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Applying geometrical methods to QF T computations:
@ SMEFT (Standard Model Effective Field Theory)
@ HEFT (Higgs Effective Field Theory)

@ y PT (Chiral Perturbation Theory)
@ O(n) model
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EFT

A Lagrangian with an expansion in a scale M (power counting)
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@ work to some maximum power in 1/M that is finite
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» |.h.s. has a pole at p? = M? but the r.h.s. does not at any finite order

@ A regularization and renormalizations scheme (dim reg) that
respects the power counting in 1/M

» loop integrals depend only on the scales in the graph, i.e. external
momenta and particle masses.
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Field Redefinitions

Chisholm, NP 26 (1961) 469

Kamefuchi, O’Raifertaigh, Salam, NP 28 (1961) 529
Politzer, NPB 172 (1980) 349

@ The S-matrix is unchanged under field redefinitions
» On-shell Green’s functions change
» Need to include external-leg factors for invariance

@ Field redefinitions consistent with EFT power counting

@ Maintain symmetries such as Lorentz and gauge invariance
@ Maintain locality

For example
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EOM vs Field Redefintions
Field Redefinition:

66+ 1= 9(0)

1 6S 1 1
S—>S+WQ(¢)@+§M23 9(o )Q(¢)5¢5¢
—
EOM

The classical EOM is

4S
@—0

Eliminate EOM operators h(q§) in the action by using a field
redefinition with g = —h.

Have to keep all order terms in the field transformation. Using the
classical EOM is incorrect at higher orders in 1/M.
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Transformations

Contact Transformations:

¢'(x) = f(6(x))
Extended to

AL(X) = R(6(x)) " Au(X)
Vi(x) = M(¢(x))a"vs(x)

More general transformations:
¢+ 2¢w+ 2T F P
AM — AM + W’(/J’Y,ﬂ/}

or those involving derivatives.
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Scalar Manifold M
Scalar manifold M is the space on which scalar fields live.
The O(n) model has ¢ = (¢1,---,¢n) € R".
The O(n) model in the broken phase,
¢+ gh = VP ¢e S
Apoint Pe Mis specified by (¢1,--- , én), SO ¢ are coordinates on M.
e O(4) model:

Angular directions ¢ € S2.
Radial direction h

SM with custodial symmetry
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xPT

Describe pion dynamics, or more generally, Goldstone boson
interactions for G — H symmetry breaking.

Scalar manifold is M = G/H

Example: SU(2) chiral perturbation theory
@ Symmetry breaking SU(2) x SU(2) — SU(2)
e M=S8U(2) =S8
@ Different parameterizations (coordinates)

» Different Green’s functions
» Same S-matrix elements
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Weinberg (1964):
(71, T2, 73, m4) = (w, V2 — 1+ 7)
use  as the independent fields.
Modern notation which generalizes to SU(n) with n flavors:
U=1u? u=ew/" 7w =nraT?
and action invariant under the SU(n), x SU(n)g transformation

U— RUL
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Standard Model

SM has spontaneous symmetry breaking SU(2)w x U(1)y — U(1)em-
If you assume custodial symmetry, the breaking is SO(4) — SO(3)¢
SO(4) ~ SU(2) x SU(2) SO(3) ~ SU(2)

so the breaking pattern is identical to the pion case for two flavors
[This led to the development of technicolor where f = v = 246 GeV]

Three Goldstone bosons which are eaten by the W*, Z, and at
tree-level, Myy = Mz cosfyy.
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Standard Model EW Symmetry Breaking

A scalar field H which transforms as 2, , under SU(2)w x U(1)y.

H = 1 [@2“"'@1 :|_ ¢+
= — . = 1 .
V2 | po—ies 75 (v+h+in)

L= D,HD'H — \(HTH — v?/2)?

(H) = v/v/2 breaks the electroweak symmetry to U(1)gw.
his the neutral scalar with mass
ma = 2\v?

¢t and n give mass to the W and Z and are not physical states.
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Standard Model

SM has two dimensionful parameters

@ v ~ 246 GeV is the only dimensionful parameter in the SM
Lagrangian at the classical level

@ Aqcp due to quantum corrections. Lagrangian has gs(u).

The masses of the gauge bosons, leptons and quarks are proportional
tov, mf =y V/\/é

@ Gauge boson masses have to be « v
@ Fermion masses « v in the SM due to theory being chiral

Hadron (proton, neutron) masses have a Aqcp piece and a quark mass
piece, which is non-analytic in mq
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Higgs Sector

The Higgs boson has been found.
SM requires more than just a physical scalar particle.

Yukawa couplings proportional to masses (~ 10% for some)
Higgs self-couplings determined
1 m

2
V(h) = Emﬁr@ + 2—\’/’h3 +

my a1 25 h h*

@ V(H) has two parameters, X and v

@ v ~ 246 GeV determined by Gr from 1 decay.

@ \ ~ 0.13 determined by my.

@ h3 and h* couplings completely determined. Needs to be tested
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SMEFT

A fundamental scalar field

e [f901 +'<P2}
V2 po — lps
and an EFT using the fields of the SM.

Look for deviations from the SM generated by higher dimension
operators.

Modifies both | 1]and |2 | due to dimension-six operators.
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HEFT

Arose from studying models where EW symmetry was broken by
strong dynamics (composite Higgs models).

Know we have the Goldstone boson space S®. These are eaten to
give W, Z masses.

Consider theories with symmetry breaking and a light scalar. xPT with
an additional scalar field h.

SM has relations which arise from (h, ¢) combining to form H, which
are lost in HEFT — relations between radial and angular directions.
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Stack a bunch of S® together to contruct M. The details depend on
the specific HEFT theory, but can get some general results.

Coordinate transformations are a special case of field redefinitions

All measurable results should be coordinate invariant, i.e. geometrical.
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HEFT

Alonso, Jenkins, AM, PLB 754 (2016) 355, JHEP 08 (2016) 101

M is a four-dimensional space with a radial direction h and angular
direction S°.

St

gab(¢) is the metric on S° of radius v.

F(h) depends on the particular HEFT model. In the SM,

h
F(hy=1+-
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A={h,a}

Riemann curvature Ragcp indices either radial h or angular a, b, - - -
Rabod = Ra(h) Rabed Ranbh = Ron(h) Rap

ﬁabcd and ﬁab are the curvature tensors of S® with radius v.

V2F(h)F"(h)

Ry(h) = [1 = VA(F/(M)P?] F(M?,  Fen(h) = ———=

These vanishif F =1+ h/v.

Experiments are at h = 0.
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Goldstone boson equivalence theorem W, ~ ¢
Alonso, Jenkins, AM, PLB 754 (2016) 355, JHEP 08 (2016) 101

Terms which grow with energy are:

s+t
AWW, — WW) = =5 Ra(0),

2s
A(WLWL — hh) = —ﬁ fﬁgh(O).

Scale of new physics is

4rv
Mnew ~ =

VR
SMis flat, so R = 0, and no bad high-energy behavior.
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Experiments measure the local curvature of M at the vacuum.

Sign fixed since 3 > 0 for a compact G/H space.

HEFT reduces to SMEFT if there is an O(4) invariant fixed point on M.
Alonso, Jenkins, AM, JHEP 08 (2016) 101

SM ¢ SMEFT C HEFT

Scale of new physics and validity of EFT expansion:
Cohen, Craig, Lu, Sutherland, JHEP 03 (2021) 237, JHEP 12 (2021) 003

Aneesh Manohar 03.10.2025 21/57



Geometrical methods for Scattering
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Scalar Lagrangian

Helset, Jenkins, AM, 2210:08000, 2212:03253

fig from Julie Pagés

»?

Lagrangian for ¢ € M

]
L= 59an(®) 0™ 06"

[Huge literature on non-linear sigma models — Meetz, Honerkamp (1971);
Alvarez-Gaumé, Freedman, Mukhi (1981); Gaillard (1986) ]

gap transforms like a metric under field redefinitions ¢ — ¢(¢') and is
taken to be the metric on M.

Perturbation theory about the vacuum ¢ = 0.
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PP — 9o

Expand gap

1
gab(¢) = gab(o) + gab,c(0)¢c + égab,cd(0)¢c¢d + ...

040,
: (959) P? >< o)

=} = = = E DA®
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PP — o

X o<

A~ O(p?)

[Weinberg’s power counting argument in xPT].

’
Mfe = EQad (Gab,c + Gde,b — Fbe,d)

arép B arg,
dg¢  9¢d

Reped = + T80y — T3y

R~ O +T T ~ (95059) + (959)°

Aneesh Manohar 03.10.2025 25/57



S-matrix for ¢ — ¢

Look at o — ¢¢ and treat all indices as incoming.
Aabed = RabcaSac + RacbdSab si = (pi + pj)?
Amplitude is Bose-symmetric using the symmetry properties of Rapcq:

Rabcd = _Rbacd
Rabcd = Hcdab
Rabcd + Racdb + Radbc =0

and

Pa+Po+ Pc+pPd =0

— s+t+u=0

With a potential V(¢) = terms depend on covariant derivatives of V.



Scalars + Gauge

Helset, Jenkins, AM, 2210:08000, 2212:03253

1 1
L= §hu(¢)5ﬂ¢' 0o’ — ZgAB(¢)Flj‘VFBW — V(¢)

Combine into a single field

!
o= | a— {1, (Am)
i
and a metric

e f5 S
ab 0 -—nw9gnas

Compute as before. Can have I' and R with indices in both scalar and
gauge space.
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Scalars + Gauge

The Riemann tensor satisfies the Bianchi identities as before. For an
external gauge particle

€ B, A)bed PAR(.A)bcd = 0
Compute the tree-level on-shell amplitude
At = Rii Sik + Rikji Sjj.

Describes ¢¢p — @@, A — @A, etc.
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Scalars + Gauge + Fermions

Finn, Karamitsos, Pilaftsis, 2006.058311

Assi, Helset, AM, Pages, Shen 2307.03187
Assi, Helset, Pagés, Shen 2504.18537
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Radiative Corrections
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Radiative Corrections

Restrict to Lagrangians with two derivatives.

Extension to higher derivative terms
Cheung, Helset, Parra-Martinez, PRD 106 (2022) 045016
Cohen, Craig, Lu, Sutherland, PRL 130 (2023) 041603
Craig, Yu-Tse, Lee, Phys. Rev. Lett. 132 (2024) 6, 061602
Alminawi, Brivio, Davighi, J. Phys. A 57 (2024) 43, 435401
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Radiative Corrections

Functional method:

b= d+n

and then integrate over the quantum field 7.

At one-loop need order 72 terms:

skeleton graph
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't Hooft Formula

't Hooft, NPB 62 (1973) 444.

Quadratic terms in n = (5", ...n") can be written as

L= 5@ @") + @) N () + 1"

with N, an antisymmetric matrix.
1 ¢y 1 7
L= 5(Dun) (D" n) + 50" Xn
D,n = 0un+ Nun

absorbing N,N* into X.

X(#)n

This looks like an O(N) gauge theory with N, as the gauge potential.

Aneesh Manohar
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't Hooft Formula

Y = 0uN, — 0uN, + [Ny, N,
is the field-strength tensor.

One loop counterterm is
_ 1 Tye 110
Lot = g2, | 4% 53]

These are the only possible terms with the correct dimension allowed
by O(N) gauge invariance. Need to do graphs to compute numerical
coefficients.

Aneesh Manohar 03.10.2025 34/57



Issues

Generate non-covariant terms. The first variation of the action
transforms like a vector, but the second variation does not transform
like a tensor.

e.g. if ¢(\) is a family of field configurations, the tensors are
as? Bt Ly AP d®
dA dx2 TP gy dA

w.r.t. a variation parameter \.

't Hooft's formula requires the kinetic term to be (9,1)? /2.
So cannot directly be applied to EFTs.

e.g. in SMEFT, Cyp and Cy generate ¢2(9n)? terms, which are not
included in the 't Hooft formula.

Cannot make a field redefinition of ¢ to turn g; into 6;. The
obstruction to this is the Riemann curvature tensor Ry constructed

from gj.
nees lanohar o110
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Riemann normal coordinates (Geodesic Coordinates)
/ i
Po N

A geodesic starting at Py with velocity n that ends at P in unit time.
Then the coordinates n of P are a tensor at Py.

- 1
9ii(Po) = dji Mk(Po) =0 gj = 0j — §Rikj/77k77/ + ..
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Quadratic in n terms in Riemann Normal Coordinates

You can compute expansion of action using covariant derivatives in a
coordinate-free way.

Alonso, Jenkins, AM JHEP 08 (2016) 101

The quadratic in n terms are:

1 . | | o
L= 59i(Zum) (7"n) = 5 i (D) (D" i/ — 5 (Viv;V) o't
with
()| = (O + Tigouoknl) + A7 (8 +Theth) o/
@ (2,n) is gauge and coordinate covariant, and transforms as a

coordinate vector.

@ Covariant derivatives of the potential, not ordinary derivatives
@ Still have a non-trivial kinetic term

Aneesh Manohar
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Everything is a tensor, so we can go to a local inertial frame (Cartan
frame, i.e. use vielbeins).

9i(9) = €7(9) & (¢)dav
(2,m)* = 62 (Z,m)’

Rabcd = e;e’l')e’g ey R
VaVpV = ehe, Vv,V

1 1 1
L=5(2um)*(2"1)* — 5 Racoa (Du9)° (D) P — 5 (VaVsV) nenP

@ In 't Hooft form

@ N, is automatically antisymmetric since the connection in the
Cartan frame (spin-connection) is antisymmetric.

@ Up and down indices are the same since metric is d 4.
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1 1

y
L B ba _
1672¢ 4XabX

Lc.t. = ﬂ[

Y;W] ab[ Y,uu]ba

But all indices are contracted, so we have a scalar quantity which can
be evaluated in any coordinate system:

XapXP = XX/

so we do not actually have to make any transformations to the Cartan
frame.

Xj = —Rig (D) (D"¢)' — (V;V;V)
[Vl = Rlja (Duo) (Do) + Foo 1.

Raise indices using g/.

Result holds for EFTs with operators up to two derivatives, but arbitrary
high dimension.
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In a renormalizable theory, the kinetic term is canonical so g; = J;; and
Rijkl =0.

If one includes operators of dim 6 or higher, have Rj) # 0. Then the
one-loop correction induces four-derivative terms, two-loops induces 6
derivative terms, etc.
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Two Loops

Jenkins, AM, Naterop, Pagés JHEP 12 (2023) 165; JHEP 02 (2025) 131
Two skeleton graphs with 7® and n* vertices.

o CO

L = Aabon™n°n° + Al po(Dun)?nn° + Ay (D)2 (Dym)Pn
+ Babea™n°n°n? + Bl pog(Dun)n°n°n® + Bl oy(Dum)?(Dm)®nn? .

A’;lbc(completely symmetric) = 0, B, _(completely symmetric) =0

albcd

and A"/

ablc 0, which simplified the two loop computation.

O(N) symmetry greatly simplifies result.
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Two Loop Formula

66 terms:

1 9 9
= — AabcAaba X, =_— - —
Let. (167272 [@2,1AabcAabd Xod + - - -] 21 =53 o
Use the Riemann normal coordinate expansion to order n* and go to
the Cartan frame:
@ Tensors automatically have the correct symmetry properties using
the symmetries of the Riemann curvature tensor including the
Bianchi identity

° A’a‘g| . = 0 automatically.

@ All tensors in terms of Rpcq, its covariant derivative VgRapcg and
covariant derivatives of the potential
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Two Loop Formula

1 1
*V(avbvc) V- ﬁ (VaRbdce + VbRodae + vcRazdbe) (Du(b)d(D“Qs)e

Aabc = 76
A~ 1R R D"¢)?
albc_g( abed T acbd)( ¢)
AY =0

ablc

1 1
Babcd = —ﬂvavbvcvdv - ﬂvavdeecf(Dﬂﬁb)e(D“@f

]
+  Peabr Recag (D) (D"¢)°  sym(abed)
]
Blibead = 1 (VgRabce) (D" ¢)®  sym(bed)

v 1 .
Blpica = 35" (Racbd + Raabe)

Note that an expansion of (¢ - ¢)(9.¢ - 9*¢) using ¢ — ¢ + n will generate

AZZ|C' So the geometric method is much simpler.

Can switch back to coordinate indices in the final expression:



One Loop Applications
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xPT

O(N) model, xPT, SMEFT.

The xPT Lagrangian at order p? is

ENE

Lo="(u,u"y, u,=iWou—-uvou), u=e"F

The order p* Lagrangian is
L4 = Lo (upu,uu”)y + Ly (u-u)?+ 1, (upuy) (UU”) + Ly <(u . u)2>

The Riemann curvature tensor is

1
Rabed = f—zfabgfcdg + O(Trz)
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xPT

The one-loop terms are order p*, and we get the correct one-loop
counterterms

SU(n) — nis the number of flavors.

~ o[ 11 eve~!
L= ()™ 2167 2F, + Lr(l‘) ¢* = 4
~ n ~ 1 ~ 1 ~ n
Mg = — M =— o= 3=~
0 48"’ 1 16’ 2 8’ 3 Y

Gasser, Leutwyler, Ann Phys 158 (1984) 142, NPB 250 (1985) 465
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SMEFT Bosons Corrections

Helset, Jenkins, AM, JHEP 02 (2023) 063

Include SM m?2,, g1, g2, gs, A

6 6 6

dim6 °C.e, °Cpu,

dim 8 8CH87 80(1) 80(2) 80(1) 80(1) 80(3)

Hep2r “Hep2y “Ygept “weps Ypeps

6
CH4D2’ CG2H2’ CW2H2’ 032H27 CWBH27

8
C(B12)H4 ) C(1 )

WBH* -

Compute running of H8, H*D? X2H? ; X*, H8, H6 D2 H*D*, X2 H*, X3H?, X2H? D, XH* D?.

dm8x dim8 (dim6)?

dim6 o« dim6 m? (dim8) m? (dim 6)2
dm4oc 1 m? (dm6) myf (dim8)
dm2c mZ mf (dm6) mb (dim8)

where each term has a coefficient of g1, g2, g3, A

agrees for terms common to both computations with
Das Bakshi, Chala, Diaz-Carmona, Guedes, EPJ+ 137 (2022) 973
Das Bakshi, Diaz-Carmona, JHEP 06 (2023) 123

Aneesh Manohar
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SMEFT Fermions

Alonso, Kanshin, Saa, PRD 97 (2018) 035010
Finn, Karamitsos, Pilaftsis, EPJC 81 (2021) 572
Gattus, Pilaftsis, 2307.01126

SMEFT to dim 8 (bosonic terms from fermion loops)
Assi, Helset, AM, Pages, Shen, 2307.03187

common terms agree with
Das Bakshi, Chala, Diaz-Carmona, Guedes, EPJ+ 137 (2022) 973
Das Bakshi, Diaz-Carmona, JHEP 06 (2023) 123

Supergeometry for two-fermion operators:
Assi, Helset, Pagés, Shen, arXiv:2504.18537
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O(n) EFT including dim 6 terms

Cao, Herzog, Melia, Nepveu, JHEP 09 (2021) 014

Dim 6 real scalar (n=1) to 5 loops, and dim 6 complex scalar (n=2) to 4 loops.

(«M Opd) — —m ?(¢- ¢>)——A(¢ ¢)?
+c¢e(¢-¢) +cE(¢-¢)( 0t - 0ud) — CyriOyu(¢ - )" (6 - &)

Computed two loop RGE for the theory for arbitrary n
¢ is infinite

Yo = {—4(n — 1)m20,_:}1 + 12 {4(n —1)(n+ 2)/\mZCE}2

+ {(n +2)\2 — §(n + 2))\m205}

3 2

{}1 has 1/(1672) and {}, has 1/(1672)?
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xPT

Bijnens, Colangelo, Ecker, Ann Phys 280 (2000) 100.
The p® Lagrangian including external sources is

115
Lo=) KYi
i=1
19 independent operators when external sources turned off.

Weinberg: p® from two-loop of order p? Lagrangian, or one-loop with
one insertion of p* Lagrangian.

—4e R N
K — (cu) _L 1 I_(g) 1 1 F,(-” 1 1

7 | aZ(16x22 | 216721 | 2¢1672

mo 4K
1,2)

counterterms for two-loop graphs from the p? Lagrangian
L

r
F,(- counterterms for one-loop graphs with an insertion of Ly4.
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xPT

Y @ 16727 (") o

1 PN & B Lo+ 3Ly + 4o + $nls
2 760 ~o1zn Salh— 2l + 5L

3 -2+ 2+ g P nlo — Ty — 8L, + denly
4 ~n —g29n —3Ty —2nl} — 3nlp — 8L,
5 — s -2 o —%HAU+%Z1 —%Eg-%—%nl;
6 -8n 1550 —317 —6nl; — Inly — ZL;
49 517 2+ Inlo — 4Ly + 2L, — Bnls
50 n 50 —}IB + }nZg + %Zg

51 & % i

52 — gy P %+ T —%nzg—{| +%22_gn13
N i b i

54 L B Lo + 2Ly - 3Tp+ Lnls
5 2N 7N <86~ fnlg+ 314
w4 &

58 AP o — P dinlo + 1 — 1Lp + Anls
o r G-

61 Pt —33an Ir+ %Eg

2 | g e Bg - 3ol - £15

63 -1 -3 2Ly
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SMEFT

We include the SM Higgs sector, as well as insertions of the dimension
six operators

CH? CHEJ’ CHDv CHG? CHW’ CHB? CHWB’ CHéa CHW’ CHE’ CHWB'

and compute their contribution to anomalous dimensions from internal
scalar loops.

Cu = {~3444X2Cyy + 7968X°Cu — 1992X°Cip .

Some very large coefficients

The Higgs field anomalous dimension is divergent at two loops, i.e. the
't Hooft consistency conditions are not satisfied,

1
= {—618)\m/240HD + 62 — 8AME Cry + 2””%/0*/0}
2
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Infinite Anomalous Dimensions
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Field Redefinitions in EFTs

EFTs use field redefinitions to remove redundant operators.

\Dﬁﬁﬁq

The penguin graph is divergent, and requires the counterterm
4Gk Cp A
L= T D"F,,
Tz ¢ 9" TA) (D" Fpu)*
Make a field redefinition
4GFr CP A
gy Ty,
Tz ¢
and replace it by a four-quark operator

4G —
L T;E (G TA) g (P, TAP)

A A
Aﬂ—>Au
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Field Redefinitions in EFTs

G/: cp

\/_

@ A field redefinition with an infinite coefficient.

@ Green'’s functions using the redefined Lagrangian are infinite, but
the S-matrix is finite.

@ There is no counterterm to cancel the penguin graph divergence,
but the on-shell four-quark amplitude gets both the penguin and
counterterm contributions and is finite.

AL — AR — g TAY
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Conclusions

@ Geometrical methods provide a better understanding of the
structure of QFT

@ Help understand the experimental limits in a model-independent
way

@ Simplify the computation of radiative corrections

@ Still a lot to understand

» only looked at very limited field redefinitions
» Loop diagrams for scattering amplitudes
» Higher derivative terms
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