initiated with the calcu-
lation of the E3C in the triple-collinear limit [23], and
for generic angles [24, 25]. These calculations provided
important data for the light-ray OPE [26–29], and were
crucial for developing new collider physics observables
[14, 15], motivating the exploration of higher point cor-
relation functions.

A simplified limit of the ENC is the multi-collinear
limit, shown in Fig. 1. In this limit, the ENC becomes
independent of the source, and reduces to a function of
2(N≠2) independent angles. This limit is also motivated
by jet substructure [30, 31], where the N detectors all lie
in a single jet [32–35]. At LO the collinear limit of the
ENC is given as a phase space integral of the tree-level

P2

P1

P4

P3

P5

o

z2 z3

z1

z4
= 0

= z = 1

= z≠w
1≠w

FIG. 1. The collinear limit of the four-point energy correlator
parametrized in terms of momenta, see Eq. (1), and complex
parameters (z, z̄) and (w, w̄), see Eq. (10).

universal 1 æ N splitting functions [36–39], P(0)
1æN , as

ENC coll.=
⁄ 1

0
dx1 · · · dxN ”(1 ≠

ÿ

i

xi) (x1 · · ·xN )2 P(0)
1æN ,

where xi is the fraction of energy carried by the parti-
cle absorbed by detector i. Remarkably, the N≠point
correlators define a class of manifestly finite integrals in
(N ≠ 1)≠dimensional projective space, making it desir-
able to develop methods that directly compute in four
dimensions, profiting from the simplifications of finite
Feynman loop integrals [40–42]. This structure is similar
to the Feynman-parameter representation of loop inte-
grals, allowing the application of recently developed tech-
niques [43–47]. Given this richness in both physical and
mathematical contexts, it is imperative to develop e�-
cient techniques for finite integrals, well-adapted to the
computation of the ENC for arbitrary N.

In this Letter we obtain a new result for the LO four-
point correlator in N = 4 sYM by squaring a 1 æ 5 form
factor to derive a simplified expression for the 1 æ 4
splitting function, which is then integrated using a novel
integration-by-parts technique that operates directly in
the energy parameter (xi) space.
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where xi is the fraction of energy carried by the parti-
cle absorbed by detector i. Remarkably, the N≠point
correlators define a class of manifestly finite integrals in
(N ≠ 1)≠dimensional projective space, making it desir-
able to develop methods that directly compute in four
dimensions, profiting from the simplifications of finite
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Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Finally, let us discuss the pure gluon splitting process g ! gggg, which poses a

challenge due to the large degree of Bose symmetry under the exchange of the external

gluons. The diagrams contributing to the decay are shown in fig. 3. An important

step in the computation of the splitting amplitude was to take into account symmetries

between di↵erent permutatons of the four external gluons in order to minimise the

number of terms. We can write P̂µ⌫
gggg in a symmetrised form as

P̂µ⌫
g1g2g3g4

= P̂µ⌫ symm.

g1g2g3g4
+ (11 permutations of g1g2g3g4) . (3.18)

The above permutations do not include orderings of the external gluons which leave

the first diagram in fig. 3 invariant.

n

g1

g3

g2

g4

+ 11 permutations
o

+

n

g1

g2

g3

g4

+ (1 $ 3) + (2 $ 3)
o

+
X

�2S2 in S4

g�(2)

g�(1)

g�(3)

g�(4)

+

n

g1

g2

g3

g4

+ (1 $ 4) + (2 $ 4) + (3 $ 4)
o

Figure 3. The diagrams contributing to the splitting process g ! g1g2g3g4. In the third

diagram we sum over the 6 possible pairings of the partons in the three-gluon vertex.

4 Nested collinear limits

In this section we analyse the collinear limit of the splitting amplitudes themselves,

i.e., we study their behaviour in the limit where a subset of collinear partons is more

collinear than the others. To be concrete, let us consider a collection of m partons with

– 11 –
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Three-Point Correlator at Weak Coupling

• First non-trivial correlator: tree level three-point correlator in the
collinear limit G(z, z̄).

• Turns out to have an elegant perturbative structure. e.g. in N = 4

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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perspective later in this paper. To manifest this factorization, we introduce the maximal

length xL as a scaling variable, and a complex cross-ratio variable z to describe the shape.

If we order the sides, {x1, x2, x3}, of the triangle formed by the correlator as xS  xM  xL

then zz̄ = xM/xL, (1 � z)(1 � z̄) = xS/xL. The result for the three-point energy correlator

can then be written as

1

�tot

d3⌃i

dxL dRez dImz
= 8 ⇥ 1

⇡

⇣↵s

4⇡

⌘2 16

xL
Gi(z) , (2.3)

where the factor 8 comes from normalizing to Q/2. The function Gi(z) describes the depen-

dence on the cross-ratio variable, and depends both on the underlying theory, as well as the

particle type initiating the jet, e.g. quark or gluon for the case of QCD. The function Gi(z)

was computed for quark and gluon jets in QCD, and in N = 4 SYM in [30]. For example, in

N = 4 SYM, the result takes the compact form1

GN=4(z) =
1 + u + v

2uv
(1 + ⇣2) �

1 + v

2uv
log(u) � 1 + u

2uv
log(v)

� (1 + u + v)(@u + @v)�(z) +
(1 + u2 + v2)

2uv
�(z) +

(z � z̄)2(u + v + u2 + v2 + u2v + uv2)

4u2v2
�(z)

+
(u � 1)(u + 1)

2uv2
D+

2 (z) +
(v � 1)(v + 1)

2u2v
D+

2 (1 � z) +
(u � v)(u + v)

2uv
D+

2

✓
z

z � 1

◆
, (2.4)

where u = zz̄, v = (1 � z)(1 � z̄),

�(z) =
2

z � z̄

✓
Li2(z) � Li2(z̄) +

1

2
(log(1 � z) � log(1 � z̄)) log(zz̄)

◆
, (2.5)

is the standard box function, and

D+
2 (z) = Li2(1 � |z|2) +

1

2
log(|1 � z|2) log(|z|2) , (2.6)

is a weight two function even under z $ z̄. The results for quark and gluon jets in QCD are

slightly longer, but can expressed in terms of the same class of functions.

In this parametrization, the squeezed/OPE limit corresponds to z ! 0 or equivalently

z ! 1. Despite the simplicity of the final result, these limits are quite rich, and provide much

information on the structure of the energy correlators.

Before proceeding, we note that relating 1
�tot

d⌃i
dxL dRez dImz to the fully di↵erential collinear

triple energy correlation hE(~n1)E(~n2)E(~n3)i requires several changes of variables that intro-

duce numerical factors that we record here for completeness. First, 1
�tot

d⌃i
dxL dRez dImz is defined

by integrating out the overall rotation around the jet axis, which introduces a factor of 2⇡

since hE(~n1)E(~n2)E(~n3)i is rotationally invariant when the collinear source is unpolarized.

Second, Z2 symmetry z $ 1 � z contributes another factor of 2. For concreteness, suppose

1Here we have slightly simplified the result as compared to its form in [30], by replacing higher powers of

(z � z̄) in denominators with derivatives acting on �(z), using identities inspired by [14].
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[Chen, Luo, Moult, Yang, Zhang, Zhu]

• Provides important perturbative data for the development of the
lightray OPE.
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Shape Dependence of Non-Gaussianities

• Multipoint correlators can be directly measured in high energy jets:
Simple analytic functions for the actual measured observable!

• Non-Gaussianities inside high energy jets at the LHC:

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Four Point Correlator

• Simple structure makes energy correlators a nice playground for
exploration of physical observables in perturbation theory.

• Four point correlator computed in N = 4 SYM by direct integration
in parameter space, using simple form of 1→ 4 splitting function.

• Compact result expressed in terms of weight three
polylogarithms: much structure still to be explored.

• Would be interesting to extend to QCD using known
1→ 4 splitting functions.

• Can one push to higher points or make general statements?.

[Chicherin, Moult, Sokatchev, Yan, Zhu]

Kai Yan

[Del Duca, Duhr, Haindl, Lazopoulos, Michel]

LAPTH≠004/24

The Collinear Limit of the Four-Point Energy Correlator
in N = 4 Super Yang-Mills Theory

Dmitry Chicherin,a Ian Moult,b Emery Sokatchev,a Kai Yan,c,d Yunyue Zhuc

a LAPTh, Universite Savoie Mont Blanc, CNRS, B.P.110, F-74941 Annecy-le-Vieux, France
b Department of Physics, Yale University, New Haven, CT 06511, USA

c School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China
d Key Laboratory for Particle Astrophysics and Cosmology (MOE), Shanghai 200240, China

We present a compact formula, expressed in terms of classical polylogarithms up to weight three,
for the leading order four-point energy correlator in maximally supersymmetric Yang-Mills theory,
in the limit where the four detectors are collinear. This formula is derived by combining a simplified,
manifestly dual conformal invariant form of the 1 æ 4 splitting function obtained from the square of
the tree-level five-particle form factor of stress-tensor multiplet operators, with a novel integration-
by-parts algorithm operating directly on Feynman parameter integrals. Our results provide valuable
data for exploring the structure of physical observables in perturbation theory, and for calculations
of jet substructure observables in quantum chromodynamics.

Introduction

Explicit calculations of observables in quantum field
theory (QFT) have played a crucial role in uncovering
hidden simplicity and structure, and in providing theo-
retical data for the development of new computational
approaches. While a large amount of data exists for per-
turbative scattering amplitudes, less attention has been
focused on physical cross-section level observables rele-
vant for colliders. Motivated by the remarkable simplic-
ity hidden in scattering amplitudes, we can hope for more
exciting surprises in the study of physical observables.

An interesting class of physical observables are N -
point correlation functions of energy flux [1–4], which
we denote ENC. The ENC are infrared finite [5, 6], ex-
hibit an operator product expansion [7–9], and can be
directly measured in experiment [10–18], making them
ideal candidates for explorations in perturbation theory.
Although the ENC was computed at strong coupling [7]
in N = 4 super-Yang-Mills (sYM), little is known about
its structure at weak coupling. The E2C was computed at
leading-order in the coupling expansion (LO) in quantum
chromodynamics (QCD) in the seminal work of [2], and
more recently at next-to-leading order (NLO) in QCD
[19, 20] and NNLO in N = 4 sYM [21, 22]. Explorations
of higher point correlators were initiated with the calcu-
lation of the E3C in the triple-collinear limit [23], and
for generic angles [24, 25]. These calculations provided
important data for the light-ray OPE [26–29], and were
crucial for developing new collider physics observables
[14, 15], motivating the exploration of higher point cor-
relation functions.

A simplified limit of the ENC is the multi-collinear
limit, shown in Fig. 1. In this limit, the ENC becomes
independent of the source, and reduces to a function of
2(N≠2) independent angles. This limit is also motivated
by jet substructure [30, 31], where the N detectors all lie
in a single jet [32–35]. At LO the collinear limit of the
ENC is given as a phase space integral of the tree-level
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FIG. 1. The collinear limit of the four-point energy correlator
parametrized in terms of momenta, see Eq. (1), and complex
parameters (z, z̄) and (w, w̄), see Eq. (10).

universal 1 æ N splitting functions [36–39], P(0)
1æN , as

ENC coll.=
⁄ 1

0
dx1 · · · dxN ”(1 ≠

ÿ

i

xi) (x1 · · ·xN )2 P(0)
1æN ,

where xi is the fraction of energy carried by the parti-
cle absorbed by detector i. Remarkably, the N≠point
correlators define a class of manifestly finite integrals in
(N ≠ 1)≠dimensional projective space, making it desir-
able to develop methods that directly compute in four
dimensions, profiting from the simplifications of finite
Feynman loop integrals [40–42]. This structure is similar
to the Feynman-parameter representation of loop inte-
grals, allowing the application of recently developed tech-
niques [43–47]. Given this richness in both physical and
mathematical contexts, it is imperative to develop e�-
cient techniques for finite integrals, well-adapted to the
computation of the ENC for arbitrary N.

In this Letter we obtain a new result for the LO four-
point correlator in N = 4 sYM by squaring a 1 æ 5 form
factor to derive a simplified expression for the 1 æ 4
splitting function, which is then integrated using a novel
integration-by-parts technique that operates directly in
the energy parameter (xi) space.
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The Four Point Correlator

• Intricate view of correlations of energy flow. Access to OPE limits,
spinning operators, ...
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The Four Point Correlator

0.1 < RL < 0.2
pT > 100 GeV

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Experimental tour de force to enable precision measurements of higher
point correlators.
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Multi-point Correlators at Weak Coupling

• Has motivated the theoretical exploration of higher point correlators.

• Integrand up to 11 points in N = 4 super Yang-Mills.

• Hints of elliptic and Calabi-Yau structures in integrals for 5 points and
beyond.

2

for the n-gon satisfying yi,i+1 ∶= yi+1 − yi = pi (for i =
1,�, n); to take the collinear limit, we parametrize the
first N momenta in lightcone coordinates [26] using zi →
0 and xi as pi = xi(1, �zi�2, zi) (for i = 1,�,N), while the
remaining ones, pi=N+1,N+2,N+3 stay generic [32]. The
limit can be directly written in terms of the n(n−3)�2 =
N(N+3)�2 distance squared (i, j) ∶= y2

ij :

(a, b)→ �
a≤i<j<b xixj �zi,j �2 ≡ sa,�,b−1, 1 ≤ a < b−1 < N+1

(i,N+2)→ xi,�,N , i = 1,�,N(i+1,N+3)→ x1,�,i, i = 1,�,N (3)

where �N
2
� of them become quadratic in energy fractions

xi (denoted by sa,...b−1), while the remaining 2N (which
involves dual points yN+2 yN+3) are linear (denoted by
xi,�j ∶= xi + xi+1 +� + xj).

II. THREE APPROACHES TO THE SQUARED
AMPLITUDES

a. Definition As in (2), the DCI ratio rn is obtained
from summing over squared super-amplitudes An,k for
k = 0,1,�, n−4, which can be computed e.g. via BCFW
recursion directly in momentum twistor space [33], and
the first few examples are

r5 = 1, r6 = 1 + A2
6,1

2A6,2
, r7 = 1 + A7,1 ∗A7,2

A7,3
,

r8 = 1+2A8,1 ∗A8,3+A2
8,2

2A8,4
, r9 = 1+A9,1 ∗A9,4+A9,2 ∗A9,3

A9,5
.

(4)
It is straightforward to take the ∗ product of An,k with

An,n−4−k, which is proportional to the MHV case [34],
and obtain the corresponding ratio (see [34, 35] for such a
computation for the n = 6 example). However, it quickly
becomes impractical to cancel spurious poles and reach
at a local expression. While in principle we have an-
alytic control of rn via squaring amplitudes in BCFW
form, such a representation usually obscures the surpris-
ing simplicity and nice properties of the result, which
is why we propose to compute the squared amplitudes
directly (without even computing all the amplitudes).

b. The squared amplituhedron Very nicely, this can
be done based on a remarkably simple geometry known
as the squared amplituhedron [34, 36, 37], whose defini-
tion is much simpler than the amplituhedra (of various
k sectors) themselves [38–40]. At tree level, the defini-
tion is simply given by the positivity of “local” poles in
bosonized momentum twistor space, i.e. �Y ii+1jj+1� > 0
except for boundary cases with j = n (for which both
signs are included); the sum over k = 0,1,�, n−4 means
that we do not need to consider sign flips [41] and the
resulting geometry is much simpler than those for each
k sector. The canonical form of this positive geometry,
divided by the well-known (bosonized) MHV amplitude,

⌦(Gr+(n−4, n)), is conjectured to give rn and it makes
properties of the result such as pole structures manifest.
This is a beautiful definition of squared amplitudes to all
n, which will be elaborated elsewhere [42]. In the fol-
lowing, we will not directly use the geometry but use a
method that is more e�cient at this stage.

c. Null limit of correlator via f graphs It is well
known that rn can be obtained directly from the n-gon
null limit of the integrand of 4-point stress-tensor multi-
plet correlator at n−4 loops [43–49]; the latter has been
determined up to ten loops via the f -graph construction
in [50] which then allows us to get rn up to n = 14:

rn = ⇠(n)F (n)�{(1,2)=(2,3)=�=(n,1)=0} (5)

where F (n) denotes the correct combination of n-point f
graphs [50, 51]; the prefactor ⇠(n) ∶= ∏n

i=1(i, i+1)(i, i+2)
and the lightlike limit is taken with (i, i+1) → 0 for i =
1,�, n. In [52], we will see that just by requiring even
the simplest properties of rn, namely the “soft” limit (see
below), one could push the frontier even further, thus all
information about correlator integrand to high loops are
secretly contained in this tree-level object! Let us see
how this works explicitly for n ≤ 7, where in each case
we have exactly one f graph. The first non-trivial case
is for n = 6 [53], where we find exactly two inequivalent
ways of taking the n-gon lightlike limit:

�⇒
���������������������������
1,

1

23

4

5 6

���������������������������
(with solid/dash line for pole/numerator), and we obtain

r6 = 1 + (2,4)(1,5)(1,4)(2,5) + (2,6)(3,5)(3,6)(2,5) + (4,6)(1,3)(1,4)(3,6) ,

where the two dihedral-inequivalent seeds are 1, and(2,4)(1,5)(1,4)(2,5) . While for n = 7 there are three such seeds:

(2,4)(1,5)(1,4)(2,5) , (1,6)2(2,4)(3,5)(1,4)(1,5)(2,6)(3,6) , (1,3)(1,6)(2,5)(4,6)(1,4)(1,5)(2,6)(3,6) ,

⇒
1

23

4

5

6 7

,
1

23

4

5

6 7

,
1

23

4

5

6 7

and each of them generates 7 distinct terms under the
dihedral group, which gives 21 terms in total. Similarly,
we find 22 dihedral seeds which generate 181 terms for
n = 8, and we record this and all the seeds up to n = 12
in an ancillary file. In Table I we summarize statistics
(number of terms etc.) for rn up to n = 13.
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The leading order N -point energy correlators of maximally supersymmetric Yang-Mills theory in
the limit where the N detectors are collinear can be expressed as an integral of the 1→ N splitting
function, which is given by the (N+3)-point squared super-amplitudes at tree level. This provides
yet another example that the integrand of certain physical observable – N -point energy correlator– is
computed by the canonical form of a positive geometry – the (tree-level) “squared amplituhedron”.
By extracting such squared amplitudes from the f -graph construction, we compute the integrand
of energy correlators up to N = 11 and reveal new structures to all N ; we also show important
properties of the integrand such as soft and multi-collinear limits. Finally, we take a first look
at integrations by studying possible residues of the integrand: our analysis shows that while this
gives prefactors in front of multiple polylogarithm functions of N = 3,4, the first unknown case
of N = 5 already involves elliptic polylogarithmic functions with many distinct elliptic curves, and
more complicated curves and higher-dimensional varieties appear for N > 5.

I. INTRODUCTION

Much of what we have learnt about Quantum Field
Theory (QFT) has been gathered by concrete theoreti-
cal data and especially explicit computations of observ-
ables such as scattering amplitudes and correlation func-
tions. A particularly important class of observables are
the N -point correlation function of energy flux [1–5],
which are infrared-finite objects directly measurable in
experiments [6–15]. Recent years have witnessed signif-
icant progress on computing such energy correlators in
both QCD [16–21] and the cousin N = 4 super-Yang-
Mills theory (SYM) [22–26]: not only have we learnt a
great deal about such observables, but various new struc-
tures have also been discovered about the “integrands”
and integrals involved in them. In this letter, we will take
a concrete step in the computation of the leading order
N -point energy correlator in N = 4 SYM.

The N -point energy correlator in the collinear limit,

EC(N) depends on complex angles z1, z2,�, zN (with
zi,j ∶= zj −zi), and it can be written as (permutation sum
of) a (N −1)-fold integral over energy fractions x1,�, xN

of the splitting function of 1→ N [27–30]:

EC(N)({zi}) = IN(z1,�, zN)�z1,2�zN−1,N �2 + perm(1,2,�,N) ,
IN ∶= � ∞

0

dNx

GL(1)x−N12�NGN(x1,�, xN ; z1,�, zN)
(1)
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FIG. 1. The 1 → N splitting function from collinear limit of
squared amplitudes with n = N+3 legs.

where the xi’s should be regarded as projective coor-
dinates due to the homogeneous weight of GN in each
xi, and the measure is defined as ∫ dx1�xN�(x1,�,N −
1) [31]; more details can be found in [26]. Convention-
ally the splitting functions at tree level can be obtained
from squaring form factors in N = 4 SYM with N+1
legs [19, 25, 26], but for our purposes we find it more
convenient to consider the squared super-amplitudes with
n = N+3 legs (see Fig. I): in the limit when the first N
momenta become collinear, we obtain GN (times 4-point
squared amplitude which is normalized to 1) as

GN ∶= lim
1��2���N

�An�2�An,MHV�2 = lim
1��2���N

1

2

n−4�
k=0

An,k ∗An,n−4−k
An,0 ∗An,n−4��������������������������������������������������������������������������������������������������������������������������������������

rn

,

(2)
where we have denoted the squared amplitudes at tree-
level (after summing over all helicity sectors) as �A�2n, and
we are really interested in the ratio divided by the overall
MHV∗MHV, rn, which turns out to be a dual-conformal-
invariant (DCI) function with simple, local poles.

As shown in Fig. I, we have introduced dual coordinates
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• Nice interplay between theory and experiment.

[He, Jiang, Yang, Zhang]
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Structure in Perturbative Gravity
[Herrmann, Kologlu, Moult]

• Also have an interesting structure in perturbative quantum gravity.

I +

I �

i+

i�

i0

Figure 1: A detector (blue) is a translationally-invariant operator localized at future null

infinity I +, capable of measuring properties of a state at late times. Some detectors, such

as the average null energy operator E2(~n), are localized on a light-ray. Other detectors can

measure nontrivial angular distributions on the celestial sphere, as indicated by “fuzziness”

in the angular directions in the figure. MK: make this into a gravity one? EH: right

figure from [2].

I +

I �

i+

i�

i0

Figure 2: A one-point event shape [3]. The detector O = OEHT is integrated along a

null line (blue) along future null infinity, starting at spatial infinity i0 and ending at future

timelike infinity i+. (Note that the circle at spatial infinity is really a single point.) The

red wavy lines indicate energy propagating from the interior of Minkowski space out to null

infinity, created by the insertion of the source �1(p). MK: Make this an annihilation

of two black holes, and EEC

– 5 –

The incoming two-particle state is comprised of two massive scalars with momenta p1 and

p2 that both square to m2. Gravitons are denoted by wavy lines, and the detector vertices

(defined in Eq. (3.3)) are represented by small blue vertices. Specializing Eq. (3.42) to the

case of two massive incoming states, we have

E(1)
2 (p1, p2; z1, z2) =

1

N2 (2⇡)2d�1

1

(P · P )


(2P · z1)

(P · P )

�JL1

(2P · z2)

(P · P )

�JL2

⇥
Z 1

0
d↵1 ↵

�JL1�1
1 (1 � ↵1)

�JL2�1 (1 � ↵1⇣)
JL2
��M(0)

2!3(p1, p2; q
⇤
i )
��2 .

(5.5)

where the q⇤j are given by the detector configuration Eq. (3.43) and the flux normalization

factor N2 for two-particle states is defined in Eq. (3.18).

5.2 The full EEC

q⇤1 q⇤2 q⇤3

p1 p2

p1 p2

q⇤1 q⇤2 q⇤3

p1 p2

p1 p2

q⇤1 q⇤2 q⇤3

p1 p2

p1 p2

Figure 8: Three sample diagrams contribution to the (final state polarization summed)

squared amplitude relevant for the computation of the two-detector event shape in Eq. (5.5).

Solid lines represent massive scalars, and wiggly lines denote gravitons. The q⇤i are defined

in Eq. (3.43) and the un-labeled lines in the diagram are o↵-shell particles.

Having reviewed the basics on how to obtain gravitational scattering amplitudes from

the double copy and perform the final state sums for the squared matrix elements in Sec. 4,

we can proceed with our discussion of the leading finite-angle contribution to the two-point

event shape in GR, defined in Eq. (5.5). Concretely, this observable requires the tree-level

scattering amplitude M(0)
2!3 of two scalars to three gravitons, �� ! hhh which can be

written as a sum of 15 cubic diagrams, where the diagram numerators can be obtained by

suitably squaring the gauge theory numerators from Ref. [31], according to Eq. (4.6). The

squared matrix element can then be evaluated by performing the final state polarization

sum for the gravitons with the help of the graviton projector in Eq. (4.12) (or its simplified

version in Eq. (4.13)). Naively, this leads us to evaluate 152 = 225 cubic contributions,

many of which are related by diagram symmetries. A representative selection of the relevant

graphs is shown in Fig. 8. These diagrams are to be interpreted as follows: lines labeled

by q⇤i are the on-shell final states of the individual trees appearing in Eq. (5.4) which are

sewn with the projector in Eq. (4.12). Schematically, an individual contribution looks as

follows, e.g.

q⇤1 q⇤2 q⇤3

p1 p2

p1 p2

=
n(pi · q⇤j )

(q⇤1 + q⇤2)
2 [(p1�q⇤1�q⇤2)

2 � m2]2 [(p1�q⇤1)
2 � m2]

(5.6)

– 42 –

5 Exemplary EEC in general relativity

5.1 Setup of initial states

In this section, we initiate the study of gravitational event shapes. For concreteness, we

will consider a massive scalar � minimally coupled Einstein-Hilbert gravity with the action

SEH+� =

Z
ddx

p�g

✓
1

16⇡GN
R +

1

2
�
�
⇤� m2

�
�

◆
, (5.1)

where gµ⌫ is the metric expanded in perturbations around flat space gµ⌫ = ⌘µ⌫ + hµ⌫

(2 = 32⇡GN ), g is its determinant and R is the corresponding Ricci-scalar. The detector

event shapes are then computed in perturbation theory order-by-order in Newton’s constant

GN , where the initial state is prepared by two incoming massive scalars. In our setup, we

discuss a process where the a pair of incoming states annihilate into gravitons which radiate

to I + and can get detected.

The rationale of our choice of state and process is as follows. We need a simple timelike

state that can source radiation to be detected by our detectors. Since local sources in gravity

are not di↵eomorphism invariant, and since we do not have access to o↵-shell states, our

next best choice is a pair of on-shell scalars annihilating to produce graviton radiation that

escapes to I +. This allows for a probe of calculating detector correlations in flat space

gravity. We choose the scalars to be massive so we do not have to deal with them reaching

I + and being detected.11 The observable of interest is

E2(p1, p2; z1, z2) =
1

N
hp1, p2|DJL1

(z1)DJL2
(z2)|p1, p2i . (5.2)

which can be expanded in perturbation theory as discussed above MK: Do we want GN

or  as the perturbation variable here?

E2(p1, p2; z1, z2) = G2
N E(0)

2 + G3
N

⇣
E(1)

2,contact + E(1)
2

⌘
+ O(G4

N ) , (5.3)

taking into account that each power of GN formally counts two powers of the weak coupling

constant g. As explained previously, the terms E(0)
2 and E(1)

2,contact are localized to restricted

kinematic support and can be described as “contact terms”. Here, we will compute the

leading term with support on generic detector angles, E(1)
2 . The process can be depicted

as follows:

E(1)
2 =

M(0)

M(0)

z1 z2

q1
q2 q3

p1 p2

p1 p2

. (5.4)

11We defer a discussion of massive particles reaching timelike infinity and hitting the late retarded time

tip of the detector to future work.
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 ✓

�

~q ⇤
3

~p1

~p2

~z1

~z2

Figure 9: Center-of-mass coordinates for the two-point event shape. Incoming three-

momenta are denoted by ~pi and the detectors are located at ~z1 and ~z2.

 

�

✓

~p1

~p2

n̂2
n̂1

Figure 10: Kinematics of a two-point energy correlator in the process �� ! gravitons.

The picture shows the spatial geometry in the center of mass frame; time is suppressed.

Particles � propagate along the ±ẑ directions, and we measure energy flux in the directions

n̂1, n̂2.  (solid green arc) is the angle between one of the detectors n̂1 and the beam direc-

tion, ✓ (solid red arc) is the angle between detectors, and � (solid blue arc) parametrizes

the angle of n̂2 around n̂1 on the celestial sphere. MK: move this to introduction?

where we defined y = (x2 cos2( )�1)
(1�x2)

. Note the peculiar sign pattern where each term comes

with a ‘+’ for g0( , x) and each term comes with a ‘�’ for g2( , x). In the massless limit

(x = 1), G(1)
EEC drastically simplifies, and we find

G(1)
EEC(✓ ! 0, ,�, x = 1) =

11

18
sin4( ) sin2(�) + O(✓) . (5.24)

Another interesting limit to study is in the back-to-back region, where ✓ ! ⇡. In compar-

ison to the collinear limit, we find a power divergence as we approach ✓ ! ⇡:

G(1)
EEC(✓ ! ⇡, ,�, x) ⇠ b( ,�, x)

(✓ � ⇡)2
+ O

�
(✓ � ⇡)�1

�
. (5.25)

– 46 –

• Currently investigating higher point correlators...
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Imaging Intrinsic and Emergent Scales of QCD
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FIG. 8. The energy density (color scale) and flow velocity
(arrows) distribution of the medium response in x-y plane at
⌧=5.4 fm/c induced by a �-jet with p�

T = 60 GeV/c in a 0-
10% central Pb+Pb event at

p
s = 5.02 TeV. The �-triggered

jet is initially produced at (x, y) = (0,�1.0) traveling in the
y direction. The EOS and value of ⌘/s used in the hydro are
indicated in each panel.
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LHC Targets:

• Measurements on more complicated states:
• Imaging the Quark Gluon Plasma

• Weighing the Top Quark
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FIG. 8. The energy density (color scale) and flow velocity
(arrows) distribution of the medium response in x-y plane at
⌧=5.4 fm/c induced by a �-jet with p�

T = 60 GeV/c in a 0-
10% central Pb+Pb event at

p
s = 5.02 TeV. The �-triggered

jet is initially produced at (x, y) = (0,�1.0) traveling in the
y direction. The EOS and value of ⌘/s used in the hydro are
indicated in each panel.
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theoretical elegance of this approach, the jet pT has large
experimental uncertainties, making a precise determina-
tion of mt challenging in practice. We therefore believe
that identifying a top-mass-sensitive observable that is
simultaneously experimentally feasible at the LHC, com-
pletely robust to hadronization and UE, and calculable
to high perturbative orders remains an important open
problem.

In this Letter, we introduce an EEC-based observable
for precision top quark mass measurements, which over-
comes previous experimental difficulties. Our observable
is inspired by cosmology, where it is common that pre-
cisely measured observables, such as luminosity, are not
directly related to quantities of interest, such as dis-
tances. The use of standard candles then plays a cru-
cial role, providing a methodology for converting between
two independent dimensionful quantities. This is similar
to the present case of extracting masses from measure-
ments of high-multiplicity hadronic states: the dimen-
sionless angular scales [42] are robust observables, neces-
sitating the development of standard candles to enable
their use for precision mass measurements. Crucially,
the top quark predominately decays into an electroweak
scale particle whose mass has been measured with spec-
tacular accuracy, the W boson. This particle provides
the needed standard candle by introducing another di-
mensionless parameter, mt/mW , into the observable. In
this Letter, we study a hadronization and UE insensitive
standard candle constructed from EECs measured on the
W boson, allowing us to build a distance ladder all the
way back through the complicated QCD dynamics to the
time scales of the top quark. The outcome is a mea-
surement of the top mass in terms of the W mass. We
emphasize that this approach is distinct from current top
mass extractions [43, 44], which reconstruct the W decay
only to achieve a fine-grained calibration of the jet energy
scale to reduce experimental uncertainties. We demon-
strate the feasibility and properties of our approach at
the LHC through a Monte Carlo study and lay out a
roadmap for an experimental and theoretical program to
achieve a record top mass measurement.

Energy Correlators on Top Decays.—EECs map out
the angular scales of the asymptotic energy flux. There
has been rapid progress in our understanding of multi-
point energy correlators and their application to jet sub-
structure (see e.g. [32, 45–60]). Following their first cal-
culation in the collinear limit in [49], they have since been
calculated for generic angles [61, 62], analyzed theoret-
ically [63, 64], and measured on QCD jets [45, 51]. In
Ref. [32], the three-point correlator was applied to detect
the angular scale associated with the top decay. Since
at the leading order this is a hard three-body decay, it
was proposed that this could be detected in an equilat-
eral configuration for the correlator. However, the full
three-point correlator on top decays is a rich function of
three angles whose shape has not yet been explored.

(a) The shape of the three-point correlator on boosted top quark
jets, eq. (1). A large value of ⇣S selects the hard top decay process,
but by lowering ⇣S , the W peak emerges. Slices for specific values
of ⇣S are shown on the boundaries of the plot.

(b) Slices for specific values of ⇣S which emphasize the sharpness
of the W and top peaks. The green line with the small bump
corresponds to the equilateral projection considered in [32].

FIG. 1: Illustrative plots produced from Pythia showing
the imprint of top quark and W boson on the 3-point
EEC in eq. (1).

The key object of our analysis is the following inte-
grated EEC (weighted cross-section) which enables the
simultaneous extraction of the top and W character-
istic angular scales. We express the angles between
the momenta of the correlated final state particles as
⇣ij = �⌘2

ij + ��2
ij in terms of the standard rapidity-

azimuth coordinates. The observable we define is

T (⇣, ⇣S , ⇣A) ⌘
X

hadrons
i,j,k

Z
d⇣ijk

pT,i pT,j pT,k�
pT,jet

�3
d3�i,j,k

d⇣ijk

⇥⇥(⇣ij � ⇣jk � ⇣ki > ⇣S) �

 
⇣ � (

p
⇣ij +

p
⇣jk)2

2

!

⇥⇥
⇣
⇣A > (

p
⇣ij �

p
⇣jk)2

⌘
. (1)

Here the sum is over all (not necessarily distinct) triplets

'̇3

2[mBH�i2`�H

�

'

b[m22x2/

7QH/2/

e�ik⌘

Figure 5: Illustration of the di↵erent types of non-Gaussianity described in the text: 1) Local interactions in

the bulk produce the “equilateral” shape; 2) Excited initial states create an enhanced signal in the “folded”

configuration; and 3) The production and decay of massive particles leave an imprint in the “squeezed” limit.

where x2 ⌘ k2/k1 and x3 ⌘ k3/k1. The shape function S(x2, x3) is normalized so that S(1, 1) ⌘ 1.

As we will see below, the shape of the non-Gaussianity contains a lot of information about the

microphysics of inflation (see Fig. 5). This is to be contrasted with the power spectrum, which is

described by just two numbers, As and ns, and not a whole function.

Equilateral In slow-roll inflation, the flatness of the inflationary potential constrains the size

of the inflaton self-interactions. However, interesting models of inflation have been suggested

in which higher-derivative corrections—such as (@�)4—play an important role during inflation.

These interactions lead to cubic interactions of the inflaton perturbations—like '̇3 and '̇(@i')2—

and hence a nonzero bispectrum.8 Since the inflaton fluctuations interact locally at points in the

bulk spacetime, this produces a bispectrum with an enhanced signal for “equilateral” triangles,

with k1 ⇡ k2 ⇡ k3.

Folded The Gaussianity of slow-roll inflation also relies on the fact that we evaluated the quan-

tum fluctuations in the Bunch–Davies vacuum (corresponding to the ground state of the harmonic

oscillator). In contrast, starting from an excited initial state would lead to non-Gaussianity. The

detailed shape of this non-Gaussianity depends on the model for the excited initial state. A

universal feature is that the correlations are enhanced for “folded” triangles where two of the

wavevectors become colinear, so that k1 + k2 ⇡ k3. The signal in the folded configuration also

provides an interesting test of the quantum origin of the fluctuations [? ]. While classical fluctua-

tions would generically have non-vanishing correlations in the folded limit, quantum fluctuations

in the Bunch–Davies vacuum are characterized by the absence of such a signal.

8A systematic way to classify these derivative interactions is in terms of an EFT for the inflationary fluctua-

tions [10, 11].
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FIG. 8. The energy density (color scale) and flow velocity
(arrows) distribution of the medium response in x-y plane at
⌧=5.4 fm/c induced by a �-jet with p�

T = 60 GeV/c in a 0-
10% central Pb+Pb event at

p
s = 5.02 TeV. The �-triggered

jet is initially produced at (x, y) = (0,�1.0) traveling in the
y direction. The EOS and value of ⌘/s used in the hydro are
indicated in each panel.
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Quark Gluon Plasma

• Heavy ion collisions provide an example of an extremely complicated
asymptotic state, where we do not understand the microscopic
dynamics that created it.

STAR Detector

9

• STAR Time Projection Chamber (TPC) 
provides excellent charged track 
resolution

• Barrel Electromagnetic Calorimeter 
(BEMC) provides energy measurement 
for neutral components of jets, and 
provides jet trigger

• Must correct for detector effects to 
reconstruct correct jet 𝒑𝑻

• Learn what to correct by simulating 
detector effects with PYTHIA + Geant

Andrew Tamis – Hard Probes 2023 – March 29th
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Correlators in the QGP

• QGP scales cleanly imprinted in two-point correlation.
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FIG. 1: Left panel: The top plot shows the E2C for inclusive anti-kT jets with reconstructed pT in the range
120 < pT < 140 GeV within the 0-10% centrality class in

p
sNN = 5.02 TeV Pb-Pb collisions (green), compared to

that of inclusive jets in
p

s = 5.02 TeV collisions (black) in the same pT range. The bottom plot shows the ratio of
the E2C for Pb-Pb jets to that of p-p jets. Right panel: The top plot shows the E2C/C2 for inclusive jets with
reconstructed pT in the range 120 < pT < 140 GeV within the 0-10% centrality class in

p
sNN = 5.02 TeV Pb-Pb

collisions (blue), compared to the E2C of inclusive jets in
p

s = 5.02 TeV collisions (black) in the same pT range. The
bottom plot shows the ratio of the E2C/C2 for Pb-Pb jets to the E2C of p-p jets. We note that E2C/C2 ⌘ E2C for
p-p jets.

other medium e↵ects are reduced in more peripheral collisions [2, 6–9]. The 50%-90% centrality class is particularly
noteworthy. Before applying the unbiasing function (filled dark blue squares), the Pb-Pb/p-p ratio within this class
appears to display a nontrivial structure. While, after applying the unbiasing function, the E2C/C2 Pb-Pb/p-p ratio
(empty light blue circles) becomes completely flat. This indicates that a small selection bias was the sole cause of
deviation from the vacuum baseline and that the unbiasing function has accurately corrected for this e↵ect.

Fig. 3 focuses on the pT -dependence of the results. The filled squares (empty circles) represent the E2C (E2C/C2)
distribution within inclusive jets in the 0-10% centrality class in Pb-Pb collisions divided by the E2C distribution
in inclusive p-p jets. Each panel corresponds to a di↵erent range of reconstructed jet transverse momenta. It can
be clearly observed that the wide-angle enhancement decreases in amplitude as the jet pT increases. Additionally,
the wide-angle structure shifts to slightly smaller RL values as the jet pT increases. These qualitative behaviors
were predicted as consequences of medium-induced radiation prior to the unveiling of the CMS measurement [6–8].
However, a comprehensive analysis, including the extraction of scaling laws governing this enhancement, is required
to disentangle medium-induced radiation from other e↵ects, such as medium response [9, 10], and to identify possible
signatures of color coherence dynamics [6, 7].

Finally, we present in Fig. 4 the evaluation of the following approximate formula, derived in [1],

d ln fpp
E2C(RL)

d ln RL
⇡ 2

p + 1

d ln F pp
E2C(RL, p)

d ln RL
� 1 (2)

using the CMS p-p data on the two-point energy correlator within p-p jets [3] and for p = 2. We refer the interested
reader to [1] for further details on this equation and the role it plays in the derivation of the unbiasing function
C2. The derivative on the right hand side of eq. (2) was evaluated analytically, while that on the left hand side was
computed numerically. We did not compute error bars for the numerical derivatives, as the bin-to-bin correlated
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Correlators in the QGP

• Large angle enhancement visible in ratio.
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Correlators in the QGP

• Theory calculations in heavy ion extremely complicated, and require
large computing power.

Jet wake in the Hybrid model and JEWEL
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Both Hybrid model[2] and JEWEL[3] only predict large �r enhancement with wake included
Models show different magnitudes of enhancement and turn-on angles

CMS-PAS-HIN-23-004

2JHEP 09 (2015) 175, JHEP 03 (2017) 135 3 EPJC 60 (2009) 617, JHEP 1707 (2017) 141
Jussi Viinikainen (Vanderbilt) EEC measurements Hard Probes 2024 15 / 16

EECs of single inclusive jets in Heavy-Ion Collisions.

EECs of single inclusive jets

15The 12th International Conference on Hard and Electromagnetic Probes of High-Energy Nuclear Collisions

  is the minimum value for vacuum splitting in Pythia modelq0
Yayun He (SCUT) 19EECs of inclusive jets in HIC

CMS

Nuclear effect, 1 GeV cut, n=1 Nuclear effect, 1 GeV cut, n=2

Medium Response ?
𝑑Σn

𝑑𝑅𝐿
= Σ𝑖,𝑗∫ 𝑑𝑅𝐿′

𝑑𝜎
𝑑𝑅𝐿

′ 𝑝𝑇, 𝑖𝑛 𝑝𝑇, 𝑗𝑛 𝛿(𝑅𝐿′ − 𝑅𝐿) (normalized to unity)

• Can we identify robust scalings?
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Correlators in the QGP

• Lightray OPE allows us to reduce the transverse structure of energy
correlator to well defined scaling laws, with coefficients given by
matrix elements of lightray operators in nuclear states:

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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Correlators in the QGP

• An old argument of Sterman and Qiu shows that matrix elements of
higher twist operators are enhanced in nuclear medium.

• Predicts that the result in Pb-Pb and p-Pb should in fact give a
simple scaling law.

e

e

e

e

〈ΨQGP |E(n1)E(n2)|ΨQGP 〉
〈Ψpp|E(n1)E(n2)|Ψpp〉 =

〈ΨQGP | 1θ2O
[j=3]
τ=2 +O[j=3]

τ=4 +···|ΨQGP 〉

∼ 〈ΨQGP |O
[j=3]
τ=2 |ΨQGP 〉

〈Ψpp|O[j=3]
τ=2 |Ψpp〉

+ θ2 〈ΨQGP |O[j=3]
τ=4 |ΨQGP 〉
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τ=2 |Ψpp〉

BAPTS October 2024 45 / 56



Correlators in the QGP

• Simple OPE picture provides excellent description of CMS data.
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• Allows us to use jet substructure to study matrix elements of higher
twist operators, and their evolution.
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Resolving the Scales of the QGP

• Higher point correlators allow us to probe the “shape” of medium
modifications as a function of scale:

[Bossi, He, Kudinoor, Moult, Pablos, Rai, Rajagopal]
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Resolving the Scales of the QGP

• Higher point correlators allow us to probe the “shape” of medium
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Weighing the Top Quark

2

theoretical elegance of this approach, the jet pT has large
experimental uncertainties, making a precise determina-
tion of mt challenging in practice. We therefore believe
that identifying a top-mass-sensitive observable that is
simultaneously experimentally feasible at the LHC, com-
pletely robust to hadronization and UE, and calculable
to high perturbative orders remains an important open
problem.

In this Letter, we introduce an EEC-based observable
for precision top quark mass measurements, which over-
comes previous experimental difficulties. Our observable
is inspired by cosmology, where it is common that pre-
cisely measured observables, such as luminosity, are not
directly related to quantities of interest, such as dis-
tances. The use of standard candles then plays a cru-
cial role, providing a methodology for converting between
two independent dimensionful quantities. This is similar
to the present case of extracting masses from measure-
ments of high-multiplicity hadronic states: the dimen-
sionless angular scales [42] are robust observables, neces-
sitating the development of standard candles to enable
their use for precision mass measurements. Crucially,
the top quark predominately decays into an electroweak
scale particle whose mass has been measured with spec-
tacular accuracy, the W boson. This particle provides
the needed standard candle by introducing another di-
mensionless parameter, mt/mW , into the observable. In
this Letter, we study a hadronization and UE insensitive
standard candle constructed from EECs measured on the
W boson, allowing us to build a distance ladder all the
way back through the complicated QCD dynamics to the
time scales of the top quark. The outcome is a mea-
surement of the top mass in terms of the W mass. We
emphasize that this approach is distinct from current top
mass extractions [43, 44], which reconstruct the W decay
only to achieve a fine-grained calibration of the jet energy
scale to reduce experimental uncertainties. We demon-
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Weighing the Top Quark

• The top quark mass is one of the most
important parameters of the SM. e.g.
electroweak vacuum stability/criticality,
electroweak fits, etc.

• Need simple observables with top mass
sensitivity that can be computed from first
principles field theory.

4

FIG. 3. Gauge dependence of the SM potential at its maxi-
mum with mpole

h = 125.14 GeV and mpole
t = 173.34 GeV.

approach at 1-loop. Decent fits are (12)
�
V 1-loop, trad.

max

�1/4 ⇡ (2.50 ⇥ 109 GeV)e�0.02⇠t+0.0003⇠2
t

⇣
�V 1-loop, trad.

min

⌘1/4

⇡ (3.08 ⇥ 1029 GeV)e0.001⇠t�0.0001⇠2
t

The consistent gauge-invariant values at NLO are

�
V NLO

max

�1/4
= 2.88 ⇥ 109 GeV (13)

�
�V NLO

min

�1/4
= 2.40 ⇥ 1029 GeV

Note that �Vmin corresponds to an energy density well
above the Planck scale. Thus, the potential at the mini-
mum will surely be e↵ected by quantum gravity and pos-
sible new physics not included in our calculation. Previ-
ous analyses have defined stability to be Planck-sensitive
if the instability scale ⇤I > MPl [1, 2]. As we have ob-
served, the instability scale is gauge dependent, so this
is not a consistent criterion. An alternative criterion is
that new operator, such as O6 ⌘ 1

⇤2
NP

h6 be comparable

to Vmin when h = hhi. Although O6 and Vmin are gauge-
invariant, the value of O6 at the field value h where the
minimum occurs is gauge dependent, so this condition
is also unsatisfactory. A consistent and satisfactory cri-
terion was explained in [13]: the new operator must be
added to the classical theory and its e↵ect on Vmin eval-
uated.

Adding O6 to the potential, we find that the the po-
tential is still negative at its minimum in the SM even
for operators with very large coe�cients. For example,
taking ⇤NP = MPl = 1.22 ⇥ 1019 GeV, we find that
µmin

X = 6.0 ⇥ 1017 GeV and Vmin = �(1.1 ⇥ 1017 GeV)4.
Comparing to Eq. (13) we see that the energy of the true
vacuum is very Planck-sensitive.

More generally, a good fit is given by

Vmin = �(0.01⇤NP)4, ⇤NP & 1012 GeV (14)

When ⇤NP < 3.6⇥1012 GeV, Vmin becomes positive and
for ⇤NP < 3.1 ⇥ 1012 GeV the maximum and minimum
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FIG. 4. Boundaries of absolute stability (lower band, NLO)
and metastability (upper line, LO). The thickness of the
lower boundary indicates perturbative and ↵s uncertainty.
The theoretical uncertainty of the metastability boundary is
unknown. The elliptical contours are 68%, 95% and 99%
confidence bands on the Higgs and top masses: mpole

h =

(125.14±0.23) GeV and mpole
t = (173.34±1.12) GeV. Dotted

lines are scales in GeV at which Vmin can be lifted positive by
new physics.

disappear. Thus the stability of the Standard Model can
be modified by new physics at the scale 1012 GeV.

If we vary the Higgs and top masses in the Standard
Model, we can compute the boundary of absolute stabil-
ity. This bound is shown in Figs. 4 and 5. The dotted
lines show where Vmin becomes positive when in the pres-
ence of O6 for the indicated value of ⇤NP. Unexpectedly,
we find that three independent conditions (1) that Vmin

goes to zero, (2) that Eq. (5) have no solution, and (3)
that Vmin goes positive when ⇤NP = MPl all give nearly
identical boundaries in the mpole

h /mpole
t plane. Know-

ing that quantum gravity is relevant at MPl, we should
therefore be cautious about giving too strong of an in-
terpretation of the perturbative absolute stability bound
in the SM. We also show in this plot the metastability
bound, that the lifetime of our vacuum be larger than
the age of the universe. At lowest order this translates to
�( 1

R )�1 < �14.53 + 0.153 ln[R GeV] for all R [30]. Since
�(µ) is gauge invariant, so is this criterion. Although for
the Standard Model this approximation is probably suf-
ficient, it has not been demonstrated that the bound can
be systematically improved in a guage-invariant way [31].

In this paper, we have only discussed a single physical
feature of the e↵ective action: the value of the e↵ective
potential at its extrema. There is of course much more
content in the e↵ective action, especially when tempera-
ture dependence is included. Unfortunately, many uses
of the e↵ective action involve evaluating it for particu-
lar field configurations, a procedure that has repeatedly
been shown to be gauge-dependent. For example, the

'̇3

2[mBH�i2`�H

�

'

b[m22x2/

7QH/2/

e�ik⌘

Figure 5: Illustration of the di↵erent types of non-Gaussianity described in the text: 1) Local interactions in

the bulk produce the “equilateral” shape; 2) Excited initial states create an enhanced signal in the “folded”

configuration; and 3) The production and decay of massive particles leave an imprint in the “squeezed” limit.

where x2 ⌘ k2/k1 and x3 ⌘ k3/k1. The shape function S(x2, x3) is normalized so that S(1, 1) ⌘ 1.

As we will see below, the shape of the non-Gaussianity contains a lot of information about the

microphysics of inflation (see Fig. 5). This is to be contrasted with the power spectrum, which is

described by just two numbers, As and ns, and not a whole function.

Equilateral In slow-roll inflation, the flatness of the inflationary potential constrains the size

of the inflaton self-interactions. However, interesting models of inflation have been suggested

in which higher-derivative corrections—such as (@�)4—play an important role during inflation.

These interactions lead to cubic interactions of the inflaton perturbations—like '̇3 and '̇(@i')2—

and hence a nonzero bispectrum.8 Since the inflaton fluctuations interact locally at points in the

bulk spacetime, this produces a bispectrum with an enhanced signal for “equilateral” triangles,

with k1 ⇡ k2 ⇡ k3.

Folded The Gaussianity of slow-roll inflation also relies on the fact that we evaluated the quan-

tum fluctuations in the Bunch–Davies vacuum (corresponding to the ground state of the harmonic

oscillator). In contrast, starting from an excited initial state would lead to non-Gaussianity. The

detailed shape of this non-Gaussianity depends on the model for the excited initial state. A

universal feature is that the correlations are enhanced for “folded” triangles where two of the

wavevectors become colinear, so that k1 + k2 ⇡ k3. The signal in the folded configuration also

provides an interesting test of the quantum origin of the fluctuations [? ]. While classical fluctua-

tions would generically have non-vanishing correlations in the folded limit, quantum fluctuations

in the Bunch–Davies vacuum are characterized by the absence of such a signal.

8A systematic way to classify these derivative interactions is in terms of an EFT for the inflationary fluctua-

tions [10, 11].
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[Holguin, Moult, Pathak, Procura, Schofbeck, Schwarz]

• Extract the mass ratio between the W and top quark from the shape
of the three-point correlator.

2

theoretical elegance of this approach, the jet pT has large
experimental uncertainties, making a precise determina-
tion of mt challenging in practice. We therefore believe
that identifying a top-mass-sensitive observable that is
simultaneously experimentally feasible at the LHC, com-
pletely robust to hadronization and UE, and calculable
to high perturbative orders remains an important open
problem.

In this Letter, we introduce an EEC-based observable
for precision top quark mass measurements, which over-
comes previous experimental difficulties. Our observable
is inspired by cosmology, where it is common that pre-
cisely measured observables, such as luminosity, are not
directly related to quantities of interest, such as dis-
tances. The use of standard candles then plays a cru-
cial role, providing a methodology for converting between
two independent dimensionful quantities. This is similar
to the present case of extracting masses from measure-
ments of high-multiplicity hadronic states: the dimen-
sionless angular scales [42] are robust observables, neces-
sitating the development of standard candles to enable
their use for precision mass measurements. Crucially,
the top quark predominately decays into an electroweak
scale particle whose mass has been measured with spec-
tacular accuracy, the W boson. This particle provides
the needed standard candle by introducing another di-
mensionless parameter, mt/mW , into the observable. In
this Letter, we study a hadronization and UE insensitive
standard candle constructed from EECs measured on the
W boson, allowing us to build a distance ladder all the
way back through the complicated QCD dynamics to the
time scales of the top quark. The outcome is a mea-
surement of the top mass in terms of the W mass. We
emphasize that this approach is distinct from current top
mass extractions [43, 44], which reconstruct the W decay
only to achieve a fine-grained calibration of the jet energy
scale to reduce experimental uncertainties. We demon-
strate the feasibility and properties of our approach at
the LHC through a Monte Carlo study and lay out a
roadmap for an experimental and theoretical program to
achieve a record top mass measurement.

Energy Correlators on Top Decays.—EECs map out
the angular scales of the asymptotic energy flux. There
has been rapid progress in our understanding of multi-
point energy correlators and their application to jet sub-
structure (see e.g. [32, 45–60]). Following their first cal-
culation in the collinear limit in [49], they have since been
calculated for generic angles [61, 62], analyzed theoret-
ically [63, 64], and measured on QCD jets [45, 51]. In
Ref. [32], the three-point correlator was applied to detect
the angular scale associated with the top decay. Since
at the leading order this is a hard three-body decay, it
was proposed that this could be detected in an equilat-
eral configuration for the correlator. However, the full
three-point correlator on top decays is a rich function of
three angles whose shape has not yet been explored.

(a) The shape of the three-point correlator on boosted top quark
jets, eq. (1). A large value of ⇣S selects the hard top decay process,
but by lowering ⇣S , the W peak emerges. Slices for specific values
of ⇣S are shown on the boundaries of the plot.

(b) Slices for specific values of ⇣S which emphasize the sharpness
of the W and top peaks. The green line with the small bump
corresponds to the equilateral projection considered in [32].

FIG. 1: Illustrative plots produced from Pythia showing
the imprint of top quark and W boson on the 3-point
EEC in eq. (1).

The key object of our analysis is the following inte-
grated EEC (weighted cross-section) which enables the
simultaneous extraction of the top and W character-
istic angular scales. We express the angles between
the momenta of the correlated final state particles as
⇣ij = �⌘2

ij + ��2
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Here the sum is over all (not necessarily distinct) triplets
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stress that the magnitude of these shifts should not be
taken as a source of uncertainty due to non-perturbative
effects since we expect that the leading non-perturbative
corrections can be understood field theoretically [81–84].
It should instead be taken as a demonstration of insensi-
tivity to physics at and below the shower cutoff, illustrat-
ing that the observable is not sensitive to physics below
�t as desired.

Feasibility at the HL-LHC.—Extracting the top mass
from our proposed EEC-based observable will require the
measurement of the distribution discussed above and an
understanding of the associated experimental uncertain-
ties, as well as a theoretical calculation expressing the
distribution in terms of the parameter mt. The goal of
this Letter is to introduce an observable for precision top
mass extractions and illustrate that it has the desired
properties so as to motivate a dedicated experimental and
theoretical effort. To do so, we will illustrate the statis-
tical feasibility of our approach at the LHC and perform
a parton-shower-based extraction of the top mass using
polynomial fits of the peak positions. More details of the
experimental aspects of this study will be presented in a
longer companion paper.

In Figure 4, we show an estimate of the statistical un-
certainty at Run 2 and 3 of the LHC, and at the HL-
LHC. The pseudodata was generated using Pythia 8.3.
For the Run 2 pseudodata set, we generate jets corre-
sponding to the number of selected jets in the CMS Run
2 top jet mass measurement [43]. For the Run 3 and
HL-LHC pseudodata sets the number of jets is increased
by factors of 300/138 and 3000/138, assuming integrated
luminosities of 300fb�1 and 3000fb�1 respectively. Our
results forecast statistical precision on the top mass at
the level of a few hundred MeV for the HL-LHC, which
is extremely promising. Additionally, we also find that
this measurement is statistically feasible at LHC lumi-
nosities with about 1 GeV or better precision.

The observable we propose can also be computed on
charged particles only (tracks) [55, 85–90], which pro-
vide considerably better angular resolution. It will be in-
teresting to study the interplay of the increased angular
resolution against the reduced statistics by incorporating
estimates of the tracking efficiency.

Outlook.—So far, we have focused on introducing our
EEC-based observable and illustrating its desirable prop-
erties through parton-shower analyses. We believe that
our results provide a strong motivation for its system-
atic theoretical study. Here we emphasize that resum-
mation in the peak region, which is required for precise
theory predictions, is achievable with high perturbative
accuracy. As the observable in question is more com-
plex than the jet mass, due to the fact that it involves
the measurement of angular correlations on the radia-
tion in the top decay at the scale �t, the development
of rigorous factorization theorems for EECs on unsta-
ble states is required. This can be achieved by com-

FIG. 4: An estimate of the uncertainty on the extracted
top mass due to statistical effects in Run 2, Run 3, and
the HL-LHC, using our proposed EEC-based observable.
The errors shown are conservatively computed from the
cumulant of statistical errors, reasonable variation in the
polynomial degree used for the peak fit, and variation
of the peak fit range by ± 10%. The constant factor of
1.09 used in the conversion between ⇣t/⇣W and mt was
extracted from parton level simulation. The insets show
the average extracted top mass across the jet pT bins and
present the final predicted statistical precision.

bining HQET [91–93], SCET [94–96], and on-shell parti-
cle EFT [97–99] with the factorization theorems for the
EECs in Refs. [71, 72]. These give rise to a variety of
interesting field theoretic structures, which will be ex-
plored in future work. Still, it is important to stress that
most ingredients are already known to high perturbative
orders. A key theoretical feature is that, in the peak re-
gion, the distributions we are interested in are described
by SCETII-type factorization theorems, with the lowest
scale being the top width �t. This is in contrast to jet
mass which is described by a SCETI framework, where
the scale of soft radiation is parametrically lower than
�t. This also emphasizes the complementarity of the jet
mass and EEC approaches. While technically challeng-
ing, we are confident that our proposed observable can
be computed to high perturbative orders in the near fu-
ture and that the required effort will be well worth the
reward.

Conclusions.—In this Letter, we have introduced a top
mass sensitive energy correlator (EEC) observable with
desirable experimental and theoretical properties. The
key to our proposal is to use the EECs to simultaneously
extract the angular scales associated with mW and mt

and to use the W mass as a standard candle to calibrate
the top mass. This allows us to overcome previous issues
of EEC-based approaches which require the knowledge
of the jet pT to convert between angular and mass scales
[32]. We performed a preliminary study using luminosity

[Holguin, Moult, Pathak, Procura, Schofbeck, Schwarz]

See also: [Xiao, Ye, Zhu]

• Motivates precision calculations of correlators on top decays.
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• Initial investigations illustrate has minor sensitivity to experimental
systematics, and global event: successfully isolates dynamics of top
decay.

Stat.
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Figure 2. The expected uncertainties of mt (in % of mt = 171 GeV) using E3C and mjet

distributions, at L = 36 fb�1. The statistical uncertainties and a breakdown of the systematic

uncertainties are shown.

0.6% compared to 1.2% from mjet. It is expected that the E3C based result would gain

more from increased statistics. At the luminosity of 300 fb�1, the statistical uncertainty

for E3C will decrease to 0.2%, comparable to the systematic uncertainty.

4 E3C in the resolved regime

The most precise measurement of the mt was derived in the low ptop
T region [10], benefiting

from the large cross section. The measurement was systematic dominated and the JES

was one of the major sources. The above studies in the boost regime have demonstrated

that the E3C observable is much less a↵ected by this uncertainty. The overall mt precision

would benefit more if the method could be extended to the low ptop
T region. Here the

hadronically decayed top quark is no longer contained in a single jet, but rather becomes

three well separated jets. Therefore we modify the E3C definition and treat the three jets

as the constituents of the top quark, and the E in Eq. 2.1, which was the energy of the

top quark jet, now becomes the sum of the energy of the three jets. Given that the four-

momentum of a quark is well represented by the corresponding jet, this definition is even

less a↵ected by non-perturbative e↵ects. For simplicity we use the kinematic information

of the three quarks decayed from the top quark to demonstrate the proof of principle.

We use the semi-leptonic tt̄ process to check the feasibility. Events are simulated with

MadGraph5 amc@nlo at LO of QCD. We focus on the events with ptop
T < 400 GeV. The

E3C is built from the three quarks that hadronically decayed from the top quark. As the

– 4 –

[Xiao, Ye, Zhu]

Figure 1. A graphic of the many sub-processes that enter into the simulation of a jet substructure

observable measured on a top jet produced at the LHC.

Monte Carlo mass parameter which demonstrate increased resilience to Monte Carlo mod-

elling [3]. Since energy correlators allow us to determine an angular scales, as opposed to

a dimensionful mass scale, it has been understood that the theoretically cleanest approach

to extract the top quark mass in a well-defined mass scheme is to isolate the ratio of the

top to the W boson mass from selected projections of the correlator spectrum [2]. It is the

goal of this paper to thoroughly explore, using Monte Carlo simulations, the robustness of

this proposal for a precision extraction of a theoretically well-defined top mass, with robust

uncertainty estimates.

In this paper, we demonstrate that the method proposed in [2] is extremely stable to

variations in the Monte Carlo modelling of the experimental and theoretical environment.

Figure 1 sketches all the relevant sub-processes at play in the proposed measurement. Each

one is tested in this paper. In particular, we demonstrate that the top quark mass extracted

from simulations following our method is resilient to uncertainties on the jet energy scale,

constituent energy scale and simulated particle tracking e�ciency. We find that these e↵ects

for top jet transverse momenta larger than 400 GeV have an impact of O(100) MeV on the

extracted top quark mass. Furthermore, as expected, our method is very stable against

non-perturbative modeling in the Monte Carlo regarding hadronization, color reconnection,

PDFs parametrizations, underlying event (UE). Here the impact was also found to be

O(100) MeV on the extracted top quark mass for top jet transverse momenta larger than

400 GeV. Additionally, we observed that the size of these e↵ects is reduced when we restrict

to top jet transverse momenta larger than 500 GeV, consistent with theoretical expectations

– 2 –

Figure 3. Model of the relative CMS jet energy scale uncertainty as a function of the jet pT (left).

Average shift in the top quark mass due to the jet energy scale uncertainty (right). The shift is less

than 100 MeV.

In order to give realistic estimates of the uncertainties, we orient our models at the ca-

pabilities and existing calibrations of the CMS detector. All simulations in this section have

been performed using Pythia 8.3 as the benchmark with the central Pythia tune (CP5)

as the default tune, similar to the simulated samples used in the CMS Collaboration [4].

The studies are obtained using particles at the hadron level without any detector simula-

tion since the excellent angular resolution of the CMS detector in the order of mrad [5] is

not expected to have a considerable impact.

3.1 Jet Energy Scale

The finite knowledge of the jet energy scale in the experiments plays a crucial role in most

top quark mass measurements. It is the dominant uncertainty in direct extractions of

mt [6–9] and also limits measurements of the jet mass in the boosted regime [10] since it

directly alters the observable used for the extraction of mt. Since the top quark pT changes

the decay opening angle, also the peak of the correlator distribution ⇣t is a↵ected by shifts

of the jet energy scale. An extraction of mt from the ratio of ⇣t and ⇣W however, should

be robust against variations of the jet pT.

In order to test the presented measurement strategy against realistic variations, we

model the CMS jet energy scale uncertainty [11, 12] with the function displayed in fig-

ure 3 (left). Dennis: I would only include the plot of the function and polish it a bit.

Maybe Adi can even put it in the same style as the others? Thus, the energy scale of

most jets in this study is varied by 0.5–2%. We repeat the analysis while changing the jet

momenta up and down according to the uncertainty defined above. For this uncertainty, it

was chosen to only change the jet momentum without altering its constituents, which are

studied separately below. The results are shown in figure 3 (right). Because of the ratio

of the ⇣t and ⇣W distributions, the measurement is nearly una↵ected by changes in the jet

energy scale, which show a shift in the top quark mass below 100 MeV.

– 6 –

Figure 7. The impact of the modelling of color reconnection on the extracted top mass is found

to be less than 150 MeV.

4.1 Event Sensitive Non-Perturbative Corrections

In this section we will test the sensitivity to non-perturbative physics where analytical

control is very hard to achieve, usually requiring input from phenomenologically determined

parameters and functions. This has been a limiting factor in previous approaches to top

mass extraction from indirect measurements and in particular jet substructure []. Our

energy correlator based measurement has been designed to minimise sensitivity to these

e↵ects on theoretical grounds. Here we will demonstrate that this is born out in simulation.

4.1.1 Color Reconnection Modelling

To evaluate the robustness to the modelling of color reconnection, we use two variations

often considered in CMS studies of top quark mass measurements. Their details can be

found at

• QCD-inspired (CR1): https://github.com/cms-sw/cmssw/blob/master/Configuration/

Generator/python/MCTunes2017/PythiaCP5CR1TuneSettings_cfi.py

• Gluon move (CR2): https://github.com/cms-sw/cmssw/blob/master/Configuration/

Generator/python/MCTunes2017/PythiaCP5CR2TuneSettings_cfi.py

The results of the variation fo the color reconnection model, as compared to the default

are shown in figure 7. We see that this leads to a variation of the order of 100 MeV, and

that our observable is indeed robust to such e↵ects.

4.1.2 Underlying Event Tune

We also perform a study to the robustness of the modelling of the underlying event tune.

We consider two variations, whose description can be found at:

– 10 –

• Motivates precision calculations of correlators on top decays, and
further experimental investigation.
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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PbPb to pp ratio, centrality evolution
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• Significant recent progress in the theoretical
characterization of asymptotic energy flux.

• Scaling and shape dependence of multi-point
energy correlators can be directly measured at
the LHC: How can we best use them?

• Provides the opportunity to use theoretically
beautiful objects to learn about the real world.
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Thanks!
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