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Direct detection of nuclear recoils

DM “wind”
Strong constraints on interaction cross section  
when DM mass comparable to nucleus mass

(Proton mass = 0.938 GeV)



Landscape of direct detection above 1 GeV
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Shaded gray: existing limits; others are projections

Many decades of progress 
searching for nuclear recoils



Landscape of direct detection below 1 GeV
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Figure 4-7: Open parameter space for galactic dark matter scattering off electrons that can be probed with 
advanced detectors with demonstrated or near-term technologies (solid lines) and with either medium-term 
(dashed lines) to longer-term (dotted lines) R&D.  The readout technique is indicated in parentheses below the 
target material.  Dark matter interacting with electrons through a heavy mediator is assumed. 
 

 
Figure 4-8: Open parameter space for galactic dark matter scattering off electrons that can be probed with 
advanced detectors with demonstrated or near-term technologies (solid lines) and with either medium-term 
(dashed lines) to longer-term (dotted lines) R&D.  The readout technique is indicated in parentheses below the 
target material.  Dark matter interacting with electrons through either a heavy mediator an ultralight mediator is 
aƐƐƵŵed͘  The ŽƌaŶge ƌegiŽŶƐ ;ůabeůůed ͞KeǇ MiůeƐƚŽŶe͟Ϳ ƉƌeƐeŶƚ a ƌaŶge Žf ŵŽdeů eǆaŵƉůeƐ iŶ ǁhich daƌk ŵaƚƚeƌ 
obtains the observed relic abundance from its thermal contact with Standard Model particles (regions are as in 
͞US Cosmic Visions͟ report, Ref. 8. 

Basic Research Needs Report: 
“Dark Matter Small Projects New Initiatives”
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Proton 
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Skipper CCD

Rapid development in recent decade

• New particle candidates 
• New experiments 
• New theory for direct detection

Electron 
mass

Project overview: The “Basic Research Needs for Dark-Matter Small Projects New Initiatives” report [1]
reviews the strong theoretical motivation for searching for particle Dark Matter (DM) in the mass range
below the proton mass, continuously down to small fractions of an eV. Elucidating the nature of DM is one
or the most compelling problems of high energy physics, as identified in the P5 roadmap.

The TESSERACT (Transition Edge Sensors with Sub-EV Resolution And Cryogenic Targets) project
will consist of a liquid helium (LHe) experiment (HeRALD), as well as GaAs and Sapphire-based exper-
iments (SPICE), read out by Transition Edge Sensor (TES)-based phonon sensor technology sensitive to
phonon, roton, and light signals from LHe, phonon and light signals from GaAs, and phonon signals from
sapphire. This project ultimately seeks to detect collective excitations from DM interactions in both super-
fluid helium [2, 3] and a polar target [4] in addition to searching for ERDM on low bandgap scintillator [5].
The total mass for each target type is between 100 g and 1 kg, but segmented into multiple small pixels with
independent readout. The multiple targets will be instrumented with identical sensors and readout technol-
ogy. This commonality provides a powerful tool to assess backgrounds and systematics, and also simplifies
the design and construction, allowing the use of multiple targets with minimal extra effort. TESSERACT is
funded for a project planning phase under the DOE Dark Matter New Initiatives program.
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FIG. 1: Conceptual schematic of the target materials and
signal pathways. Three target materials are used (Al2O3,
GaAs, and LHe), with complementary DM sensitivity.

The absence of electric fields is a hallmark
of TESSERACT. Most detector and readout tech-
nologies use E-fields to either amplify (photomul-
tiplier tubes, 2 phase TPC, etc.) or to drift an elec-
tronic signal (semiconductor ionization detectors,
TPC). Unfortunately, E-fields necessarily cause
backgrounds, if nothing else then by quantum me-
chanical tunneling of electrons. Such “dark count”
or “dark current” backgrounds currently limit to
some extent all ERDM searches [6, 7, 8, 9]. By
having zero E-field we avoid such backgrounds,
but require higher sensitivity detectors. Said a dif-
ferent way, extremely low noise detectors enable
operation without an E-field.

The target mass will be composed of cm3 scale identical replicas (see Fig. 1), each with its own cm2

scale athermal phonon sensor array that is fabricated directly on the surface of crystal targets, or on 1 mm-
thick Si substrates that collect photon and quantum evaporation signals from scintillator or LHe targets. This
signal energy is converted into athermal phonons in the 1 mm-thick Si and measured.

The athermal phonon detector principle uses a 2-step process. First, phonons from the crystal are
collected with superconducting Al fins fabricated on the surface. In these fins, the phonon energy is converted
into quasi-particle energy (by breaking Cooper pairs). Second, these quasi-particles then diffuse into an
attached small volume Transition Edge Sensor (TES), where the energy is thermalized and measured. Only
a small fraction of the crystal surface is instrumented because the energy resolution scales with the number
of TES sensors within the array (the total TES volume). The small coverage means that most athermal
phonons will reflect off un-instrumented crystal surfaces many times before being collected. This places
strict requirements on the probability of athermal phonon thermalization on bare crystal surface. Thus,
crystal surface treatment is very important for collection efficiency. A technology based on athermal phonon
collection will be more sensitive than any thermal sensor technology, assuming the phonon sensor bandwidth
is appropriately matched to the athermal collection time.

LHe targets will be read out using the detectors built on 1 mm-thick Si as depicted in Fig. 1. Details of
the proposed experimental setup specific to LHe, and evaluation of expected science can be found in [10].
The LHe is held in a passive container, and an active volume within is enclosed with detectors submerged
in the liquid and above the liquid. Energy deposited in the LHe can be partitioned into multiple excitation
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Shaded gray: existing limits; lines: projections
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Relic abundance
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DM

(Part of) the motivation for WIMPs with mass 10-100 GeV

Boltzmann suppression ∝ e−m/T

This hypothesis works in a broad mass range of ~MeV up to 100 TeV



Freeze-in
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Dark matter populated by out-of-equilibrium annihilations 
 

This also works for a broad mass range down to ~keV
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Assumption:  is a dark photon with equal & opposite coupling to A′ e−, p

Matching the observed DM density predicts a scattering rate
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Why sub-GeV dark matter?

9

Thermal(ish) dark matter candidates + wide open parameter space 
that can be probed with small-scale experiments
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1. Rate goes as 1/mass

    with  R ∼ ρDM
mDM

σ̄ev ρDM ≈ 0.4 GeV/cm3

2. Kinematic matching with DM scattering

Energy deposited  ω = 1
2 mDMv2 − (mDMv − q)2

2mDM

 ω ≤ vq − q2

2mDM

for a given momentum transfer  and DM velocity q v ≈ 10−3c

10

Small targets can have a large impact
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FIG. 1: Kinematically-allowed regions for DM scattering with v = 10�3 for various DM masses.

the normalization to indicate that we are dealing with an intrinsic quantity (since the sum over final states also scales
as V ) rather than an extrinsic quantity. As noted above, the target response does still depend on details of the DM
model. To obtain the rate, the target response is weighted by the DM potential strength, and integrated over the
phase space in terms of momentum transferred q and energy deposited ! by the DM, as well as the DM velocity
distribution. We will use the form of the rate in Eq. (8) throughout the review.

At this point, the only assumption we have made about the target system is that it can be treated with non-
relativistic quantum mechanics. We also generally work with systems in the ground state at zero temperature, so that
we do not have to sum over an ensemble of initial states, and we will use |ii and |0i interchangeably to refer to the
initial (ground) state. We will next explore the kinematics of DM scattering, specified by f�(v) and E� � E0

�, and
then the dynamics that give rise to the interaction strengths �̄(q). The treatment of the target-dependent piece will
be taken up in Sec. III.

A. Kinematics

Suppose incoming DM with momentum p� = m�v scatters o↵ a detector target and exits with momentum p
0
�.

Using that for nonrelativistic DM, the energy eigenstates of the DM Hamiltonian are E� = p2
�/2m� and E0

� = p02
� /2m�,

we may write the energy deposited in the target in terms of the momentum transfer q:

!q = E� � E0
� =

1

2
m�v2

�
(m�v � q)2

2m�
= q ·v �

q2

2m�
. (9)

Eq. (9) defines the kinematically-allowed region in !,q for DM scattering as a function of DM mass and velocity.3

As shown in Fig. 1, for fixed v, this region is bounded by an inverted parabola in the ! � q plane; as v increases,
the parabola moves up in ! since the DM has more kinetic energy. The upper boundary of the parabola corresponds
to forward scattering, q ·v = qv, which gives the largest possible energy deposit ! for a given q. The apex of the
parabola corresponds to q = m�v and ! = 1

2m�v2, where the target absorbs all of the kinetic energy of the incoming
DM and p

0
� = 0. The right boundary of the parabola corresponds to maximum momentum transfer for a given energy

deposit, which reduces to elastic “brick-wall” scattering when p
0
� = �p� and !q ! 0.

Of course, incoming DM does not have a single velocity v, but a range of velocities given by the probability
distribution f�(v), the DM velocity distribution, which is normalized by

R
d3

v f�(v) = 1. Eq. (9) implies that for a

3 For bosonic DM, there is the additional possibility of absorption, where the entire mass-energy of the DM is transferred to the target,
yielding q = m�v and ! ⇡ m�. Condensed matter systems then provide sensitivity to eV-mass DM and below. While we focus
exclusively on the scattering process in this review, see Refs. [13–22] for a dedicated treatment of absorption in various targets.
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DM scattering kinematics

Fig from Kahn, TL 2108.03239 
Trickle, Zhang, Zurek, Inzani, Griffin 1910.08092 
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Fig from Kahn, TL 2108.03239 
Trickle, Zhang, Zurek, Inzani, Griffin 1910.08092 
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Response 
of target

* Kinematic mismatch of nuclear recoils for sub-GeV DM 
* Free nucleus approximation no longer valid

DM scattering kinematics
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DM-electron 
scattering

DM phonon 
excitations

MeV-scale DM: 
Energy deposition:  
Momentum transfer:  

ω ∼ mχv2/2 ∼ eV
q ∼ mχv ∼ keV

In conventional insulators, semiconductors:  

Electron excitations: 
 

Single phonon excitations: 
 

ω ∼ 1 − 14 eV, q ∼ αme = 3.7 keV

ω ≲ 0.2 eV, q ≲ keV

“Kinematic matching” with available 
modes in solid state systems 

(Reviews: TL 2019, Kahn, TL 2021) 

Energy & momentum scales for 
sub-GeV dark matter
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Figure 3: For DM-electron interactions, the response at high q is peaked about the free-
electron dispersion ! = q2/(2me). The dashed lines at q ⇠ 1/a0 = ↵me and ! ⇠ ↵2me

indicate typical scales for the wavefunction spread and energies of bound electrons. Many-
body e↵ects are expected to be particularly important at lower q, !, indicated by the
shaded region. Depending on the target material and detection method, the relevant
response function will be cut o↵ at low !; we show typical gaps for ionization in atomic
systems, scintillation in molecules, electron-hole excitations in semiconductors, and gapped
excitations in superconductors and Dirac materials. Kinematically allowed regions for DM
scattering are shown for m� = 10 keV, 1 MeV, and 100 MeV at v = 10�3, as in Fig. 1.

must exceed
qmin =

!

vmax

, (44)

where vmax is the maximum DM velocity, and we have taken the large m� limit (for smaller
m�, qmin is strictly larger). Taking vmax = v� + vesc ' 800 km/s = 2.67 ⇥ 10�3, we find

qmin ' p0

⇣ !

10 eV

⌘
(45)

while qmax = 2m�vmax ' p0(m�/0.7 MeV). From this, we learn a number of things:

• MeV–GeV DM has the correct kinematics to access the electronic response for atomic
and molecular systems where they have strong support, as shown schematically in
Fig. 3. However, it can also be seen from Fig. 3 that the DM scattering kinematics is
not necessarily ideally matched to the response. For example, for atomic ionization,
the rate will be strongly peaked at low ionization energies, since larger ! requires
accessing the high-momentum tail of the electron wavefunctions which is power-law
suppressed. Thus, while it is kinematically permitted for (say) 100 MeV DM to
deposit all of its ⇠ 50 eV of kinetic energy on an atomic electron, it is extremely
unlikely to do so. Similarly, this will favor scattering on the high-velocity tail of
the DM velocity distribution, which implies a large increase in rate as the gap is
lowered [29].

• For conventional semiconductors with O(eV) gaps, DM necessarily probes distance
scales smaller than the lattice constant. Taking silicon as an example, with ! = 1 eV,
we find from Eq. (45) qmin ' p0/10 ' (10a0)�1, which is the inverse lattice spacing.
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DM-electron scattering

Fig from Kahn, TL 2108.03239 
Trickle, Zhang, Zurek, Inzani, Griffin 1910.08092 

Opportunity: constrained by available energy 
eigenstates rather than free-particle kinematics.

~10 eV}} ~eV



Charge readout from CCDs 
with O(eV) band gaps

2004.11378 

18

Low noise skipper CCD can 
resolve single charges 
(SENSEI, DAMIC-M)

DM scattering in a semiconductor



Charge readout from CCDs 
with O(eV) band gaps
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DM scattering in a semiconductor
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When calculating rates, we assume a Maxwell-Boltzmann distribution with a sharp cutoff (we
describe this in more detail, and give analytic formulas for ⌘(vmin), in Appendix B). The requirement
of energy conservation is captured by vmin(q, Ee), the minimum speed a DM particle requires in order
for the electron to gain an energy Ee with momentum transfer q (note that Ee was also denoted as
�Ee in §3.1). This is given by

vmin(q, Ee) =
Ee

q
+

q

2m�
. (3.12)

Figure 4. Scissor corrected band structure for silicon (left) and germanium (right) as calculated with Quantum

ESPRESSO [69] with a very fine k-point mesh. The horizontal dashed line indicates the top of the highest valence band. The
four bands below the horizontal dashed line are the valence bands while the bands above the dashed line are the conduction
bands. We also show the density-of-states (DOS) as a function of the energy for a very fine k-point mesh (blue) and for our
243 k-point mesh (red). A Gaussian smearing of 0.15 eV was used to generate a smooth function.

Differential rate. As we show in Appendix A.4, the differential electron scattering rate in a semi-
conductor target (with the approximation of a spherically symmetric DM velocity distribution) can be
written as

dRcrystal

d lnEe
=

⇢�
m�

Ncell �e ↵

⇥
m2

e

µ2
�e

Z
d ln q

✓
Ee

q
⌘
�
vmin(q, Ee)

�◆
FDM(q)2

��fcrystal(q, Ee)
��2 , (3.13)

where ⇢� ' 0.4 GeV/cm3 is the local DM density, Ee is the total energy deposited, and Ncell =

Mtarget/Mcell is the number of unit cells in the crystal target. (Mcell = 2 ⇥ mGe = 145.28 amu =

135.33 GeV for germanium, and Mcell = 2 ⇥ mSi = 56.18 amu = 52.33 GeV for silicon.)
We have written this in such a way that the first line gives a rough estimate of the rate, about
29 (11) events/kg/day for silicon (germanium) for ⇢� = 0.4 GeV/cm3, m� = 100 MeV, and �e '

– 13 –

χ

20

dσ
d3kdω

∝ σ̄e F2
med(k)∑

ℓ,ℓ′ 
∑
p,p′ 

|⟨p′ , ℓ′ |eik⋅r |p, ℓ⟩ |2

× f 0(ωp,ℓ)(1 − f 0(ωp′ ,ℓ′ )) δ(ω + ωp,ℓ − ωp′ ,ℓ′ )

Wavefunction overlap{

Sum over occupied bands  and Bloch 
momentum  to excited state  

Complications: not clear how different 
materials compare; collective effects?

ℓ
p |p′ , ℓ′ ⟩

Independent particle approximation:

ω

k

Essig, Mardon, Volansky 2011; 
Essig, Fernandez-Serra, Mardon, Soto, 
Volansky, Yu 2015

DM scattering in a semiconductor



Energy loss function (ELF)

21

Eext

Eind

∇ ⋅ E = 4π ρext
ϵ

E = Eext
ϵ

E(ω, k) = Eext(ω, k)
ϵ(ω, k)

More generally:

1
ϵ(ω, k) = 1 + 4πe2

k2 χ(ω, k)

Amount of screening is related to induced charge:

Susceptibility, charge density response

Pines 1956



Energy loss function (ELF)

22

1
ϵ(ω, k) = 1 + 4πe2

k2 χ(ω, k)

External probe that couples to charge density:

∝ 2 Im (−χ(ω, k)) = k2

2παem
Im ( −1

ϵ(ω, k) )S(ω, k) ELF
Dissipation

Knapen, Kozaczuk, TL 2021a, 2021b 
Hochberg, Kahn, Kurinsky, Lehmann, Yu, and Berggren 2021

DM-electron scattering rate is determined by ELF:
dσ

d3kdω
∝ σ̄e F2

med(k) Im ( −1
ϵ(ω, k) )



DM-electron scattering
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dσ
d3kdω

∝ σ̄e F2
med(k) Im ( −1

ϵ(ω, k) )

Knapen, Kozaczuk, TL PRD 2021a, 2021b
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FIG. 1. ELF for Si, calculated using the Lindhard, Mermin and GPAW methods, as described in the text. The blue line
in the left-hand panel indicates the location of plasmon pole, which is a Dirac delta-function in the Lindhard method. Only
the GPAW method (right-hand panel) correctly models the low ! regime, close to the band gap. For halo DM scattering o↵
electrons, the accessible phase space is bounded by ! < kv, which is indicated by the dashed line with v = 2.5 ⇥ 10�3.

modeled qualitatively with the Lindhard ELF. This
is shown in the left-hand panel of Fig. 1. The Lind-
hard ELF does not provide an accurate description
of realistic semiconductors at low k and high !, and
therefore cannot be used for absorption processes.

• The Mermin method is a generalization of the
Lindhard method which includes dissipation and
can also be used for absorption processes. Con-
cretely, a dissipation parameter � can be added
to the Lindhard model in a self-consistent way by
defining the Mermin dielectric function [19]

✏Mer(!, k) = 1 +
(1 + i�

! )(✏Lin(! + i�, k) � 1)

1 + (i�

! ) ✏Lin(!+i�,k)�1

✏Lin(0,k)�1

. (3)

In the Mermin method, the ELF is modeled as a
superposition of ELFs obtained with the Mermin
dielectric function, where the plasma frequencies,
dissipation parameters and the weights of the dif-
ferent terms are fitted to experimental data. In
an ad hoc way, this weighted linear combination
accounts for the inhomogeneities in the electron
number density within the unit cell. The fitted
data typically includes the measured ELF from re-
flection electron energy loss spectroscopy (REELS)
and/or optical data (k = 0 limit), and therefore can
reproduce absorption processes. The theoretically
motivated ansatz in (3) provides a way to perform
a controlled extrapolation of the ELF to finite k,
while conserving local electron number. Experi-
mental collaborations [51–53] moreover occasion-
ally present their results in terms of fits to models
whose parameters can be reinterpreted in terms of
the Mermin model. This reinterpretation is done
with the chapidif package [20], which builds on
the work in [54–56]. For more details about our
procedure we refer to our earlier work in [15].

The middle panel of Fig. 1 shows the ELF for Si, as
obtained with the Mermin method applied to the
experimental data in [52]. The low k region near
the plasmon pole is much more realistic than for
the Lindhard ELF, as this is the regime where the
ansatz is fit to the experimental data. However, the
Mermin method does not incorporate the detailed
band structure of the material. In particular, in the
middle panel of Fig. 1 one can see that it e↵ectively
predicts a vanishing band gap, which is of course
not realistic for a semiconductor such as Si.1As we
will see, it is also less appropriate to model the high
momentum (k >

⇠ 15 keV) regime.

• The GPAW method is the most sophisticated of
the three methods we employ, as it relies on a first-
principles TDDFT calculation with the software
package GPAW [17, 18]. In this method one approxi-
mates the many-body electron wave functions with
a Kohn-Sham (KS) system [60] of e↵ective, single
particle wave functions subject to an e↵ective po-
tential. This system is then solved numerically on a
periodic lattice. The GPAW method does the best
job in modeling the detailed properties of the ma-
terial, in particular for ! near the band gap. This
is shown in the right-hand panel of Fig. 1, where
the band gap is now clearly visible at low !. The
GPAW method is however by far the most compu-
tationally intensive of the three and is most the dif-
ficult to validate for non-experts in TDDFT meth-
ods. At this time we therefore only provide ELF

1
The band gap can be approximated by the ad hoc addition of

a Heaviside step function ✓(! � Egap) [57] or with the Mermin-

Levine-Louie ansatz (MLL) [58]. See [54, 59] for comparisons

between these various approaches.
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FIG. 1. ELF for Si, calculated using the Lindhard, Mermin and GPAW methods, as described in the text. The blue line
in the left-hand panel indicates the location of plasmon pole, which is a Dirac delta-function in the Lindhard method. Only
the GPAW method (right-hand panel) correctly models the low ! regime, close to the band gap. For halo DM scattering o↵
electrons, the accessible phase space is bounded by ! < kv, which is indicated by the dashed line with v = 2.5 ⇥ 10�3.
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FIG. 3. Comparison of cross section sensitivity. The solid lines show the 95% CL reach with kg-yr exposure for scalar or vector
mediated interactions, and account for screening. The dashed lines show the reach if the screening is not included. Following
the standard convention, we assume zero background down to single electron sensitivity for Si and Ge. For the Al lines, we
assume an energy range of 10 meV < ! <1 eV, and also zero background. In the left panel, the unscreened Al reach is many
orders of magnitude stronger and is not shown on the plot.

FIG. 4. Ratio of the screened rate to the unscreened rate, for di↵erent thresholds corresponding to 1, 2 and 3 electrons. We
use Q = 1 + b(! � Eg)/"c where for Si Eg = 1.11 eV, " = 3.6 eV and for Ge Eg = 0.67 eV, " = 2.9 eV, following Ref. [3].

case, since the DM form factor FDM (k) enhances the rate
from lower k values.

We show the corresponding e↵ect on the DM mass
and cross section reach in Fig. 3. The solid lines show
the reach for scalar and vector mediators, accounting
for screening e↵ects. We assume kg-year exposure, zero
background, and 95% CL projected reach to match with
the convention in the literature. The threshold is set
by the electron band gap. For m�

>
⇠ 10 MeV, there

is roughly a factor of (1.4) 2.5 suppression in the total
rate for (massive) massless mediators. The ratio becomes
larger near threshold in m�, since for those points the
rate is restricted to ! near the band gap, where screen-
ing is more important. The screening e↵ect is therefore
reduced somewhat with higher thresholds in !, as shown
in Fig. 4. For instance, the threshold to detect 2 electron-

hole pairs is roughly 4.7 eV (3.6 eV) in Si (Ge). Setting
this as the threshold, we find a screening suppression
instead of 2–2.1 for massless mediators and m�

>
⇠ 10

MeV. For massive mediators the dependence on the en-
ergy threshold is smaller.

The O(1) screening e↵ects we find for Si and Ge align
with our expectations for semiconductors with eV-scale
electron band gaps, and it is therefore interesting to com-
pare with a lower gap material where the screening is
much stronger. We also show in Fig. 3 the reach in a
metal, taking Al as an example. Such targets have been
proposed to be used in their superconducting phase as
low-threshold dark matter detectors [16, 17, 26, 55]. We
thus consider sensitivity to electron recoils in the energy
range 10 meV – 1 eV, such that the material can still
be approximated with the dielectric response of a metal.

Screening effects appear as 1/ |ϵ(ω, k) |2

Knapen, Kozaczuk, TL PRD 2021a, 2021b
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Figure 4-7: Open parameter space for galactic dark matter scattering off electrons that can be probed with 
advanced detectors with demonstrated or near-term technologies (solid lines) and with either medium-term 
(dashed lines) to longer-term (dotted lines) R&D.  The readout technique is indicated in parentheses below the 
target material.  Dark matter interacting with electrons through a heavy mediator is assumed. 
 

 
Figure 4-8: Open parameter space for galactic dark matter scattering off electrons that can be probed with 
advanced detectors with demonstrated or near-term technologies (solid lines) and with either medium-term 
(dashed lines) to longer-term (dotted lines) R&D.  The readout technique is indicated in parentheses below the 
target material.  Dark matter interacting with electrons through either a heavy mediator an ultralight mediator is 
aƐƐƵŵed͘  The ŽƌaŶge ƌegiŽŶƐ ;ůabeůůed ͞KeǇ MiůeƐƚŽŶe͟Ϳ ƉƌeƐeŶƚ a ƌaŶge Žf ŵŽdeů eǆaŵƉůeƐ iŶ ǁhich daƌk ŵaƚƚeƌ 
obtains the observed relic abundance from its thermal contact with Standard Model particles (regions are as in 
͞US Cosmic Visions͟ report, Ref. 8. 

From Basic Research Needs Report: 
“Dark Matter Small Projects New Initiatives”

Many papers studying 
different targets. 

All dielectrics. Lasenby & Prabhu 2110.01587

Theoretical constraints 
on the ELF

https://arxiv.org/abs/2110.01587
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ELF for Dark Matter

DarkELF: python package for dark matter energy loss processes with 
tabulated ELFs for a variety of materials (incl. Si, Ge, GaAs) 

DM-nucleus scattering 
via Migdal effect
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DM-nucleus scattering in a crystalSciPost Physics Lecture Notes Submission

eV keV MeV
Momentum transfer q

meV

eV

keV

E
ne

rg
y

de
p
os

it
ed

�

1
0
0

M
e
V

1
M

e
V

1
0

k
e
V

q2

2mN

M
u
lt
ip

h
on

on
re

gi
m

e

Ed

Acou
sti

c ph
on

on
s

Optical phonons

Figure 8: For DM-nucleus interactions, the response at high q is highly peaked about the
free-nucleus dispersion ! = q2/(2mN ). As the energy drops below the displacement energy
for a nucleus in a potential, Ed, the response about the free-nucleus dispersion broadens
and we enter the multiphonon regime at q ⇠ 10�100 keV. For q well below ⇠ 10 keV, the
dynamic structure is dominated by resonant response on the acoustic and optical phonon
dispersions, corresponding to single phonon excitations. Kinematically allowed regions for
DM scattering are shown for m� = 10 keV, 1 MeV, and 100 MeV at v = 10�3.

the dynamic structure factor are again not kinematically matched to the allowed DM
scattering phase space, which requires ! < qvmax. At q > kF , the peak at ! ⇠ q2/(2me)
is not accessible, since in this regime ! & qkF /me ⇠ q↵. At low q < kF , most of the
weight in the ELF is carried by the plasmon which is located at ! > qvF . However, the
DM velocity is typically much slower than the Fermi velocity in conventional materials,
so that the DM cannot access the plasmon. However, semiconductors are still better than
a typical atomic target as in Fig. 4, due to the lower gaps. This motivates the search
for more ideal targets to search for DM-electron interactions, although to date Si and
Ge still remain among the best targets for DM masses above MeV. For sub-MeV dark
matter, the behavior of the dynamic structure factor in the q .keV and ! <eV regime
becomes important. In this mass range, some of the materials proposed include that of
superconductors [43, 49] and Dirac materials [43, 46, 50, 51], which we will not discuss in
detail here. Cross section curves for these materials are included for reference in Fig. 7.

4 Phonon excitations

Similar to the case of electron excitations, at low energies we must account for the fact
that nuclei are bound in atomic, molecular, and solid-state systems. As the DM mass
drops below ⇠ GeV, the free-nucleus recoil energy ⇠ (m�v)2/mN becomes comparable
to the typical energy to break a molecular bond or displace an ion in a crystal, O(10)
eV. Indeed, a possible direct detection signature of sub-GeV might be chemical bond
breaking or production of defects in crystals [52, 53]. In the DM mass range above O(10)
MeV where bond breaking is possible, the typical momentum transfer q ⇠ m�v & O(10)
keV. These momentum transfers are su�ciently large that it is still possible to treat the
scattering as occurring o↵ individual bound nuclei in a crystal, for instance. However,
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What does DM-nucleus scattering 
look like in a crystal?
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30 Theory of neutron scattering: 
Squires 1996, Schober 2014 

DM-nucleus interaction
�

<latexit sha1_base64="KAJTV5uvcvbDtk2sjCP3AM+Ir3A="></latexit>

 - effective coupling strength 
between DM and ion J

fJ Short range SI interaction
<latexit sha1_base64="MceVYS5lqd4j2M8i2/BAnbqNttM=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZlS1I1QdOOygn1AZxwyadqGJpmQZIQydOXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r0nloxq43nfztLyyuraemGjuLm1vbPr7u03dZIqTBo4YYlqx0gTRgVpGGoYaUtFEI8ZacXD64nfeiBK00TcmZEkIUd9QXsUI2OlyD0KNO1zFGUBHlAox/ASVmEgKYwjeV+J3JJX9qaAi8TPSQnkqEfuV9BNcMqJMJghrTu+J02YIWUoZmRcDFJNJMJD1CcdSwXiRIfZ9I0xPLFKF/YSZUsYOFV/T2SIaz3ise3kyAz0vDcR//M6qeldhBkVMjVE4NmiXsqgSeAkE9ilimDDRpYgrKi9FeIBUggbm1zRhuDPv7xImpWyf1au3lZLtas8jgI4BMfgFPjgHNTADaiDBsDgETyDV/DmPDkvzrvzMWtdcvKZA/AHzucPI6mXoQ==</latexit>

��p = 4⇡b2p

Scattering potential in Fourier space
<latexit sha1_base64="49VcQ8xyCV8iUNx/L+EiuJDcntA="></latexit>

V (q) / bp
X

J

fJ eiq·rJ

<latexit sha1_base64="vXM16waBulBbhuvX0IMaJcYhLQE="></latexit>

S(q,!) ⌘ 2⇡

V

X

f

�����
X

J

h�f |fJeiq·rJ |0i

�����

2

� (Ef � !)

=
1

V

NX

J, J 0

fJf
⇤
J 0

1Z

�1

dt he�iq·rJ0 (0)eiq·rJ (t)ie�i!t

Contains 
interference terms 
between different 

atoms  single 
phonon excitations

→

Dynamic structure factor



31

Phonon comes into play through positions of ions:

Quantized displacement field 

rJ(t) = r0J + uJ(t)
<latexit sha1_base64="LwBq0Beb2/j49sV4Xs/2SpGHVdE="></latexit>

Dynamic structure factor
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Phonon dispersions  and eigenvectors  calculated by  
first-principles approaches (density functional theory)

ωq eq

Single phonon contribution has been studied extensively in literature
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Griffin, Knapen, TL, Zurek 1807.10291; Griffin, Inzani, Trickle, Zhang, Zurek 1910.10716
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Materials properties for DM

Al2O3 
(Sapphire)

GaAs 

22 2. Electronic Band Structures

statement will be presented when matrix elements of operators in crystals are
discussed, Sect. 2.3), whereas in the extended zone scheme k is conserved only
to a multiple of (i. e. modulo) 2/R. Hence, the reduced zone scheme is almost
invariably used in the literature.

The above results, obtained in one dimension, can be easily generalized
to three dimensions. The translational symmetries of the crystal are now ex-
pressed in terms of a set of primitive lattice vectors: a1, a2, and a3. We can
imagine that a crystal is formed by taking a minimal set of atoms (known as a
basis set) and then translating this set by multiples of the primitive lattice vec-
tors and their linear combinations. In this book we will be mostly concerned
with the diamond and zinc-blende crystal structures, which are shown in Fig.
2.2a. In both crystal structures the basis set consists of two atoms. The ba-
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Fig. 2.2. (a) The crystal structure of diamond and zinc-blende (ZnS). (b) the fcc lattice
showing a set of primitive lattice vectors. (c) The reciprocal lattice of the fcc lattice shown
with the first Brillouin zone. Special high-symmetry points are denoted by °, X, and L,
while high-symmetry lines joining some of these points are labeled as § and ¢
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Use different materials to maximize sensitivity 
to particular models, discriminate signal vs. 
background, and for directional detection.

Knapen, TL, Pyle, Zurek PRB 2018; Griffin, Knapen, TL, Zurek PRD 2018;  
Griffin, Hochberg, Inzani, Kurinsky, TL, Yu PRD 2020; 3535
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Angle with crystal axis
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FIG. 4. The setup assumed in our calculation of DM scattering rate. At t = 0, the z-axis of the crystal
coordinate system is aligned with the Earth’s velocity ve. With this choice, the modulation is independent of
the position of the lab, indicated by ✓lab. The Earth’s velocity is approximately in the direction of Cygnus,
which is at an angle of ✓e ⇡ 42� relative to the Earth’s axis of rotation. We also show the orientation of the
crystal after a half-day rotation.

The !⌫,q and e⌫,j,q obtained from phonopy will be the most important inputs for the DM scattering
rate calculations. The next missing ingredient is the effective coupling of the dark matter to the
displacement operator in (7). This coupling is model dependent and we treat it separately for dark
photon and scalar mediator cases in Secs. III and IV respectively.

D. Crystal alignment relative to dark matter flux

Before turning to the scattering rate computation, we first establish our assumptions and conven-
tions regarding the DM velocity distribution and the orientation of the DM wind in the frame of the
crystal, which will determine the directional signal. The incoming DM velocity in the lab frame is
modeled in a standard way, with a boosted Maxwell-Boltzmann distribution:

f(v) =
1

N0

exp


�

(v + ve)2

v2
0

�
⇥(vesc � |v + ve|), (14)
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h
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2p
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v0
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v0
)2
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(15)

with v0 = 220 km/s, and truncated by the escape velocity vesc = 500 km/s. The velocity of the Earth
with respect to the DM wind is indicated with ve, with |ve| ⇡ 240 km/s on average.
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Daily modulation
Rate (a.u.)

Griffin, Knapen, TL, Zurek PRD 2018



Project overview: The “Basic Research Needs for Dark-Matter Small Projects New Initiatives” report [1]
reviews the strong theoretical motivation for searching for particle Dark Matter (DM) in the mass range
below the proton mass, continuously down to small fractions of an eV. Elucidating the nature of DM is one
or the most compelling problems of high energy physics, as identified in the P5 roadmap.

The TESSERACT (Transition Edge Sensors with Sub-EV Resolution And Cryogenic Targets) project
will consist of a liquid helium (LHe) experiment (HeRALD), as well as GaAs and Sapphire-based exper-
iments (SPICE), read out by Transition Edge Sensor (TES)-based phonon sensor technology sensitive to
phonon, roton, and light signals from LHe, phonon and light signals from GaAs, and phonon signals from
sapphire. This project ultimately seeks to detect collective excitations from DM interactions in both super-
fluid helium [2, 3] and a polar target [4] in addition to searching for ERDM on low bandgap scintillator [5].
The total mass for each target type is between 100 g and 1 kg, but segmented into multiple small pixels with
independent readout. The multiple targets will be instrumented with identical sensors and readout technol-
ogy. This commonality provides a powerful tool to assess backgrounds and systematics, and also simplifies
the design and construction, allowing the use of multiple targets with minimal extra effort. TESSERACT is
funded for a project planning phase under the DOE Dark Matter New Initiatives program.
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FIG. 1: Conceptual schematic of the target materials and
signal pathways. Three target materials are used (Al2O3,
GaAs, and LHe), with complementary DM sensitivity.

The absence of electric fields is a hallmark
of TESSERACT. Most detector and readout tech-
nologies use E-fields to either amplify (photomul-
tiplier tubes, 2 phase TPC, etc.) or to drift an elec-
tronic signal (semiconductor ionization detectors,
TPC). Unfortunately, E-fields necessarily cause
backgrounds, if nothing else then by quantum me-
chanical tunneling of electrons. Such “dark count”
or “dark current” backgrounds currently limit to
some extent all ERDM searches [6, 7, 8, 9]. By
having zero E-field we avoid such backgrounds,
but require higher sensitivity detectors. Said a dif-
ferent way, extremely low noise detectors enable
operation without an E-field.

The target mass will be composed of cm3 scale identical replicas (see Fig. 1), each with its own cm2

scale athermal phonon sensor array that is fabricated directly on the surface of crystal targets, or on 1 mm-
thick Si substrates that collect photon and quantum evaporation signals from scintillator or LHe targets. This
signal energy is converted into athermal phonons in the 1 mm-thick Si and measured.

The athermal phonon detector principle uses a 2-step process. First, phonons from the crystal are
collected with superconducting Al fins fabricated on the surface. In these fins, the phonon energy is converted
into quasi-particle energy (by breaking Cooper pairs). Second, these quasi-particles then diffuse into an
attached small volume Transition Edge Sensor (TES), where the energy is thermalized and measured. Only
a small fraction of the crystal surface is instrumented because the energy resolution scales with the number
of TES sensors within the array (the total TES volume). The small coverage means that most athermal
phonons will reflect off un-instrumented crystal surfaces many times before being collected. This places
strict requirements on the probability of athermal phonon thermalization on bare crystal surface. Thus,
crystal surface treatment is very important for collection efficiency. A technology based on athermal phonon
collection will be more sensitive than any thermal sensor technology, assuming the phonon sensor bandwidth
is appropriately matched to the athermal collection time.

LHe targets will be read out using the detectors built on 1 mm-thick Si as depicted in Fig. 1. Details of
the proposed experimental setup specific to LHe, and evaluation of expected science can be found in [10].
The LHe is held in a passive container, and an active volume within is enclosed with detectors submerged
in the liquid and above the liquid. Energy deposited in the LHe can be partitioned into multiple excitation

2

Single phonons excitations  
with energy 1-100 meV

From TESSERACT white paper
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Phonon detection

 Technologies being explored 
include TES, KID, Qubits

Existing state of the art phonon 
detection at energies of 1-10 eV

SuperCDMS
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FIG. 1. Diagrams representing the contact (left) and anharmonic (right) contributions to the DM scattering

rate into two phonons (dashed lines).

while the coupling to the acoustic branches is strongly suppressed. If instead the DM has a coupling

proportional to the atomic mass, the coupling to the optical branches is strongly suppressed. At

the same time, detecting single acoustic phonons is expected to be extremely challenging experi-

mentally. This motivates the study of processes where multiple phonons are produced, which can

have larger energy transfer. This was studied already in the context of superfluid helium [26–29],

where the sound speed is particularly low and multiphonons were found to extend the reach for

sub-MeV DM.

The purpose of this paper is to compute multiphonon processes for cubic crystals such as

Ge, Si, GaAs and diamond in the isotropic approximation. Such materials are either already

being used or considered for direct detection experiments, and it was found previously that the

isotropic limit matches the numerical result well for single phonon excitations in GaAs [22]. More

complicated, strongly anisotropic crystals, such as sapphire, are left for future work. We focus on

DM that couples proportional to atomic mass number of the target nuclei, as it is in this scenario

where multiphonon corrections are the most important. We focus on two acoustic phonons in the

final state, for which there is a well-known e↵ective theory, and briefly comment on multiphonon

excitations with optical phonons.

B. Summary of results

The main object we are computing is the structure factor S(q, !), which parametrizes the

scattering rate of an external probe to the crystal for a momentum transfer q and energy transfer

! (see Sec. II for a precise definition). There are two distinct contributions to S(q, !) from the

production of two phonons, represented by the diagrams in Fig. 1. The left-hand diagram relies

on a contact interaction between the DM and two phonons, which originates from the matching

between the low energy e↵ective phonon theory and UV theory of nuclei and electrons. There are

analogous operators with three, four or more phonons, for which each additional phonon comes

with a factor of q/
p

mN!, with mN the nucleus mass. For mDM < MeV, q/
p

mN! is a good

expansion parameter, rendering the � 3 phonon contributions negligible. For higher DM masses,

the breakdown of this expansion signals the transition to the regular nuclear recoil regime. A

resummation procedure is needed in this transition regime, which we do not attempt in this paper.

The right-hand diagram in Fig. 1 instead occurs via an o↵-shell phonon and phonon self-
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FIG. 1. Diagrams representing the contact (left) and anharmonic (right) contributions to the DM scattering

rate into two phonons (dashed lines).

while the coupling to the acoustic branches is strongly suppressed. If instead the DM has a coupling

proportional to the atomic mass, the coupling to the optical branches is strongly suppressed. At

the same time, detecting single acoustic phonons is expected to be extremely challenging experi-

mentally. This motivates the study of processes where multiple phonons are produced, which can

have larger energy transfer. This was studied already in the context of superfluid helium [26–29],

where the sound speed is particularly low and multiphonons were found to extend the reach for

sub-MeV DM.

The purpose of this paper is to compute multiphonon processes for cubic crystals such as

Ge, Si, GaAs and diamond in the isotropic approximation. Such materials are either already

being used or considered for direct detection experiments, and it was found previously that the

isotropic limit matches the numerical result well for single phonon excitations in GaAs [22]. More

complicated, strongly anisotropic crystals, such as sapphire, are left for future work. We focus on

DM that couples proportional to atomic mass number of the target nuclei, as it is in this scenario

where multiphonon corrections are the most important. We focus on two acoustic phonons in the

final state, for which there is a well-known e↵ective theory, and briefly comment on multiphonon

excitations with optical phonons.

B. Summary of results

The main object we are computing is the structure factor S(q, !), which parametrizes the

scattering rate of an external probe to the crystal for a momentum transfer q and energy transfer

! (see Sec. II for a precise definition). There are two distinct contributions to S(q, !) from the

production of two phonons, represented by the diagrams in Fig. 1. The left-hand diagram relies

on a contact interaction between the DM and two phonons, which originates from the matching

between the low energy e↵ective phonon theory and UV theory of nuclei and electrons. There are

analogous operators with three, four or more phonons, for which each additional phonon comes

with a factor of q/
p

mN!, with mN the nucleus mass. For mDM < MeV, q/
p

mN! is a good

expansion parameter, rendering the � 3 phonon contributions negligible. For higher DM masses,

the breakdown of this expansion signals the transition to the regular nuclear recoil regime. A

resummation procedure is needed in this transition regime, which we do not attempt in this paper.

The right-hand diagram in Fig. 1 instead occurs via an o↵-shell phonon and phonon self-
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Incoherent approximation for 
 or  phononsq > qBZ n > 1

Neglect interference terms entirely: 
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Auto-correlation can be approximated using the phonon density of states
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DM-multiphonon scattering

function description available for

dRdomega_multiphonons_no_single(omega) Di↵erential rate dR/d! in 1/kg/yr/eV all except SiO2, Al2O3

excluding long-wavelength single phonons

R_multiphonons_no_single(omega) Total phonon rate in 1/kg-yr all except SiO2, Al2O3

excluding long-wavelength single phonons

sigma_multiphonons(omega) Nucleon cross section to produce 3 events/kg-yr all except SiO2, Al2O3

TABLE I. List of public functions in DarkELF related to multiphonon excitations from DM scattering. Only mandatory

arguments are shown; for optional arguments and flags, see text and the documentation in repository. Some functions are only

available for select materials, as indicated in the righthand column.

and calculates the total integrated rate, excluding the
single phonon processes at long wavelengths q < qBZ.
In other words, this calculation includes only the purple
(multiphonon expansion) and red (impulse approxima-
tion) phase space regions in Fig. 6.

sigma multiphonons : This takes the energy thresh-
old as input and returns the necessary DM-nucleon
cross section to produce three events per kg-year for
any number of phonons. In order to return this
cross section, this function first calculates the total
rate by summing the outputs of R single phonon and
R multiphonons no single, so it includes the entire cal-
culation scheme depicted in Fig. 6.

dR domega multiphonons no single: This function
takes the energy transfer ! and DM-nucleon cross sec-
tion and returns the di↵erential rate dR

d!
at that energy

excluding single phonons in the long wavelength regime.
This comes from equation (C1) without evaluating the
! integral. We exclude the single coherent phonon here
since the long-wavelength approximation has delta func-
tions in energy in the di↵erential rate.

Appendix D: Additional results

Here, we provide additional results for Ge, Si, and di-
amond. Concretely, Fig. 12 shows the density of states
for these three materials, as extracted from [34]. Fig. 13
shows the di↵erential scattering rate via a massive scalar
mediator for two example DM masses in GaAs, Ge and Si
targets. Finally, Figs. 14, 15, and 16 are the cross section
plots corresponding to an integrated rate of 3 events/kg-
year for Ge, Si, and diamond, respectively.
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In the harmonic, isotropic limit
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(b) Cross sections for 3 events/kg-yr in GaAs for a hadrophilic mediator. Rates are computed with the n  10 phonon terms in

the incoherent approximation (solid lines), the impulse approximation (IA; dashed), and the analytic free nuclear recoil result (NR;

dotted). We see that at su�ciently high masses–and hence momentum transfers–the impulse approximation su�ciently recovers the

result of summing the phonon terms. Likewise, for yet larger momenta the impulse approximation merges onto the free nuclear recoil

result, as discussed in Sec. III D.

FIG. 5. Multiphonon transition into the nuclear recoil regime.

where the Gaussian is not narrow. For example, for the
massive mediator and m� = 50 MeV, the rate will be
dominated by momentum transfers q ⇠ 2m�v ⇠ 100
keV, corresponding most closely to the rightmost panel
of Fig. 5a. From (40) this gives �d/! ⇡ 0.5 which is
not particularly small. The nuclear recoil approximation
nevertheless works remarkably well. The reason is that
phase space integral in (3) has a trivial ! dependence
aside from the S(q, !) factor, since the delta function in
! just determines the region of phase space that is inte-
grated over. Therefore, as long as the energy threshold is

small compared to the peak in !, the phase space integral
over (39) and (42) yields similar answers.

E. Summary

Fig. 6 schematically illustrates the various approxi-
mations for the structure factor discussed in this sec-
tion. The dotted gray parabola represents the phase
space boundary for a given m� and v (see Sec. IV). This
parabola extends upwards and rightwards as m� is in-
creased, such that multiple di↵erent regimes are sampled

Multiphonons become important around q = 2mNω̄ph

: 

dominated by 
n=1 phonon

q = 1
2 2mNω̄ph : 

contributions from 
n=1,2,3,4…

q = 2mNω̄ph :  

 can be approximated by 
Gaussian envelope  

(Impulse Approximation)

q = 2 2mNω̄ph

Campbell-Deem, Knapen, TL, Villarama PRD 2022
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Impulse approximation
When  , “re-sum” the n-phonon contributions 

and directly evaluate by saddle-point approximation:

q ≫ 2mNω̄ph

As , , take narrow-width limit:ω ≫ ω̄ph Δ/ω → 0
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FIG. 6. Schematic figure depicting the relevant regions of

phase space and the corresponding approximation used to

calculate the structure factors. The “1-ph long wavelength”

regime is discussed in Sec. III A, the “n-ph incoherent ap-

proximation” regime in Sec. III B and III C and the “Impulse

approximation” region in Sec. III D.

for high enough m�.

For the single phonon excitations (n = 1) described
in Sec. III A, we use the long-wavelength and incoherent
approximations for q < qBZ and q > qBZ, respectively.
This combination gives good agreement with a full DFT
calculation of the scattering rate, at least for a cubic
crystal such as GaAs.

For multiphonon excitations (n � 2), we use the in-
coherent approximation for the structure factor for all q

below maxd[2
p

2md!d]. This is motivated by Sec. III B,
where we argued that the incoherent approximation can
serve as an order-of-magnitude estimate even for q ⌧

qBZ. Given the limitations of the long-wavelength ap-
proximation, a dedicated DFT calculation is needed in
this regime. For multiphonon excitations, we sum terms
in (36) until we achieve convergence, as explained in
Sec. III C. Finally, for q � maxd[2

p
2md!d] we make use

of the impulse approximation, which ultimately transi-
tions into the well-known free nuclear recoil regime. This
was explained in Sec. III D.

Fig. 7 shows our full calculation of the structure fac-
tor for GaAs, overlaid with the phase space boundaries
for a few representative DM masses. In the low q, sin-
gle phonon regime, the response is given by a set of �-
functions on the LO and LA phonon dispersions, repre-
sented by the orange curves. At intermediate and high q,
the structure function is modeled by a continuous func-
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FIG. 7. GaAs structure factor. Density plot of the struc-

ture factor in the same regimes of (q, !) as shown in Fig. 6.

Dotted lines are the phase space boundaries for various dark

matter masses with a typical initial velocity v = 10�3. At low

momentum and energy transfers, the solid yellow lines are

the dispersion relations of the single LA and LO phonons. At

large q, the black dashed line is the free nuclear recoil disper-

sion relation; in general, there are separate lines for Ga and

As but for clarity we show only one line corresponding to the

average mass of Ga and As.

tion, where the layered structure for ! . 50 meV re-
flects the various single and multiphonon contributions.
At higher q and ! the individual resonances cease to be
visible and one transitions into the smooth S(q, !) pre-
dicted by the impulse approximation. At very high !

the structure function converges towards its free nuclear
recoil form, which is represented by the black dashed line.

IV. RESULTS

In this section we convert our newly-gained under-
standing of the structure factor into concrete predictions
for the DM scattering rate in a crystal target.

The event rate per unit of target mass is

R =
1P
d
md

⇢�

m�

Z
d
3v vf(v)

Z
d
3q d!

d�

dqd!
(43)

where the experimental energy threshold is implicit in
the boundary of the ! integral. f(v) is the DM velocity
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FIG. 8. Cross section plots corresponding to a rate of 3 events/kg-yr for massive and massless scalar mediators in GaAs for

various thresholds. The structure factors used are the analytic results demarcated in Fig. 6 for each corresponding regime in

the (q, !) phase space. For the massive mediator, we see the dominance of the single acoustic phonon at low masses and low

thresholds, and of the optical phonon for intermediate thresholds. Eventually, for su�ciently high masses the process becomes

dominated by the free nuclear recoil response. For the massless mediator, the q�4 form factor favors small momenta, and the

rate is dominated by the lowest accessible mode for a given threshold.

distribution, which we take to be

f (v) =
1

N0

exp

"
�

(v + ve)
2

v2
0

#
⇥ (vesc � |v + ve|) ,

N0 = ⇡
3/2

v
3
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
erf

✓
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v0

◆
� 2

vesc

v0

exp

✓
�

v
2
esc

v2
0

◆�
, (44)

with v0 = 220 km/s, the Earth’s average velocity ve =
240 km/s, and vesc = 500 km/s the approximate local
escape velocity of the Milky Way. The scattering rate
can be further simplified in the isotropic limit; using (3),

R =
1

4⇡⇢T

⇢�

m�

�p

µ2
�

Z
d
3v

f(v)

v

q+Z

q�

dq

!+Z

!th

d! q |F̃ (q)|2S(q,!)

(45)
where !th is the energy threshold of the experiment, and
the other integration limits7 are

q± ⌘ m�v

 
1 ±

s

1 �
2!th

m�v2

!
(46)

!+ ⌘ qv �
q
2

2m�

. (47)

Note (47) defines the phase space boundary shown in
Fig. 6 for a given m� and v. Finally, ⇢T is the mass

7
In numerical implementations of (45), as done in DarkELF, it

is beneficial to change the order of integrating by first carrying

out the v integral, followed by the q integral and finally the !

integral.

density of the target material and we have recast the
rate in terms of the DM-proton scattering cross section
�p ⌘ 4⇡b

2
p
.

A. Massive hadrophilic mediator

In the case of a massive mediator coupling to baryon
number, we calculate the scattering rate by taking
fd = Ad and F̃ (q) = 1. The cross sections correspond-
ing to a rate of 3 events/kg-year exposure are shown in
the left panel of Fig. 8, assuming a GaAs target and for
di↵erent energy thresholds. The same figures for Si, Ge
and diamond can be found in Appendix D.

We can understand the numerical results in Fig. 8 ana-
lytically using the scaling of the structure factor discussed
in Secs. III A–III D. First, from (45), the m� dependence
of the rate is contained in

R /
�p

m�µ2
�

q+Z

q�

dq

!+Z

!th

d! q S(q, !). (48)

The structure factor only contains positive powers of q

across the entire phase space, so for a massive media-
tor, the integral (48) will be dominated by the largest
kinematically accessible momentum transfers.

For m� � 30 MeV, the kinematically allowed phase
space is extended to q and !

where the free nuclear recoil approximation can be
used. The rate therefore approximately scales as R ⇠

1/m� for mp & m� � 30 MeV.
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