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2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[3, 2] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[1, 2] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[1, 2, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[1, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3, 4] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[3, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 4] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] pe[1, 5] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[4, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 4] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 5] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[4, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 4] pe[2, 3] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3]

AYM =
<latexit sha1_base64="EEwusPeNJmuyP5sMTudFP3r/V6M=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0ItQEcGLUMF+SLuUbJptQ5PsmmQLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99tZWl5ZXVvPbeQ3t7Z3dgt7+3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2gsH1xG8MqdIskg9mFFNf4J5kISPYWMm/6qRtJdDj3Rhdok6h6JbcKdAi8TJShAzVTuGr3Y1IIqg0hGOtW54bGz/FyjDC6TjfTjSNMRngHm1ZKrGg2k+nR4/RsVW6KIyULWnQVP09kWKh9UgEtlNg09fz3kT8z2slJrzwUybjxFBJZovChCMToUkCqMsUJYaPLMFEMXsrIn2sMDE2p7wNwZt/eZHUyyXvtFS+PytWbrI4cnAIR3ACHpxDBW6hCjUg8ATP8ApvztB5cd6dj1nrkpPNHMAfOJ8/Ou2RGQ==</latexit>

=<latexit sha1_base64="614gyydmLltjts28iczxyyfPfgM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CQASPCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/pFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepdFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCPAozI</latexit>

AYM ⌦AYM = AGR
<latexit sha1_base64="JCJj7stv+amv8J1N92+JtwSXoqo=">AAACE3icbZDNSsNAFIUn9a/Wv6hLN4NFEBclqYJuhIqIboQqtlaaECbTSTt0MgkzE6GEvIMbX8WNC0XcunHn2zhts6itBwY+zr2XO/f4MaNSWdaPUZibX1hcKi6XVlbX1jfMza2mjBKBSQNHLBItH0nCKCcNRRUjrVgQFPqM3Pv982H9/pEISSN+pwYxcUPU5TSgGClteeYBPPNSR4Tw4TqDTqRoSOSkdZrz5W3mmWWrYo0EZ8HOoQxy1T3z2+lEOAkJV5ghKdu2FSs3RUJRzEhWchJJYoT7qEvaGjnSu910dFMG97TTgUEk9OMKjtzJiRSFUg5CX3eGSPXkdG1o/ldrJyo4cVPK40QRjseLgoRBFcFhQLBDBcGKDTQgLKj+K8Q9JBBWOsaSDsGePnkWmtWKfVip3hyVaxd5HEWwA3bBPrDBMaiBK1AHDYDBE3gBb+DdeDZejQ/jc9xaMPKZbfBHxtcvmd6cvg==</latexit>

and hidden structure linking gauge + gravity.

Amplitudes have revealed hidden simplicity



Can we leverage these “miracles” for LIGO?

Yes!  After ~1 yr we have new results for GR.



A black hole binary merger has three phases.

I will focus on the  
conservative potential

(figure from 1610.03567)



virial theorem

The post-Newtonian (PN) approximation is 
an expansion in powers of

which are tiny and perturbatively calculable 
during the inspiral phase.

v2 ⇠ GM

r
⌧ 1

<latexit sha1_base64="xFawPH1n+sqXnGUXdbMLPHOOV2c=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIrkpSBF0WRHQjVLAXaGKZTCft0MkkzEwKJXThxldx40IRtz6EO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg5rbdGVCoWi3s9Tqgf4b5gISNYG6trl0YPVeQpFiEvlJhk17eTTE6Qxzlyu3bZqTgzoWVwcyhDrnrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6KXqpogkmQ9ynHYMCR1T52eyICToxTg+FsTRPaDRzf09kOFJqHAWmM8J6oBZrU/O/WifV4YWfMZGkmgoyXxSmHOkYTRNBPSYp0XxsABPJzF8RGWAThja5FU0I7uLJy9CsVlzDd2fl2lUeRwFKcAyn4MI51OAG6tAAAo/wDK/wZj1ZL9a79TFvXbHymSP4I+vzB0y1lzo=</latexit><latexit sha1_base64="xFawPH1n+sqXnGUXdbMLPHOOV2c=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIrkpSBF0WRHQjVLAXaGKZTCft0MkkzEwKJXThxldx40IRtz6EO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg5rbdGVCoWi3s9Tqgf4b5gISNYG6trl0YPVeQpFiEvlJhk17eTTE6Qxzlyu3bZqTgzoWVwcyhDrnrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6KXqpogkmQ9ynHYMCR1T52eyICToxTg+FsTRPaDRzf09kOFJqHAWmM8J6oBZrU/O/WifV4YWfMZGkmgoyXxSmHOkYTRNBPSYp0XxsABPJzF8RGWAThja5FU0I7uLJy9CsVlzDd2fl2lUeRwFKcAyn4MI51OAG6tAAAo/wDK/wZj1ZL9a79TFvXbHymSP4I+vzB0y1lzo=</latexit><latexit sha1_base64="xFawPH1n+sqXnGUXdbMLPHOOV2c=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIrkpSBF0WRHQjVLAXaGKZTCft0MkkzEwKJXThxldx40IRtz6EO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg5rbdGVCoWi3s9Tqgf4b5gISNYG6trl0YPVeQpFiEvlJhk17eTTE6Qxzlyu3bZqTgzoWVwcyhDrnrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6KXqpogkmQ9ynHYMCR1T52eyICToxTg+FsTRPaDRzf09kOFJqHAWmM8J6oBZrU/O/WifV4YWfMZGkmgoyXxSmHOkYTRNBPSYp0XxsABPJzF8RGWAThja5FU0I7uLJy9CsVlzDd2fl2lUeRwFKcAyn4MI51OAG6tAAAo/wDK/wZj1ZL9a79TFvXbHymSP4I+vzB0y1lzo=</latexit><latexit sha1_base64="xFawPH1n+sqXnGUXdbMLPHOOV2c=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIrkpSBF0WRHQjVLAXaGKZTCft0MkkzEwKJXThxldx40IRtz6EO9/GaZuFtv4w8PGfczhz/iDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg5rbdGVCoWi3s9Tqgf4b5gISNYG6trl0YPVeQpFiEvlJhk17eTTE6Qxzlyu3bZqTgzoWVwcyhDrnrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6KXqpogkmQ9ynHYMCR1T52eyICToxTg+FsTRPaDRzf09kOFJqHAWmM8J6oBZrU/O/WifV4YWfMZGkmgoyXxSmHOkYTRNBPSYp0XxsABPJzF8RGWAThja5FU0I7uLJy9CsVlzDd2fl2lUeRwFKcAyn4MI51OAG6tAAAo/wDK/wZj1ZL9a79TFvXbHymSP4I+vzB0y1lzo=</latexit>

The post-Minkowskian (PM) expansion is an 
expansion purely in powers of     .G

<latexit sha1_base64="zzTi27ilLlZAf5QtQnQ1msxvpNQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYENFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45tZvf2ESvNYPphJgn5Eh5KHnFFjrcZdv1xxq+5cZBW8HCqQq94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzRedkjPrDEgYK/ukIXP390RGI60nUWA7I2pGerk2M/+rdVMTXvsZl0lqULLFR2EqiInJ7Goy4AqZERMLlCludyVsRBVlxmZTsiF4yyevQuui6lluXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7I+fwBnN6Mzg==</latexit><latexit sha1_base64="zzTi27ilLlZAf5QtQnQ1msxvpNQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYENFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45tZvf2ESvNYPphJgn5Eh5KHnFFjrcZdv1xxq+5cZBW8HCqQq94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzRedkjPrDEgYK/ukIXP390RGI60nUWA7I2pGerk2M/+rdVMTXvsZl0lqULLFR2EqiInJ7Goy4AqZERMLlCludyVsRBVlxmZTsiF4yyevQuui6lluXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7I+fwBnN6Mzg==</latexit><latexit sha1_base64="zzTi27ilLlZAf5QtQnQ1msxvpNQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYENFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45tZvf2ESvNYPphJgn5Eh5KHnFFjrcZdv1xxq+5cZBW8HCqQq94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzRedkjPrDEgYK/ukIXP390RGI60nUWA7I2pGerk2M/+rdVMTXvsZl0lqULLFR2EqiInJ7Goy4AqZERMLlCludyVsRBVlxmZTsiF4yyevQuui6lluXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7I+fwBnN6Mzg==</latexit><latexit sha1_base64="zzTi27ilLlZAf5QtQnQ1msxvpNQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYENFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45tZvf2ESvNYPphJgn5Eh5KHnFFjrcZdv1xxq+5cZBW8HCqQq94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzRedkjPrDEgYK/ukIXP390RGI60nUWA7I2pGerk2M/+rdVMTXvsZl0lqULLFR2EqiInJ7Goy4AqZERMLlCludyVsRBVlxmZTsiF4yyevQuui6lluXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7I+fwBnN6Mzg==</latexit>



GM2 � 1
<latexit sha1_base64="FafSkNwoBio6wpOLjDDyCXl8w44=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNBRC9CBfsh7VqyaXYbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxLOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN3WcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhpcTv/VElWaxvDejhPoCR5KFjGBjpYfr28dqN4qQ1yuV3Yo7BVokXk7KkKPeK311+zFJBZWGcKx1x3MT42dYGUY4HRe7qaYJJkMc0Y6lEguq/Wx68BgdW6WPwljZkgZN1d8TGRZaj0RgOwU2Az3vTcT/vE5qwgs/YzJJDZVktihMOTIxmnyP+kxRYvjIEkwUs7ciMsAKE2MzKtoQvPmXF0mzWvFOK9W7s3LtKo+jAIdwBCfgwTnU4Abq0AACAp7hFd4c5bw4787HrHXJyWcO4A+czx9eQY96</latexit>

A(p, q)
<latexit sha1_base64="i9VFx2Qbkxw5i9Pa+elTYlO6x2w=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuixIoLHCvYD2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlVjs8eT3vFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3d16q3WRx5OEIjqEMHlxADW6hDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHYu+OWA==</latexit><latexit sha1_base64="i9VFx2Qbkxw5i9Pa+elTYlO6x2w=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuixIoLHCvYD2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlVjs8eT3vFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3d16q3WRx5OEIjqEMHlxADW6hDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHYu+OWA==</latexit><latexit sha1_base64="i9VFx2Qbkxw5i9Pa+elTYlO6x2w=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuixIoLHCvYD2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlVjs8eT3vFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3d16q3WRx5OEIjqEMHlxADW6hDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHYu+OWA==</latexit><latexit sha1_base64="i9VFx2Qbkxw5i9Pa+elTYlO6x2w=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuixIoLHCvYD2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlVjs8eT3vFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3d16q3WRx5OEIjqEMHlxADW6hDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHYu+OWA==</latexit>

{
<latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit>

+
<latexit sha1_base64="55TmTxuGtd5zEQg3a/BhpWrux9w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4aMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1wcDjvRlm5gWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9nfvsJleaxfDCTBP2IDiUPOaPGSo2LfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJa3LqudWvcZVpXafx1GEEziFc/DgGmpwB3VoAgOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3SHjLk=</latexit><latexit sha1_base64="55TmTxuGtd5zEQg3a/BhpWrux9w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4aMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1wcDjvRlm5gWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9nfvsJleaxfDCTBP2IDiUPOaPGSo2LfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJa3LqudWvcZVpXafx1GEEziFc/DgGmpwB3VoAgOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3SHjLk=</latexit><latexit sha1_base64="55TmTxuGtd5zEQg3a/BhpWrux9w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4aMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1wcDjvRlm5gWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9nfvsJleaxfDCTBP2IDiUPOaPGSo2LfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJa3LqudWvcZVpXafx1GEEziFc/DgGmpwB3VoAgOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3SHjLk=</latexit><latexit sha1_base64="55TmTxuGtd5zEQg3a/BhpWrux9w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4aMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1wcDjvRlm5gWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9nfvsJleaxfDCTBP2IDiUPOaPGSo2LfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzQKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7Gsy4AqZERNLKFPc3krYiCrKjM2mZEPwll9eJa3LqudWvcZVpXafx1GEEziFc/DgGmpwB3VoAgOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3SHjLk=</latexit>

+ · · ·
<latexit sha1_base64="gSLl22+qYu/IfXZ0QkAVWH7gyFA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4qGBroQ1ls9m0SzfZuDsRSuif8OJBEa/+HW/+G7dtDtr6YODx3gwz84JUCoOu++2UVlbX1jfKm5Wt7Z3dver+QduoTDPeYkoq3Qmo4VIkvIUCJe+kmtM4kPwhGF1P/Ycnro1QyT2OU+7HdJCISDCKVuqckR4LFZp+tebW3RnIMvEKUoMCzX71qxcqlsU8QSapMV3PTdHPqUbBJJ9UepnhKWUjOuBdSxMac+Pns3sn5MQqIYmUtpUgmam/J3IaGzOOA9sZUxyaRW8q/ud1M4yu/FwkaYY8YfNFUSYJKjJ9noRCc4ZybAllWthbCRtSTRnaiCo2BG/x5WXSPq97bt27u6g1bos4ynAEx3AKHlxCA26gCS1gIOEZXuHNeXRenHfnY95acoqZQ/gD5/MHbt+PmA==</latexit><latexit sha1_base64="gSLl22+qYu/IfXZ0QkAVWH7gyFA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4qGBroQ1ls9m0SzfZuDsRSuif8OJBEa/+HW/+G7dtDtr6YODx3gwz84JUCoOu++2UVlbX1jfKm5Wt7Z3dver+QduoTDPeYkoq3Qmo4VIkvIUCJe+kmtM4kPwhGF1P/Ycnro1QyT2OU+7HdJCISDCKVuqckR4LFZp+tebW3RnIMvEKUoMCzX71qxcqlsU8QSapMV3PTdHPqUbBJJ9UepnhKWUjOuBdSxMac+Pns3sn5MQqIYmUtpUgmam/J3IaGzOOA9sZUxyaRW8q/ud1M4yu/FwkaYY8YfNFUSYJKjJ9noRCc4ZybAllWthbCRtSTRnaiCo2BG/x5WXSPq97bt27u6g1bos4ynAEx3AKHlxCA26gCS1gIOEZXuHNeXRenHfnY95acoqZQ/gD5/MHbt+PmA==</latexit><latexit sha1_base64="gSLl22+qYu/IfXZ0QkAVWH7gyFA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4qGBroQ1ls9m0SzfZuDsRSuif8OJBEa/+HW/+G7dtDtr6YODx3gwz84JUCoOu++2UVlbX1jfKm5Wt7Z3dver+QduoTDPeYkoq3Qmo4VIkvIUCJe+kmtM4kPwhGF1P/Ycnro1QyT2OU+7HdJCISDCKVuqckR4LFZp+tebW3RnIMvEKUoMCzX71qxcqlsU8QSapMV3PTdHPqUbBJJ9UepnhKWUjOuBdSxMac+Pns3sn5MQqIYmUtpUgmam/J3IaGzOOA9sZUxyaRW8q/ud1M4yu/FwkaYY8YfNFUSYJKjJ9noRCc4ZybAllWthbCRtSTRnaiCo2BG/x5WXSPq97bt27u6g1bos4ynAEx3AKHlxCA26gCS1gIOEZXuHNeXRenHfnY95acoqZQ/gD5/MHbt+PmA==</latexit><latexit sha1_base64="gSLl22+qYu/IfXZ0QkAVWH7gyFA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjx4qGBroQ1ls9m0SzfZuDsRSuif8OJBEa/+HW/+G7dtDtr6YODx3gwz84JUCoOu++2UVlbX1jfKm5Wt7Z3dver+QduoTDPeYkoq3Qmo4VIkvIUCJe+kmtM4kPwhGF1P/Ycnro1QyT2OU+7HdJCISDCKVuqckR4LFZp+tebW3RnIMvEKUoMCzX71qxcqlsU8QSapMV3PTdHPqUbBJJ9UepnhKWUjOuBdSxMac+Pns3sn5MQqIYmUtpUgmam/J3IaGzOOA9sZUxyaRW8q/ud1M4yu/FwkaYY8YfNFUSYJKjJ9noRCc4ZybAllWthbCRtSTRnaiCo2BG/x5WXSPq97bt27u6g1bos4ynAEx3AKHlxCA26gCS1gIOEZXuHNeXRenHfnY95acoqZQ/gD5/MHbt+PmA==</latexit> }

<latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit><latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit><latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit><latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit>

{
<latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit>

}
<latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit><latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit><latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit><latexit sha1_base64="kVnYE3nmM1DfV1dB34AQN3Nzi/w=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKZvtplm62YTdiVBCDl78K148KOLVH+HNf+O2zUFbHww83pthZl6YCa7Bdb+ttfWNza3t2k59d2//4NA+Ou7oNFeU+TQVqeqFRDPBJfOBg2C9TDGShIJ1w8nNzO8+MKV5Ku9hmrFBQsaSR5wSMNLQbgSCReDgIIuJhDQpeiUOFB/HEJRDu+k67hx4lXgVaaIK7aH9FYxSmidMAhVE677nZjAoiAJOBSvrQa5ZRuiEjFnfUEkSpgfF/IkSnxllhKNUmZKA5+rviYIkWk+T0HQmBGK97M3E/7x+DtH1oOAyy4FJulgU5QJDimeJ4BFXjIKYGkKo4uZWTGOiCAWTW92E4C2/vEo6F47nOt7dZbPlV3HUUAOdonPkoSvUQreojXxE0SN6Rq/ozXqyXqx362PRumZVMyfoD6zPH7+vmDc=</latexit>

⇠<latexit sha1_base64="BVyj44p9Cubgl264pnJkDQYihU4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgY2ERwcRAcoS9zSRZsrt37O4J4chfsLFQxNY/ZOe/cS+5QhMfDDzem2FmXpQIbqzvf3ultfWNza3ydmVnd2//oHp41DZxqhm2WCxi3YmoQcEVtiy3AjuJRiojgY/R5Cb3H59QGx6rBztNMJR0pPiQM2pzqWe47Fdrft2fg6ySoCA1KNDsV796g5ilEpVlghrTDfzEhhnVljOBs0ovNZhQNqEj7DqqqEQTZvNbZ+TMKQMyjLUrZclc/T2RUWnMVEauU1I7NsteLv7ndVM7vA4zrpLUomKLRcNUEBuT/HEy4BqZFVNHKNPc3UrYmGrKrIun4kIIll9eJe2LeuDXg/vLWuOuiKMMJ3AK5xDAFTTgFprQAgZjeIZXePOk9+K9ex+L1pJXzBzDH3ifPyKxjlE=</latexit><latexit sha1_base64="BVyj44p9Cubgl264pnJkDQYihU4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgY2ERwcRAcoS9zSRZsrt37O4J4chfsLFQxNY/ZOe/cS+5QhMfDDzem2FmXpQIbqzvf3ultfWNza3ydmVnd2//oHp41DZxqhm2WCxi3YmoQcEVtiy3AjuJRiojgY/R5Cb3H59QGx6rBztNMJR0pPiQM2pzqWe47Fdrft2fg6ySoCA1KNDsV796g5ilEpVlghrTDfzEhhnVljOBs0ovNZhQNqEj7DqqqEQTZvNbZ+TMKQMyjLUrZclc/T2RUWnMVEauU1I7NsteLv7ndVM7vA4zrpLUomKLRcNUEBuT/HEy4BqZFVNHKNPc3UrYmGrKrIun4kIIll9eJe2LeuDXg/vLWuOuiKMMJ3AK5xDAFTTgFprQAgZjeIZXePOk9+K9ex+L1pJXzBzDH3ifPyKxjlE=</latexit><latexit sha1_base64="BVyj44p9Cubgl264pnJkDQYihU4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgY2ERwcRAcoS9zSRZsrt37O4J4chfsLFQxNY/ZOe/cS+5QhMfDDzem2FmXpQIbqzvf3ultfWNza3ydmVnd2//oHp41DZxqhm2WCxi3YmoQcEVtiy3AjuJRiojgY/R5Cb3H59QGx6rBztNMJR0pPiQM2pzqWe47Fdrft2fg6ySoCA1KNDsV796g5ilEpVlghrTDfzEhhnVljOBs0ovNZhQNqEj7DqqqEQTZvNbZ+TMKQMyjLUrZclc/T2RUWnMVEauU1I7NsteLv7ndVM7vA4zrpLUomKLRcNUEBuT/HEy4BqZFVNHKNPc3UrYmGrKrIun4kIIll9eJe2LeuDXg/vLWuOuiKMMJ3AK5xDAFTTgFprQAgZjeIZXePOk9+K9ex+L1pJXzBzDH3ifPyKxjlE=</latexit><latexit sha1_base64="BVyj44p9Cubgl264pnJkDQYihU4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgY2ERwcRAcoS9zSRZsrt37O4J4chfsLFQxNY/ZOe/cS+5QhMfDDzem2FmXpQIbqzvf3ultfWNza3ydmVnd2//oHp41DZxqhm2WCxi3YmoQcEVtiy3AjuJRiojgY/R5Cb3H59QGx6rBztNMJR0pPiQM2pzqWe47Fdrft2fg6ySoCA1KNDsV796g5ilEpVlghrTDfzEhhnVljOBs0ovNZhQNqEj7DqqqEQTZvNbZ+TMKQMyjLUrZclc/T2RUWnMVEauU1I7NsteLv7ndVM7vA4zrpLUomKLRcNUEBuT/HEy4BqZFVNHKNPc3UrYmGrKrIun4kIIll9eJe2LeuDXg/vLWuOuiKMMJ3AK5xDAFTTgFprQAgZjeIZXePOk9+K9ex+L1pJXzBzDH3ifPyKxjlE=</latexit> G(1 + v2 + · · · )
<latexit sha1_base64="YItFaO6yLEbI1lfth2terdFg8Rg=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQKZSZIthlwYUuK9gHtGPJZDJtaCYZkkyljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXee/yYUaUd59vKbWxube/kdwt7+weHR3bxuK1EIjFpYcGE7PpIEUY5aWmqGenGkqDIZ6Tjj6/nfmdCpKKC3+tpTLwIDTkNKUbaSAO7eFN2K3DyUIOVPg6EVhcDu+RUnQXgOnEzUgIZmgP7qx8InESEa8yQUj3XibWXIqkpZmRW6CeKxAiP0ZD0DOUoIspLF6fP4LlRAhgKaYpruFB/T6QoUmoa+aYzQnqkVr25+J/XS3RY91LK40QTjpeLwoRBLeA8BxhQSbBmU0MQltTcCvEISYS1SatgQnBXX14n7VrVdaru3WWpUc/iyINTcAbKwAVXoAFuQRO0AAaP4Bm8gjfryXqx3q2PZWvOymZOwB9Ynz93qZIp</latexit><latexit sha1_base64="YItFaO6yLEbI1lfth2terdFg8Rg=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQKZSZIthlwYUuK9gHtGPJZDJtaCYZkkyljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXee/yYUaUd59vKbWxube/kdwt7+weHR3bxuK1EIjFpYcGE7PpIEUY5aWmqGenGkqDIZ6Tjj6/nfmdCpKKC3+tpTLwIDTkNKUbaSAO7eFN2K3DyUIOVPg6EVhcDu+RUnQXgOnEzUgIZmgP7qx8InESEa8yQUj3XibWXIqkpZmRW6CeKxAiP0ZD0DOUoIspLF6fP4LlRAhgKaYpruFB/T6QoUmoa+aYzQnqkVr25+J/XS3RY91LK40QTjpeLwoRBLeA8BxhQSbBmU0MQltTcCvEISYS1SatgQnBXX14n7VrVdaru3WWpUc/iyINTcAbKwAVXoAFuQRO0AAaP4Bm8gjfryXqx3q2PZWvOymZOwB9Ynz93qZIp</latexit><latexit sha1_base64="YItFaO6yLEbI1lfth2terdFg8Rg=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQKZSZIthlwYUuK9gHtGPJZDJtaCYZkkyljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXee/yYUaUd59vKbWxube/kdwt7+weHR3bxuK1EIjFpYcGE7PpIEUY5aWmqGenGkqDIZ6Tjj6/nfmdCpKKC3+tpTLwIDTkNKUbaSAO7eFN2K3DyUIOVPg6EVhcDu+RUnQXgOnEzUgIZmgP7qx8InESEa8yQUj3XibWXIqkpZmRW6CeKxAiP0ZD0DOUoIspLF6fP4LlRAhgKaYpruFB/T6QoUmoa+aYzQnqkVr25+J/XS3RY91LK40QTjpeLwoRBLeA8BxhQSbBmU0MQltTcCvEISYS1SatgQnBXX14n7VrVdaru3WWpUc/iyINTcAbKwAVXoAFuQRO0AAaP4Bm8gjfryXqx3q2PZWvOymZOwB9Ynz93qZIp</latexit><latexit sha1_base64="YItFaO6yLEbI1lfth2terdFg8Rg=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQKZSZIthlwYUuK9gHtGPJZDJtaCYZkkyljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXee/yYUaUd59vKbWxube/kdwt7+weHR3bxuK1EIjFpYcGE7PpIEUY5aWmqGenGkqDIZ6Tjj6/nfmdCpKKC3+tpTLwIDTkNKUbaSAO7eFN2K3DyUIOVPg6EVhcDu+RUnQXgOnEzUgIZmgP7qx8InESEa8yQUj3XibWXIqkpZmRW6CeKxAiP0ZD0DOUoIspLF6fP4LlRAhgKaYpruFB/T6QoUmoa+aYzQnqkVr25+J/XS3RY91LK40QTjpeLwoRBLeA8BxhQSbBmU0MQltTcCvEISYS1SatgQnBXX14n7VrVdaru3WWpUc/iyINTcAbKwAVXoAFuQRO0AAaP4Bm8gjfryXqx3q2PZWvOymZOwB9Ynz93qZIp</latexit>

G2(1 + v2 + · · · )
<latexit sha1_base64="HFnhACsl3tZlUv3BRnBSsLN7dtA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQKZSZIthlwYUuK9gHtNOSyWTa0EwyJJnCUOqvuHGhiFs/xJ1/Y9rOQlsPXDiccy/33uPHjCrtON9Wbmt7Z3cvv184ODw6PrFPz9pKJBKTFhZMyK6PFGGUk5ammpFuLAmKfEY6/uR24XemRCoq+KNOY+JFaMRpSDHSRhraxbtBrexW4HRQg5U+DoRWV0O75FSdJeAmcTNSAhmaQ/urHwicRIRrzJBSPdeJtTdDUlPMyLzQTxSJEZ6gEekZylFElDdbHj+Hl0YJYCikKa7hUv09MUORUmnkm84I6bFa9xbif14v0WHdm1EeJ5pwvFoUJgxqARdJwIBKgjVLDUFYUnMrxGMkEdYmr4IJwV1/eZO0a1XXqboP16VGPYsjD87BBSgDF9yABrgHTdACGKTgGbyCN+vJerHerY9Va87KZorgD6zPH6Ysks0=</latexit><latexit sha1_base64="HFnhACsl3tZlUv3BRnBSsLN7dtA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQKZSZIthlwYUuK9gHtNOSyWTa0EwyJJnCUOqvuHGhiFs/xJ1/Y9rOQlsPXDiccy/33uPHjCrtON9Wbmt7Z3cvv184ODw6PrFPz9pKJBKTFhZMyK6PFGGUk5ammpFuLAmKfEY6/uR24XemRCoq+KNOY+JFaMRpSDHSRhraxbtBrexW4HRQg5U+DoRWV0O75FSdJeAmcTNSAhmaQ/urHwicRIRrzJBSPdeJtTdDUlPMyLzQTxSJEZ6gEekZylFElDdbHj+Hl0YJYCikKa7hUv09MUORUmnkm84I6bFa9xbif14v0WHdm1EeJ5pwvFoUJgxqARdJwIBKgjVLDUFYUnMrxGMkEdYmr4IJwV1/eZO0a1XXqboP16VGPYsjD87BBSgDF9yABrgHTdACGKTgGbyCN+vJerHerY9Va87KZorgD6zPH6Ysks0=</latexit><latexit sha1_base64="HFnhACsl3tZlUv3BRnBSsLN7dtA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQKZSZIthlwYUuK9gHtNOSyWTa0EwyJJnCUOqvuHGhiFs/xJ1/Y9rOQlsPXDiccy/33uPHjCrtON9Wbmt7Z3cvv184ODw6PrFPz9pKJBKTFhZMyK6PFGGUk5ammpFuLAmKfEY6/uR24XemRCoq+KNOY+JFaMRpSDHSRhraxbtBrexW4HRQg5U+DoRWV0O75FSdJeAmcTNSAhmaQ/urHwicRIRrzJBSPdeJtTdDUlPMyLzQTxSJEZ6gEekZylFElDdbHj+Hl0YJYCikKa7hUv09MUORUmnkm84I6bFa9xbif14v0WHdm1EeJ5pwvFoUJgxqARdJwIBKgjVLDUFYUnMrxGMkEdYmr4IJwV1/eZO0a1XXqboP16VGPYsjD87BBSgDF9yABrgHTdACGKTgGbyCN+vJerHerY9Va87KZorgD6zPH6Ysks0=</latexit><latexit sha1_base64="HFnhACsl3tZlUv3BRnBSsLN7dtA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQKZSZIthlwYUuK9gHtNOSyWTa0EwyJJnCUOqvuHGhiFs/xJ1/Y9rOQlsPXDiccy/33uPHjCrtON9Wbmt7Z3cvv184ODw6PrFPz9pKJBKTFhZMyK6PFGGUk5ammpFuLAmKfEY6/uR24XemRCoq+KNOY+JFaMRpSDHSRhraxbtBrexW4HRQg5U+DoRWV0O75FSdJeAmcTNSAhmaQ/urHwicRIRrzJBSPdeJtTdDUlPMyLzQTxSJEZ6gEekZylFElDdbHj+Hl0YJYCikKa7hUv09MUORUmnkm84I6bFa9xbif14v0WHdm1EeJ5pwvFoUJgxqARdJwIBKgjVLDUFYUnMrxGMkEdYmr4IJwV1/eZO0a1XXqboP16VGPYsjD87BBSgDF9yABrgHTdACGKTgGbyCN+vJerHerY9Va87KZorgD6zPH6Ysks0=</latexit>

G3(1 + v2 + · · · )
<latexit sha1_base64="ftJSECMiA09XyKnOOqpDBnWg0dY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqhTJTBbssuNBlBfuAdloymUwbmkmGJFMoQ/0VNy4UceuHuPNvTNtZaOuBC4dz7uXee/yYUaUd59va2Nza3tnN7eX3Dw6Pju2T05YSicSkiQUTsuMjRRjlpKmpZqQTS4Iin5G2P76d++0JkYoK/qinMfEiNOQ0pBhpIw3swl3/quSW4aRfheUeDoRWlwO76FScBeA6cTNSBBkaA/urFwicRIRrzJBSXdeJtZciqSlmZJbvJYrECI/RkHQN5SgiyksXx8/ghVECGAppimu4UH9PpChSahr5pjNCeqRWvbn4n9dNdFjzUsrjRBOOl4vChEEt4DwJGFBJsGZTQxCW1NwK8QhJhLXJK29CcFdfXietasV1Ku7DdbFey+LIgTNwDkrABTegDu5BAzQBBlPwDF7Bm/VkvVjv1seydcPKZgrgD6zPH6fAks4=</latexit><latexit sha1_base64="ftJSECMiA09XyKnOOqpDBnWg0dY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqhTJTBbssuNBlBfuAdloymUwbmkmGJFMoQ/0VNy4UceuHuPNvTNtZaOuBC4dz7uXee/yYUaUd59va2Nza3tnN7eX3Dw6Pju2T05YSicSkiQUTsuMjRRjlpKmpZqQTS4Iin5G2P76d++0JkYoK/qinMfEiNOQ0pBhpIw3swl3/quSW4aRfheUeDoRWlwO76FScBeA6cTNSBBkaA/urFwicRIRrzJBSXdeJtZciqSlmZJbvJYrECI/RkHQN5SgiyksXx8/ghVECGAppimu4UH9PpChSahr5pjNCeqRWvbn4n9dNdFjzUsrjRBOOl4vChEEt4DwJGFBJsGZTQxCW1NwK8QhJhLXJK29CcFdfXietasV1Ku7DdbFey+LIgTNwDkrABTegDu5BAzQBBlPwDF7Bm/VkvVjv1seydcPKZgrgD6zPH6fAks4=</latexit><latexit sha1_base64="ftJSECMiA09XyKnOOqpDBnWg0dY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqhTJTBbssuNBlBfuAdloymUwbmkmGJFMoQ/0VNy4UceuHuPNvTNtZaOuBC4dz7uXee/yYUaUd59va2Nza3tnN7eX3Dw6Pju2T05YSicSkiQUTsuMjRRjlpKmpZqQTS4Iin5G2P76d++0JkYoK/qinMfEiNOQ0pBhpIw3swl3/quSW4aRfheUeDoRWlwO76FScBeA6cTNSBBkaA/urFwicRIRrzJBSXdeJtZciqSlmZJbvJYrECI/RkHQN5SgiyksXx8/ghVECGAppimu4UH9PpChSahr5pjNCeqRWvbn4n9dNdFjzUsrjRBOOl4vChEEt4DwJGFBJsGZTQxCW1NwK8QhJhLXJK29CcFdfXietasV1Ku7DdbFey+LIgTNwDkrABTegDu5BAzQBBlPwDF7Bm/VkvVjv1seydcPKZgrgD6zPH6fAks4=</latexit><latexit sha1_base64="ftJSECMiA09XyKnOOqpDBnWg0dY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqhTJTBbssuNBlBfuAdloymUwbmkmGJFMoQ/0VNy4UceuHuPNvTNtZaOuBC4dz7uXee/yYUaUd59va2Nza3tnN7eX3Dw6Pju2T05YSicSkiQUTsuMjRRjlpKmpZqQTS4Iin5G2P76d++0JkYoK/qinMfEiNOQ0pBhpIw3swl3/quSW4aRfheUeDoRWlwO76FScBeA6cTNSBBkaA/urFwicRIRrzJBSXdeJtZciqSlmZJbvJYrECI/RkHQN5SgiyksXx8/ghVECGAppimu4UH9PpChSahr5pjNCeqRWvbn4n9dNdFjzUsrjRBOOl4vChEEt4DwJGFBJsGZTQxCW1NwK8QhJhLXJK29CcFdfXietasV1Ku7DdbFey+LIgTNwDkrABTegDu5BAzQBBlPwDF7Bm/VkvVjv1seydcPKZgrgD6zPH6fAks4=</latexit>{

<latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit><latexit sha1_base64="lG8OF/8h696eg4G7D00/gK4+fIE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwFBIR9Fjw4rGCaQtNKJvtplm62YTdiVBCD178K148KOLVH+HNf+O2zUFbHww83pthZl6UC67Bdb+ttfWNza3t2k59d2//4NA+Ou7orFCU+TQTmepFRDPBJfOBg2C9XDGSRoJ1o/HNzO8+MKV5Ju9hkrMwJSPJY04JGGlgNwLBYghKHOQJkZClZW+KA8VHCTgDu+k67hx4lXgVaaIK7YH9FQwzWqRMAhVE677n5hCWRAGngk3rQaFZTuiYjFjfUElSpsNy/sQUnxlliONMmZKA5+rviZKkWk/SyHSmBBK97M3E/7x+AfF1WHKZF8AkXSyKC4Ehw7NE8JArRkFMDCFUcXMrpglRhILJrW5C8JZfXiWdC8dzHe/ustnyqzhqqIFO0Tny0BVqoVvURj6i6BE9o1f0Zj1ZL9a79bFoXbOqmRP0B9bnD8JQmDU=</latexit>

+
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+ · · ·
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Here n-PN requires n-loops since                 .

Perturbativity holds since                               .GMq ⇠ GM/r ⌧ 1
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...
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map of  perturbation theory
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FIG. 6. 90% upper bounds on the fractional variations of the known
PN coe�cients with respect to their GR values. The orange squares
are the 90% upper bounds obtained from the single-parameter analy-
sis of GW150914. As a comparison, the blue triangles show the 90%
upper bounds extrapolated exclusively from the measured orbital-
period derivative Ṗorb of the double pulsar J0737-3039 [12, 88], here
too allowing for possible GR violations at di↵erent powers of fre-
quency, one at a time. The GW phase deduced from an almost con-
stant Ṗorb cannot provide significant information as the PN order is
increased, so we show the bounds for the latter only up to 1PN order.
We do not report on the deviation of the 2.5PN coe�cient, which is
unmeasurable because it is degenerate with the reference phase. We
also do not report on the deviations of the logarithmic terms in the
PN series at 2.5PN and 3PN order, which can be found in Table I and
in Fig. 7.

{�↵̂2, �↵̂3, �↵̂4}. We do not consider parameters that are de-
generate with either the reference time or the reference phase.
For our analysis, we explore two scenarios: single-parameter
analysis, in which only one of the testing parameters is al-
lowed to vary freely (in addition to masses, spins, ...) while
the remaining ones are fixed to their GR value, that is zero,
and multiple-parameter analysis in which all the parameters
in one of the three sets enumerated above are allowed to vary
simultaneously.

The rationale behind our choices of single- and multiple-
parameter analyses comes from the following considerations.
In most known alternative theories of gravity [13, 14, 89], the
corrections to GR extend to all PN orders even if in most cases
they have been computed only at leading PN order. Consid-
ering that GW150914 is an inspiral–merger–ringdown signal
sweeping through the detector between 20 Hz and 300 Hz,
we expect to see signal deviations from GR at all PN orders.
The single-parameter analysis corresponds to minimally ex-
tended models that can capture deviations from GR that occur
predominantly, but not only, at a specific PN order. Neverthe-

We also include the 0.5PN parameter �'̂1; since '1 is zero in GR, we define
�'̂1 to be an absolute shift rather than a fractional deformation.

less, should a deviation be measurably present at multiple PN
orders, we expect the single-parameter analyses to also cap-
ture these. In the multiple-parameter analysis, the correlations
among the parameters are very significant. In other words, a
shift in one of the testing parameters can always be compen-
sated by a change of the opposite sign in another parameter,
and still return the same overall GW phase. Thus, it is not sur-
prising that the multiple-parameter case provides a much more
conservative statement on the agreement between GW150914
and GR. We defer to future studies the identification of op-
timally determined directions in the � p̂i space by performing
a singular value decomposition along the lines suggested in
Ref. [90].

For each set of testing parameters, we perform a separate
LALInference analysis, where in concert with the full set of
GR parameters [3] we also explore the posterior distributions
for the specified set of testing parameters. Since our testing
parameters are purely phenomenological (except the parame-
ters that govern the PN early-inspiral stage), we choose their
prior probability distributions to be uniform and wide enough
to encompass the full posterior probability density function in
the single-parameter case. In particular we set �'̂i 2 [�20, 20];
��̂i 2 [�3, 3]; �↵̂i 2 [�5, 5]. In all cases we obtain estimates
of the physical parameters – e.g., masses and spins – that are
in agreement with those reported in Ref. [3].

In Fig. 6 we show the 90% upper bounds on deviations in
the (known) PN parameters, �'̂i with i = 0, . . . , 7 (except for
i = 5, which is degenerate with the reference phase), when
varying the testing parameters one at the time, keeping the
other parameters fixed to the GR value. As an illustration, fol-
lowing Ref. [88], we also show in Fig. 6 the bounds obtained
from the measured orbital-period derivative Ṗorb of the double
pulsar J0737-3039 [12]. Also for the latter, bounds are com-
puted by allowing for possible violations of GR at di↵erent
powers of frequency, one at a time. Not surprisingly, since in
binary pulsars the orbital period changes at essentially a con-
stant rate, the corresponding bounds quickly become rather
loose as the PN order is increased. As a consequence, the
double-pulsar bounds are significantly less informative than
GW150914, except at 0PN order, where the double-pulsar
bound is better thanks to the long observation time (⇠ 10 years
against ⇠ 0.4 s for GW150914).6 Thus, GW150914 allows us
for the first time to constrain the coe�cients in the PN series
of the phasing up to 3.5PN order.

Furthermore, in Table I and Fig. 7 we summarize the
constraints on each testing parameter �'̂i for the single and
multiple-parameter analyses. In particular, in the 6th and 7th

columns of Table I we list the quantile at which the GR value
of zero is found within the marginalized one-dimensional pos-
terior (i.e., the integral of the posterior from the lower bound

6 We note that when computing the upper bounds with the binary-pulsar ob-
servations, we include the e↵ect of eccentricity only in the 0PN parameter.
For the higher PN parameters, the e↵ect is not essential considering that
the bounds are not very tight.

LIGO will continue to test PN corrections.
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FIG. 6. 90% upper bounds on the fractional variations of the known
PN coe�cients with respect to their GR values. The orange squares
are the 90% upper bounds obtained from the single-parameter analy-
sis of GW150914. As a comparison, the blue triangles show the 90%
upper bounds extrapolated exclusively from the measured orbital-
period derivative Ṗorb of the double pulsar J0737-3039 [12, 88], here
too allowing for possible GR violations at di↵erent powers of fre-
quency, one at a time. The GW phase deduced from an almost con-
stant Ṗorb cannot provide significant information as the PN order is
increased, so we show the bounds for the latter only up to 1PN order.
We do not report on the deviation of the 2.5PN coe�cient, which is
unmeasurable because it is degenerate with the reference phase. We
also do not report on the deviations of the logarithmic terms in the
PN series at 2.5PN and 3PN order, which can be found in Table I and
in Fig. 7.

{�↵̂2, �↵̂3, �↵̂4}. We do not consider parameters that are de-
generate with either the reference time or the reference phase.
For our analysis, we explore two scenarios: single-parameter
analysis, in which only one of the testing parameters is al-
lowed to vary freely (in addition to masses, spins, ...) while
the remaining ones are fixed to their GR value, that is zero,
and multiple-parameter analysis in which all the parameters
in one of the three sets enumerated above are allowed to vary
simultaneously.

The rationale behind our choices of single- and multiple-
parameter analyses comes from the following considerations.
In most known alternative theories of gravity [13, 14, 89], the
corrections to GR extend to all PN orders even if in most cases
they have been computed only at leading PN order. Consid-
ering that GW150914 is an inspiral–merger–ringdown signal
sweeping through the detector between 20 Hz and 300 Hz,
we expect to see signal deviations from GR at all PN orders.
The single-parameter analysis corresponds to minimally ex-
tended models that can capture deviations from GR that occur
predominantly, but not only, at a specific PN order. Neverthe-

We also include the 0.5PN parameter �'̂1; since '1 is zero in GR, we define
�'̂1 to be an absolute shift rather than a fractional deformation.

less, should a deviation be measurably present at multiple PN
orders, we expect the single-parameter analyses to also cap-
ture these. In the multiple-parameter analysis, the correlations
among the parameters are very significant. In other words, a
shift in one of the testing parameters can always be compen-
sated by a change of the opposite sign in another parameter,
and still return the same overall GW phase. Thus, it is not sur-
prising that the multiple-parameter case provides a much more
conservative statement on the agreement between GW150914
and GR. We defer to future studies the identification of op-
timally determined directions in the � p̂i space by performing
a singular value decomposition along the lines suggested in
Ref. [90].

For each set of testing parameters, we perform a separate
LALInference analysis, where in concert with the full set of
GR parameters [3] we also explore the posterior distributions
for the specified set of testing parameters. Since our testing
parameters are purely phenomenological (except the parame-
ters that govern the PN early-inspiral stage), we choose their
prior probability distributions to be uniform and wide enough
to encompass the full posterior probability density function in
the single-parameter case. In particular we set �'̂i 2 [�20, 20];
��̂i 2 [�3, 3]; �↵̂i 2 [�5, 5]. In all cases we obtain estimates
of the physical parameters – e.g., masses and spins – that are
in agreement with those reported in Ref. [3].

In Fig. 6 we show the 90% upper bounds on deviations in
the (known) PN parameters, �'̂i with i = 0, . . . , 7 (except for
i = 5, which is degenerate with the reference phase), when
varying the testing parameters one at the time, keeping the
other parameters fixed to the GR value. As an illustration, fol-
lowing Ref. [88], we also show in Fig. 6 the bounds obtained
from the measured orbital-period derivative Ṗorb of the double
pulsar J0737-3039 [12]. Also for the latter, bounds are com-
puted by allowing for possible violations of GR at di↵erent
powers of frequency, one at a time. Not surprisingly, since in
binary pulsars the orbital period changes at essentially a con-
stant rate, the corresponding bounds quickly become rather
loose as the PN order is increased. As a consequence, the
double-pulsar bounds are significantly less informative than
GW150914, except at 0PN order, where the double-pulsar
bound is better thanks to the long observation time (⇠ 10 years
against ⇠ 0.4 s for GW150914).6 Thus, GW150914 allows us
for the first time to constrain the coe�cients in the PN series
of the phasing up to 3.5PN order.

Furthermore, in Table I and Fig. 7 we summarize the
constraints on each testing parameter �'̂i for the single and
multiple-parameter analyses. In particular, in the 6th and 7th

columns of Table I we list the quantile at which the GR value
of zero is found within the marginalized one-dimensional pos-
terior (i.e., the integral of the posterior from the lower bound

6 We note that when computing the upper bounds with the binary-pulsar ob-
servations, we include the e↵ect of eccentricity only in the 0PN parameter.
For the higher PN parameters, the e↵ect is not essential considering that
the bounds are not very tight.
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<latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit><latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit><latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit><latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit>

AEFT(p, q)
<latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit><latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit><latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit><latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit>

Atree
<latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit><latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit><latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit><latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit>

V (p, q)
<latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit><latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit><latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit><latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit>
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<latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit><latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit><latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit><latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit>
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<latexit sha1_base64="ODtmDsYf8Xuxy9u4ZlvtZEfjVgs=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIoBuh4kZ3FewD2hgmk2k7dCYJMxOhhIIbf8WNC0Xc+hPu/BunbRbaeuByD+fcy8w9QcKZ0o7zbS0sLi2vrBbWiusbm1vb9s5uQ8WpJLROYh7LVoAV5Syidc00p61EUiwCTpvB4GrsNx+oVCyO7vQwoZ7AvYh1GcHaSL69f4kuUEelwmcovM/K7HiEbqbdt0tOxZkAzRM3JyXIUfPtr04Yk1TQSBOOlWq7TqK9DEvNCKejYidVNMFkgHu0bWiEBVVeNrlhhI6MEqJuLE1FGk3U3xsZFkoNRWAmBdZ9NeuNxf+8dqq7517GoiTVNCLTh7opRzpG40BQyCQlmg8NwUQy81dE+lhiok1sRROCO3vyPGmcVFyn4t6elqrVPI4CHMAhlMGFM6jCNdSgDgQe4Rle4c16sl6sd+tjOrpg5Tt78AfW5w8xoJXx</latexit><latexit sha1_base64="ODtmDsYf8Xuxy9u4ZlvtZEfjVgs=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIoBuh4kZ3FewD2hgmk2k7dCYJMxOhhIIbf8WNC0Xc+hPu/BunbRbaeuByD+fcy8w9QcKZ0o7zbS0sLi2vrBbWiusbm1vb9s5uQ8WpJLROYh7LVoAV5Syidc00p61EUiwCTpvB4GrsNx+oVCyO7vQwoZ7AvYh1GcHaSL69f4kuUEelwmcovM/K7HiEbqbdt0tOxZkAzRM3JyXIUfPtr04Yk1TQSBOOlWq7TqK9DEvNCKejYidVNMFkgHu0bWiEBVVeNrlhhI6MEqJuLE1FGk3U3xsZFkoNRWAmBdZ9NeuNxf+8dqq7517GoiTVNCLTh7opRzpG40BQyCQlmg8NwUQy81dE+lhiok1sRROCO3vyPGmcVFyn4t6elqrVPI4CHMAhlMGFM6jCNdSgDgQe4Rle4c16sl6sd+tjOrpg5Tt78AfW5w8xoJXx</latexit><latexit sha1_base64="ODtmDsYf8Xuxy9u4ZlvtZEfjVgs=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIoBuh4kZ3FewD2hgmk2k7dCYJMxOhhIIbf8WNC0Xc+hPu/BunbRbaeuByD+fcy8w9QcKZ0o7zbS0sLi2vrBbWiusbm1vb9s5uQ8WpJLROYh7LVoAV5Syidc00p61EUiwCTpvB4GrsNx+oVCyO7vQwoZ7AvYh1GcHaSL69f4kuUEelwmcovM/K7HiEbqbdt0tOxZkAzRM3JyXIUfPtr04Yk1TQSBOOlWq7TqK9DEvNCKejYidVNMFkgHu0bWiEBVVeNrlhhI6MEqJuLE1FGk3U3xsZFkoNRWAmBdZ9NeuNxf+8dqq7517GoiTVNCLTh7opRzpG40BQyCQlmg8NwUQy81dE+lhiok1sRROCO3vyPGmcVFyn4t6elqrVPI4CHMAhlMGFM6jCNdSgDgQe4Rle4c16sl6sd+tjOrpg5Tt78AfW5w8xoJXx</latexit><latexit sha1_base64="ODtmDsYf8Xuxy9u4ZlvtZEfjVgs=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIoBuh4kZ3FewD2hgmk2k7dCYJMxOhhIIbf8WNC0Xc+hPu/BunbRbaeuByD+fcy8w9QcKZ0o7zbS0sLi2vrBbWiusbm1vb9s5uQ8WpJLROYh7LVoAV5Syidc00p61EUiwCTpvB4GrsNx+oVCyO7vQwoZ7AvYh1GcHaSL69f4kuUEelwmcovM/K7HiEbqbdt0tOxZkAzRM3JyXIUfPtr04Yk1TQSBOOlWq7TqK9DEvNCKejYidVNMFkgHu0bWiEBVVeNrlhhI6MEqJuLE1FGk3U3xsZFkoNRWAmBdZ9NeuNxf+8dqq7517GoiTVNCLTh7opRzpG40BQyCQlmg8NwUQy81dE+lhiok1sRROCO3vyPGmcVFyn4t6elqrVPI4CHMAhlMGFM6jCNdSgDgQe4Rle4c16sl6sd+tjOrpg5Tt78AfW5w8xoJXx</latexit>

A(p, q)
<latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit><latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit><latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit><latexit sha1_base64="OzQ32pcA1C7TQgPkz50+cfNTRvs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfRY8eKxgt0W2qVk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPfC1TRWiTSC5VO8SaciZo0zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5F9Xk7PH01654tbcGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin9c8t+bdXVTq9TyOIhzBMVTBg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4AYW6OUw==</latexit>

AEFT(p, q)
<latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit><latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit><latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit><latexit sha1_base64="I9MAPgVGPt7zSAjv+xbxBJuKI5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJKIoMeKKB4r9AvaEDbbTbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm4Wt4vbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ36rRGVisWirscJ9SLcFyxkBGsj+bZ942ddGaG7+/qknJw/nfl2yak4M6Bl4uakBDlqvv3V7cUkjajQhGOlOq6TaC/DUjPC6aTYTRVNMBniPu0YKnBElZfNLp+gU6P0UBhLU0Kjmfp7IsORUuMoMJ0R1gO16E3F/7xOqsNrL2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJ86LiOhX38bJUreZxFOAYTqAMLlxBFR6gBg0gMIJneIU3K7NerHfrY966YuUzR/AH1ucP2COSeQ==</latexit>

Atree
<latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit><latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit><latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit><latexit sha1_base64="zStZON8MefjyK+T8XLU6A/czrlk=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJiYxnBxEDuCHubSbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzHFo8kYnpxMyCFBpaKFBCJzXAVCzhMR7fzvzHJzBWJPoBJylEig21GAjO0EnhTS8PjaJoAKa9as2v+3PQVRIUpEYKNHvVr7Cf8EyBRi6Ztd3ATzHKmUHBJUwrYWYhZXzMhtB1VDMFNsrnN0/pmVP6dJAYVxrpXP09kTNl7UTFrlMxHNllbyb+53UzHFxHudBphqD5YtEgkxQTOguA9oUBjnLiCONGuFspHzHDOLqYKi6EYPnlVdK+qAd+Pbi/rDUaRRxlckJOyTkJyBVpkDvSJC3CSUqeySt58zLvxXv3PhatJa+YOSZ/4H3+AOXSkZM=</latexit>

V (p, q)
<latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit><latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit><latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit><latexit sha1_base64="7PDjhop99/mIda9lo5NijWwEC7Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuix4MVjBbsttEvJptk2NpusSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8e+VqmitAWkVyqTog15UzQlmGG006iKI5DTtvh+Gbmt5+o0kyKezNJaBDjoWARI9hYyferycXjeb9ccWvuHGiVeDmpQI5mv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmug6yJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx6zXPrXl3l5VGI4+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+Bq45o</latexit>

integral 
representation

=<latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit><latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit><latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit><latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit>

AEFT =
X

i

d(i)EFTI
(i)

<latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit><latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit><latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit><latexit sha1_base64="xddW84ViI1q+wCw9kexRKJrWvcs=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CIoBuhIoruKvQFTQyT6bQdOpOEmYlQQv7Cjb/ixoUibnXn3zhts6itBy4czrmXe+8JYkalsu0fo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaAZKE0ZA0FFWMtGNBEA8YaQXDq7HfeiRC0iisq1FMPI76Ie1RjJSWfNO69FNXcHh9U8/gBXRlwn0Kuw9phR5nM9Zdrphl27IngIvEyUkZ5Kj55rfbjXDCSagwQ1J2HDtWXoqEopiRrOQmksQID1GfdDQNESfSSyd/ZfBIK13Yi4SuUMGJOjuRIi7liAe6kyM1kPPeWPzP6ySqd+6lNIwTRUI8XdRLGFQRHIcEu1QQrNhIE4QF1bdCPEACYaWjLOkQnPmXF0nzxHJsy7k/LVereRxFcAAOQQU44AxUwS2ogQbA4Am8gDfwbjwbr8aH8TltLRj5zD74A+PrF+LLnds=</latexit>

generalized 
unitarity

build 
ansatz

Feynman 
diagrams

multi-loop 
integration

multi-loop 
integrationidentical 

physics



I will present our results at 2PM and 3PM, 
focusing on certain aspects of:

•  calculating the scattering amplitudes

•  extracting the conservative potential
(EFT matching at all orders in velocity)

•  analyzing the results for consistency

(methods for integrands and integration)

(old and new diagnostics on the final answer)



0PN 2PN 4PN1PN 3PN 5PN 6PN 7PN

1PM

2PM

3PM

4PM
�
1 + v2 + v4 + v6 + v8 + · · ·

�
G4

<latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + · · ·

�
G3

<latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + · · ·

�
G2

<latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + · · ·

�
G

<latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit>

�
1 + v2 + v4 + v6 + · · ·

�
G5

<latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit>

5PM

...
<latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit>

map of  perturbation theory



0PN 2PN 4PN1PN 3PN 5PN 6PN 7PN

1PM

2PM

3PM

4PM
�
1 + v2 + v4 + v6 + v8 + · · ·

�
G4

<latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit><latexit sha1_base64="AHCl8SAZJJ4IxnDPy83VqtarAlc="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + · · ·

�
G3

<latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit><latexit sha1_base64="3A8oSbqMkwByCdAHyUsL2IfWM44="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + · · ·

�
G2

<latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit><latexit sha1_base64="H+G4ZlH6UHvcNeLn58KGsaQs0XE="></latexit>

�
1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + · · ·

�
G

<latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit><latexit sha1_base64="JLPEreMTltf/8PLqeywG1iyqNJk="></latexit>

�
1 + v2 + v4 + v6 + · · ·

�
G5

<latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit><latexit sha1_base64="zYP1xRKcPw017ncEQ358lJXDFmA="></latexit>

5PM

...
<latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit><latexit sha1_base64="HTqhGarImY6baYGdRvuHqecJbj0=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxgv2ANpTNZtOu3WTD7qRQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jYq04y3mJJKdwNquBQJb6FAybup5jQOJO8E47t5vTPh2giVPOI05X5Mh4mIBKNorXZ/Eio0g2rNrbsLkXXwCqhBoeag+tUPFctiniCT1Jie56bo51SjYJLPKv3M8JSyMR3ynsWExtz4+WLbGbmwTkgipe1LkCzc3xM5jY2ZxoHtjCmOzGptbv5X62UY3fq5SNIMecKWH0WZJKjI/HQSCs0ZyqkFyrSwuxI2opoytAFVbAje6snr0L6qe5YfrmuNRhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/kfP4AytePQA==</latexit>
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1901.04424

map of  perturbation theory
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special 
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biadjoint 
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i) double copy 
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scalar function of pipj , piej , eiej=

A = eµ1
1 eµ2

2 · · · eµn
n Aµ1µ2···µn

pipi = piei = eiei = 0

Crucially, we maintain on-shell conditions.
massless

transverse

helicity basis

First, recast gluon tree amplitudes as abstract 
functions of  kinematic invariants.



Tijk = @piej � @pkej

Tij = @eiej

Li =
X

j

pipj@pjei

These operations have been proven via on-
shell recursion and checked up to 8pt.

2 gluon → 2 scalar

1 gluon → 1 scalar

1 gluon → 1 pion

We define a set of  simple transmutation 
operators which convert between species:



gluons

gravitons

massless scalars + gravitons

massive scalars + gravitons

(double copy)

(dimensional reduction)

p1p2 ! p1p2 �m1m2
<latexit sha1_base64="Ffg9SIomkWGZXUH+Xl80rTmikcA="></latexit>

AYM ⌦AYM = AGR
<latexit sha1_base64="loiuCrE+1eP79ZNbYdRu7spUUPc="></latexit>

@e1e4@e2e3AGR
<latexit sha1_base64="8Mqv045EAjZEvB2KbBl/bAX4b0g="></latexit>

(lift to massive)



The loop integrands of  amplitudes are built 
by matching singularities to tree amplitudes,

which is called generalized unitarity. 

Integration is more involved, and we apply  
both relativistic and nonrelativistic methods.

+
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�<latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit><latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit><latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit><latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit>

+
<latexit sha1_base64="CIHHxATcdCBGe3Gfx7dJevyjwmg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSas+RmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6te86ZSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHboOMpQ==</latexit><latexit sha1_base64="CIHHxATcdCBGe3Gfx7dJevyjwmg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSas+RmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6te86ZSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHboOMpQ==</latexit><latexit sha1_base64="CIHHxATcdCBGe3Gfx7dJevyjwmg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSas+RmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6te86ZSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHboOMpQ==</latexit><latexit sha1_base64="CIHHxATcdCBGe3Gfx7dJevyjwmg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSas+RmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6te86ZSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHboOMpQ==</latexit>

�<latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit><latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit><latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit><latexit sha1_base64="FJHrmvLtZ7McUfe53qGgMVfadRo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPW/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWveVOp1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcYuMpw==</latexit>
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<latexit sha1_base64="w5bLXQRUV2JfYYhOM9GJO7z5uwc=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXEhJWkE3QsGN7irYCzQxTCaTduhMEmYmQgl5Dze+ihsXirgSXPg2TtuA2vrDwMd/zmHO+f2EUaks68soLS2vrK6V1ysbm1vbO+buXkfGqcCkjWMWi56PJGE0Im1FFSO9RBDEfUa6/uhyUu/eEyFpHN2qcUJcjgYRDSlGSlueWb+ADo0UDO4a0CGMeTb84Tp0TmDmYMTgde5ljuCwEeSeWbVq1lRwEewCqqBQyzM/nCDGKSeRwgxJ2betRLkZEopiRvKKk0qSIDxCA9LXGCFOpJtNb8vhkXYCGMZCP73n1P09kSEu5Zj7upMjNZTztYn5X62fqvDczWiUpIpEePZRmDKoYjgJCgZUEKzYWAPCgupdIR4igbDScVZ0CPb8yYvQqddszTen1WaziKMMDsAhOAY2OANNcAVaoA0weABP4AW8Go/Gs/FmvM9aS0Yxsw/+yPj8Bkuznnw=</latexit><latexit sha1_base64="w5bLXQRUV2JfYYhOM9GJO7z5uwc=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXEhJWkE3QsGN7irYCzQxTCaTduhMEmYmQgl5Dze+ihsXirgSXPg2TtuA2vrDwMd/zmHO+f2EUaks68soLS2vrK6V1ysbm1vbO+buXkfGqcCkjWMWi56PJGE0Im1FFSO9RBDEfUa6/uhyUu/eEyFpHN2qcUJcjgYRDSlGSlueWb+ADo0UDO4a0CGMeTb84Tp0TmDmYMTgde5ljuCwEeSeWbVq1lRwEewCqqBQyzM/nCDGKSeRwgxJ2betRLkZEopiRvKKk0qSIDxCA9LXGCFOpJtNb8vhkXYCGMZCP73n1P09kSEu5Zj7upMjNZTztYn5X62fqvDczWiUpIpEePZRmDKoYjgJCgZUEKzYWAPCgupdIR4igbDScVZ0CPb8yYvQqddszTen1WaziKMMDsAhOAY2OANNcAVaoA0weABP4AW8Go/Gs/FmvM9aS0Yxsw/+yPj8Bkuznnw=</latexit><latexit sha1_base64="w5bLXQRUV2JfYYhOM9GJO7z5uwc=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXEhJWkE3QsGN7irYCzQxTCaTduhMEmYmQgl5Dze+ihsXirgSXPg2TtuA2vrDwMd/zmHO+f2EUaks68soLS2vrK6V1ysbm1vbO+buXkfGqcCkjWMWi56PJGE0Im1FFSO9RBDEfUa6/uhyUu/eEyFpHN2qcUJcjgYRDSlGSlueWb+ADo0UDO4a0CGMeTb84Tp0TmDmYMTgde5ljuCwEeSeWbVq1lRwEewCqqBQyzM/nCDGKSeRwgxJ2betRLkZEopiRvKKk0qSIDxCA9LXGCFOpJtNb8vhkXYCGMZCP73n1P09kSEu5Zj7upMjNZTztYn5X62fqvDczWiUpIpEePZRmDKoYjgJCgZUEKzYWAPCgupdIR4igbDScVZ0CPb8yYvQqddszTen1WaziKMMDsAhOAY2OANNcAVaoA0weABP4AW8Go/Gs/FmvM9aS0Yxsw/+yPj8Bkuznnw=</latexit><latexit sha1_base64="w5bLXQRUV2JfYYhOM9GJO7z5uwc=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXEhJWkE3QsGN7irYCzQxTCaTduhMEmYmQgl5Dze+ihsXirgSXPg2TtuA2vrDwMd/zmHO+f2EUaks68soLS2vrK6V1ysbm1vbO+buXkfGqcCkjWMWi56PJGE0Im1FFSO9RBDEfUa6/uhyUu/eEyFpHN2qcUJcjgYRDSlGSlueWb+ADo0UDO4a0CGMeTb84Tp0TmDmYMTgde5ljuCwEeSeWbVq1lRwEewCqqBQyzM/nCDGKSeRwgxJ2betRLkZEopiRvKKk0qSIDxCA9LXGCFOpJtNb8vhkXYCGMZCP73n1P09kSEu5Zj7upMjNZTztYn5X62fqvDczWiUpIpEePZRmDKoYjgJCgZUEKzYWAPCgupdIR4igbDScVZ0CPb8yYvQqddszTen1WaziKMMDsAhOAY2OANNcAVaoA0weABP4AW8Go/Gs/FmvM9aS0Yxsw/+yPj8Bkuznnw=</latexit>
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<latexit sha1_base64="lfzO6OQWmUwQ680x7QstKAXBkHE=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCCylJLehGqLjRXQV7gSaGyWTSDp1MwsxEKCEP4sZXceNCETcuBN/GaRtQW38Y+PjPOcw5v58wKpVlfRkLi0vLK6ultfL6xubWtrmz25ZxKjBp4ZjFousjSRjlpKWoYqSbCIIin5GOP7wc1zv3REga81s1SogboT6nIcVIacszTy7OoUO5gsFdHTqEMc+GP1yDzjHMHIwYvM69zBERrAe5Z1asqjURnAe7gAoo1PTMDyeIcRoRrjBDUvZsK1FuhoSimJG87KSSJAgPUZ/0NHIUEelmk+NyeKidAIax0E/vOXF/T2QoknIU+bozQmogZ2tj879aL1XhmZtRnqSKcDz9KEwZVDEcJwUDKghWbKQBYUH1rhAPkEBY6TzLOgR79uR5aNeqtuabeqXRKOIogX1wAI6ADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T1gWjmNkDf2R8fgPlIJ7K</latexit><latexit sha1_base64="lfzO6OQWmUwQ680x7QstKAXBkHE=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCCylJLehGqLjRXQV7gSaGyWTSDp1MwsxEKCEP4sZXceNCETcuBN/GaRtQW38Y+PjPOcw5v58wKpVlfRkLi0vLK6ultfL6xubWtrmz25ZxKjBp4ZjFousjSRjlpKWoYqSbCIIin5GOP7wc1zv3REga81s1SogboT6nIcVIacszTy7OoUO5gsFdHTqEMc+GP1yDzjHMHIwYvM69zBERrAe5Z1asqjURnAe7gAoo1PTMDyeIcRoRrjBDUvZsK1FuhoSimJG87KSSJAgPUZ/0NHIUEelmk+NyeKidAIax0E/vOXF/T2QoknIU+bozQmogZ2tj879aL1XhmZtRnqSKcDz9KEwZVDEcJwUDKghWbKQBYUH1rhAPkEBY6TzLOgR79uR5aNeqtuabeqXRKOIogX1wAI6ADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T1gWjmNkDf2R8fgPlIJ7K</latexit><latexit sha1_base64="lfzO6OQWmUwQ680x7QstKAXBkHE=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCCylJLehGqLjRXQV7gSaGyWTSDp1MwsxEKCEP4sZXceNCETcuBN/GaRtQW38Y+PjPOcw5v58wKpVlfRkLi0vLK6ultfL6xubWtrmz25ZxKjBp4ZjFousjSRjlpKWoYqSbCIIin5GOP7wc1zv3REga81s1SogboT6nIcVIacszTy7OoUO5gsFdHTqEMc+GP1yDzjHMHIwYvM69zBERrAe5Z1asqjURnAe7gAoo1PTMDyeIcRoRrjBDUvZsK1FuhoSimJG87KSSJAgPUZ/0NHIUEelmk+NyeKidAIax0E/vOXF/T2QoknIU+bozQmogZ2tj879aL1XhmZtRnqSKcDz9KEwZVDEcJwUDKghWbKQBYUH1rhAPkEBY6TzLOgR79uR5aNeqtuabeqXRKOIogX1wAI6ADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T1gWjmNkDf2R8fgPlIJ7K</latexit><latexit sha1_base64="lfzO6OQWmUwQ680x7QstKAXBkHE=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCCylJLehGqLjRXQV7gSaGyWTSDp1MwsxEKCEP4sZXceNCETcuBN/GaRtQW38Y+PjPOcw5v58wKpVlfRkLi0vLK6ultfL6xubWtrmz25ZxKjBp4ZjFousjSRjlpKWoYqSbCIIin5GOP7wc1zv3REga81s1SogboT6nIcVIacszTy7OoUO5gsFdHTqEMc+GP1yDzjHMHIwYvM69zBERrAe5Z1asqjURnAe7gAoo1PTMDyeIcRoRrjBDUvZsK1FuhoSimJG87KSSJAgPUZ/0NHIUEelmk+NyeKidAIax0E/vOXF/T2QoknIU+bozQmogZ2tj879aL1XhmZtRnqSKcDz9KEwZVDEcJwUDKghWbKQBYUH1rhAPkEBY6TzLOgR79uR5aNeqtuabeqXRKOIogX1wAI6ADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T1gWjmNkDf2R8fgPlIJ7K</latexit>
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<latexit sha1_base64="7gHWQCEY0OxltpkzB8nRw31ETBU="></latexit><latexit sha1_base64="7gHWQCEY0OxltpkzB8nRw31ETBU="></latexit><latexit sha1_base64="7gHWQCEY0OxltpkzB8nRw31ETBU="></latexit><latexit sha1_base64="7gHWQCEY0OxltpkzB8nRw31ETBU="></latexit>

the answer

evaluate energy 
integrals via  

residues

evaluate  
3d integrals

expand in  
large mass



After 3d reduction, the vast majority of  terms 
are iterated bubble integrals of  the form

The 3d integrals which appear exactly mirror 
the simplicity of  those in NRGR. 

We also applied several highly nontrivial 4d 
checks using IBPs and differential equations.

(A.10) of  Smirnov’s 
“Feynman Integral Calculus”

Z
d3`

`i1`i2 · · · `im
`↵(`+ q)�

=
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For the nonrelativistic scattering amplitude 
for spinless particles at O(G3) we obtain

  

We have resummed the series expansion into 
an analytic all orders in velocity expression.

along with expressions for the 1PM and 2PM amplitudes, M1 and M2, for completeness:

M1 = ≠4fiG‹
2
m

2

“2›q2
(1 ≠ 2‡

2) ,

M2 = ≠3fi
2
G

2
‹

2
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3

2“2›|q| (1 ≠ 5‡
2) + 32fi

2
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‹

4
m

5(1 ≠ 2‡
2)2

“3›

⁄
d

D≠1¸1

(2fi)D≠1

1
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M3 = fiG
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4 ln q2
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C
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≠ 32m
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.

(9.3)
We remind the reader that here we use center-of-mass coordinates where the incoming and outgoing
particle momenta are ±p and ±(p ≠ q), respectively. We have included the overall normalization
factor (8fiG)3 as well as the nonrelativistic normalization factor 1/4E1E2, where E1,2 =

Ò
p2 + m

2
1,2.

We define the total mass m = m1 + m2, the symmetric mass ratio ‹ = m1m2/m
2, the total energy

E = E1 + E2, the symmetric energy ratio › = E1E2/E
2, the energy-mass ratio “ = E/m, and the

relativistic kinematic invariant ‡ = p1·p2
m1m2

.
The remaining integrals in Eq. (9.3) are IR divergent and manifest the iterative structure through

factors of the tree-level and one loop triangle scalar coe�cients, given respectively by (1 ≠ 2‡
2) and

(1≠5‡
2). The integrals in M2 and M3 that are proportional to (1≠2‡

2)2 and (1≠2‡
2)3 represent

the double and triple iterations of tree-level exchange. The integral in M3 that is proportional
to (1 ≠ 2‡

2)(1 ≠ 5‡
2) represents the iteration of the tree-level exchange and the one loop triangle.

Note that the (1 ≠ 5‡
2) factor arises from combining the IR divergent integrals in graphs 2 and 4.

We have also computed these IR pieces by using factorization properties of the full amplitude in
transverse impact parameter space. As we will see in the next section, these IR artifacts will cancel
with similar contributions from the EFT. This is of course guaranteed because the two theories
describe the same infrared dynamics, but nonetheless provides a nontrivial check.

As an alternative to resummation by inspection, we can build an ansatz from the small number
of simple functional basis elements encountered in the case of scalar two loop integrals discussed
in Sec. 7. The basis functions correspond to the primitive topologies given by the scalar double
triangle diagram, the scalar box triangle diagram, and the scalar double triangle prime diagram,
which are respectively given by

O1 = 1 , O2 = E ≠ m

Ep2
, O3 = 1

E|p|

A

arcsinh |p|
m1

+ arcsinh |p|
m2

B

. (9.4)
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ii) extracting the potential



Lkin =

Z

p
A†(�p)

✓
i@t �

q
p2 +m2

A

◆
A(p)
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which describes the dynamics of  two spinless, 
nonrelativistic particles denoted A and B.

Define a general Lagrangian for the EFT,

+

Z

p
B†(�p)

✓
i@t �

q
p2 +m2

B

◆
B(p)
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Lint = �
Z

p,p0
Vint(p, p

0)A†(p0)A(p)B†(�p0)B(�p)
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V (p, r) =
1X

i=1

ci(p
2)

⇣ 

4⇡r

⌘i
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Fourier 
transform

off-shell 
continuation

potential 
(position space)

interaction  
vertex

eV (p, q) =
c1(p2)

q2
+

2c2(p2)

8q
� 3c3(p2) log q

16⇡2
+ · · ·
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potential 
(momentum space)
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Vint
<latexit sha1_base64="eVN4GUNQamN3sEXeTlsPcC0owFU=">AAAB8nicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZNNuGJtklmRXK0p/hxYMiXv013vw3pu0etPWFwMM7M2TmjVIpLPr+t7exubW9s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5G5e7zxxY0WiH3Ga8lDRkRaxYBSd1WsP8r5RRGicDSpVv+YvRNYhKKAKhZqDyld/mLBMcY1MUmt7gZ9imFODgkk+K/czy1PKJnTEew41VdyG+WLlGbl0zpDEiXFPI1m4vydyqqydqsh1Kopju1qbm//VehnGt2EudJoh12z5UZxJggmZ30+GwnCGcuqAMiPcroSNqaEMXUplF0KwevI6tOu1wPHDdbVRL+IowTlcwBUEcAMNuIcmtIBBAs/wCm8eei/eu/exbN3wipkz+CPv8wc/+JEr</latexit><latexit sha1_base64="eVN4GUNQamN3sEXeTlsPcC0owFU=">AAAB8nicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZNNuGJtklmRXK0p/hxYMiXv013vw3pu0etPWFwMM7M2TmjVIpLPr+t7exubW9s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5G5e7zxxY0WiH3Ga8lDRkRaxYBSd1WsP8r5RRGicDSpVv+YvRNYhKKAKhZqDyld/mLBMcY1MUmt7gZ9imFODgkk+K/czy1PKJnTEew41VdyG+WLlGbl0zpDEiXFPI1m4vydyqqydqsh1Kopju1qbm//VehnGt2EudJoh12z5UZxJggmZ30+GwnCGcuqAMiPcroSNqaEMXUplF0KwevI6tOu1wPHDdbVRL+IowTlcwBUEcAMNuIcmtIBBAs/wCm8eei/eu/exbN3wipkz+CPv8wc/+JEr</latexit><latexit sha1_base64="eVN4GUNQamN3sEXeTlsPcC0owFU=">AAAB8nicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZNNuGJtklmRXK0p/hxYMiXv013vw3pu0etPWFwMM7M2TmjVIpLPr+t7exubW9s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5G5e7zxxY0WiH3Ga8lDRkRaxYBSd1WsP8r5RRGicDSpVv+YvRNYhKKAKhZqDyld/mLBMcY1MUmt7gZ9imFODgkk+K/czy1PKJnTEew41VdyG+WLlGbl0zpDEiXFPI1m4vydyqqydqsh1Kopju1qbm//VehnGt2EudJoh12z5UZxJggmZ30+GwnCGcuqAMiPcroSNqaEMXUplF0KwevI6tOu1wPHDdbVRL+IowTlcwBUEcAMNuIcmtIBBAs/wCm8eei/eu/exbN3wipkz+CPv8wc/+JEr</latexit><latexit sha1_base64="eVN4GUNQamN3sEXeTlsPcC0owFU=">AAAB8nicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZNNuGJtklmRXK0p/hxYMiXv013vw3pu0etPWFwMM7M2TmjVIpLPr+t7exubW9s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5G5e7zxxY0WiH3Ga8lDRkRaxYBSd1WsP8r5RRGicDSpVv+YvRNYhKKAKhZqDyld/mLBMcY1MUmt7gZ9imFODgkk+K/czy1PKJnTEew41VdyG+WLlGbl0zpDEiXFPI1m4vydyqqydqsh1Kopju1qbm//VehnGt2EudJoh12z5UZxJggmZ30+GwnCGcuqAMiPcroSNqaEMXUplF0KwevI6tOu1wPHDdbVRL+IowTlcwBUEcAMNuIcmtIBBAs/wCm8eei/eu/exbN3wipkz+CPv8wc/+JEr</latexit>

Vint(p, p
0) = eV

✓q
p2+p02

2 , |p� p0|
◆

=
<latexit sha1_base64="ux5i2kMLNtMMNoOa6AR499RWRI8="></latexit><latexit sha1_base64="ux5i2kMLNtMMNoOa6AR499RWRI8="></latexit><latexit sha1_base64="ux5i2kMLNtMMNoOa6AR499RWRI8="></latexit><latexit sha1_base64="ux5i2kMLNtMMNoOa6AR499RWRI8="></latexit>



AEFT =
1X

i=1

A(i)
EFT

<latexit sha1_base64="r39cWOpzO8ZNVfA6/gtVag88BtQ=">AAACJnicbVBLSwMxGMz6rPVV9eglWIR6Kbsi6KVQkYrHCn1Bt12yabYNTbJrkhXKsr/Gi3/Fi4eKiDd/iunjUFsHQoaZ+Ui+8SNGlbbtb2ttfWNzazuzk93d2z84zB0dN1QYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h3cTv/lMpKKhqOlRRDoc9QUNKEbaSF6udOslruSwcl9LofsUox4szS7oqph7CS05adelItAjuJDtJgV6kXq5vF20p4CrxJmTPJij6uXGbi/EMSdCY4aUajt2pDsJkppiRtKsGysSITxEfdI2VCBOVCeZrpnCc6P0YBBKc4SGU3VxIkFcqRH3TZIjPVDL3kT8z2vHOrjpJFREsSYCzx4KYgZ1CCedwR6VBGs2MgRhSc1fIR4gibA2zWZNCc7yyqukcVl07KLzeJUvV+Z1ZMApOAMF4IBrUAYPoArqAIMX8AbG4MN6td6tT+trFl2z5jMn4A+sn19KkqRy</latexit><latexit sha1_base64="r39cWOpzO8ZNVfA6/gtVag88BtQ=">AAACJnicbVBLSwMxGMz6rPVV9eglWIR6Kbsi6KVQkYrHCn1Bt12yabYNTbJrkhXKsr/Gi3/Fi4eKiDd/iunjUFsHQoaZ+Ui+8SNGlbbtb2ttfWNzazuzk93d2z84zB0dN1QYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h3cTv/lMpKKhqOlRRDoc9QUNKEbaSF6udOslruSwcl9LofsUox4szS7oqph7CS05adelItAjuJDtJgV6kXq5vF20p4CrxJmTPJij6uXGbi/EMSdCY4aUajt2pDsJkppiRtKsGysSITxEfdI2VCBOVCeZrpnCc6P0YBBKc4SGU3VxIkFcqRH3TZIjPVDL3kT8z2vHOrjpJFREsSYCzx4KYgZ1CCedwR6VBGs2MgRhSc1fIR4gibA2zWZNCc7yyqukcVl07KLzeJUvV+Z1ZMApOAMF4IBrUAYPoArqAIMX8AbG4MN6td6tT+trFl2z5jMn4A+sn19KkqRy</latexit><latexit sha1_base64="r39cWOpzO8ZNVfA6/gtVag88BtQ=">AAACJnicbVBLSwMxGMz6rPVV9eglWIR6Kbsi6KVQkYrHCn1Bt12yabYNTbJrkhXKsr/Gi3/Fi4eKiDd/iunjUFsHQoaZ+Ui+8SNGlbbtb2ttfWNzazuzk93d2z84zB0dN1QYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h3cTv/lMpKKhqOlRRDoc9QUNKEbaSF6udOslruSwcl9LofsUox4szS7oqph7CS05adelItAjuJDtJgV6kXq5vF20p4CrxJmTPJij6uXGbi/EMSdCY4aUajt2pDsJkppiRtKsGysSITxEfdI2VCBOVCeZrpnCc6P0YBBKc4SGU3VxIkFcqRH3TZIjPVDL3kT8z2vHOrjpJFREsSYCzx4KYgZ1CCedwR6VBGs2MgRhSc1fIR4gibA2zWZNCc7yyqukcVl07KLzeJUvV+Z1ZMApOAMF4IBrUAYPoArqAIMX8AbG4MN6td6tT+trFl2z5jMn4A+sn19KkqRy</latexit><latexit sha1_base64="r39cWOpzO8ZNVfA6/gtVag88BtQ=">AAACJnicbVBLSwMxGMz6rPVV9eglWIR6Kbsi6KVQkYrHCn1Bt12yabYNTbJrkhXKsr/Gi3/Fi4eKiDd/iunjUFsHQoaZ+Ui+8SNGlbbtb2ttfWNzazuzk93d2z84zB0dN1QYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h3cTv/lMpKKhqOlRRDoc9QUNKEbaSF6udOslruSwcl9LofsUox4szS7oqph7CS05adelItAjuJDtJgV6kXq5vF20p4CrxJmTPJij6uXGbi/EMSdCY4aUajt2pDsJkppiRtKsGysSITxEfdI2VCBOVCeZrpnCc6P0YBBKc4SGU3VxIkFcqRH3TZIjPVDL3kT8z2vHOrjpJFREsSYCzx4KYgZ1CCedwR6VBGs2MgRhSc1fIR4gibA2zWZNCc7yyqukcVl07KLzeJUvV+Z1ZMApOAMF4IBrUAYPoArqAIMX8AbG4MN6td6tT+trFl2z5jMn4A+sn19KkqRy</latexit>

=<latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit><latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit><latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit><latexit sha1_base64="bqQ5zJnE3xhN0Dkh65t+Aksxiw0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQEMFjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48auk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz20+oNI/lg5kk6Ed0KHnIGTVWatz0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1UPbfqNS4rtbs8jiKcwCmcgwdXUIN7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AI20jMQ=</latexit>

+
<latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit>

+ · · ·
<latexit sha1_base64="OmYf0WojCZktjcyzl+UIWI10c5A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSIIQklE0GNBBI8V7Ac0sWw2m3bpZjfubpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MOVMG9f9dpaWV1bX1ksb5c2t7Z3dyt5+S8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTscXk389iNVmklxZ0YpDRLcFyxmBBsr3Z8i/yHDEfJJJI3uVapuzZ0CLRKvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKfjsp9pmmIyxH3atVTghOogn149RsdWiVAslS1h0FT9PZHjROtREtrOBJuBnvcm4n9eNzPxZZAzkWaGCjJbFGccGYkmEaCIKUoMH1mCiWL2VkQGWGFibFBlG4I3//IiaZ3VPLfm3Z5X69dFHCU4hCM4AQ8uoA430IAmEFDwDK/w5jw5L8678zFrXXKKmQP4A+fzB6KnkfQ=</latexit><latexit sha1_base64="OmYf0WojCZktjcyzl+UIWI10c5A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSIIQklE0GNBBI8V7Ac0sWw2m3bpZjfubpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MOVMG9f9dpaWV1bX1ksb5c2t7Z3dyt5+S8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTscXk389iNVmklxZ0YpDRLcFyxmBBsr3Z8i/yHDEfJJJI3uVapuzZ0CLRKvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKfjsp9pmmIyxH3atVTghOogn149RsdWiVAslS1h0FT9PZHjROtREtrOBJuBnvcm4n9eNzPxZZAzkWaGCjJbFGccGYkmEaCIKUoMH1mCiWL2VkQGWGFibFBlG4I3//IiaZ3VPLfm3Z5X69dFHCU4hCM4AQ8uoA430IAmEFDwDK/w5jw5L8678zFrXXKKmQP4A+fzB6KnkfQ=</latexit><latexit sha1_base64="OmYf0WojCZktjcyzl+UIWI10c5A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSIIQklE0GNBBI8V7Ac0sWw2m3bpZjfubpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MOVMG9f9dpaWV1bX1ksb5c2t7Z3dyt5+S8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTscXk389iNVmklxZ0YpDRLcFyxmBBsr3Z8i/yHDEfJJJI3uVapuzZ0CLRKvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKfjsp9pmmIyxH3atVTghOogn149RsdWiVAslS1h0FT9PZHjROtREtrOBJuBnvcm4n9eNzPxZZAzkWaGCjJbFGccGYkmEaCIKUoMH1mCiWL2VkQGWGFibFBlG4I3//IiaZ3VPLfm3Z5X69dFHCU4hCM4AQ8uoA430IAmEFDwDK/w5jw5L8678zFrXXKKmQP4A+fzB6KnkfQ=</latexit><latexit sha1_base64="OmYf0WojCZktjcyzl+UIWI10c5A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSIIQklE0GNBBI8V7Ac0sWw2m3bpZjfubpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MOVMG9f9dpaWV1bX1ksb5c2t7Z3dyt5+S8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTscXk389iNVmklxZ0YpDRLcFyxmBBsr3Z8i/yHDEfJJJI3uVapuzZ0CLRKvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKfjsp9pmmIyxH3atVTghOogn149RsdWiVAslS1h0FT9PZHjROtREtrOBJuBnvcm4n9eNzPxZZAzkWaGCjJbFGccGYkmEaCIKUoMH1mCiWL2VkQGWGFibFBlG4I3//IiaZ3VPLfm3Z5X69dFHCU4hCM4AQ8uoA430IAmEFDwDK/w5jw5L8678zFrXXKKmQP4A+fzB6KnkfQ=</latexit>

+
<latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit>

Scattering amplitudes in the EFT trivial to 
compute using Feynman diagrams.

PM expansion



+
<latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit>

+
<latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit>

+
<latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit><latexit sha1_base64="WUqSpdFB+Tq5nexdCOsACY7GWiU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LInhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpfHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcmyMsg==</latexit>

Each PM order is not homogenous in loops.

A(1)
EFT =

<latexit sha1_base64="x4aF4Urd87LuNQxKyB5IFeRUJ/k=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCNUBXFZYXeoIlhMpm2QyeTODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPn92NGpbKsb2NufmFxabmwUlxdW9/YNLe2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB5ejeuuBCEkjXlfDmLgh6nHapRgpbXnm7rmXOiKEV9f17C4t24cZdO4TFMAzzyxZFWssOAt2DiWQq+aZX04Q4SQkXGGGpOzYVqzcFAlFMSNZ0UkkiREeoB7paOQoJNJNxydk8EA7AexGQj+u4Nj9PZGiUMph6OvOEKm+nK6NzP9qnUR1T92U8jhRhOPJom7CoIrgKA8YUEGwYkMNCAuq/wpxHwmElU6tqEOwp0+eheZRxdZ8e1yqXuRxFMAe2AdlYIMTUAU3oAYaAINH8AxewZvxZLwY78bHpHXOyGd2wB8Znz/szJXT</latexit><latexit sha1_base64="x4aF4Urd87LuNQxKyB5IFeRUJ/k=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCNUBXFZYXeoIlhMpm2QyeTODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPn92NGpbKsb2NufmFxabmwUlxdW9/YNLe2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB5ejeuuBCEkjXlfDmLgh6nHapRgpbXnm7rmXOiKEV9f17C4t24cZdO4TFMAzzyxZFWssOAt2DiWQq+aZX04Q4SQkXGGGpOzYVqzcFAlFMSNZ0UkkiREeoB7paOQoJNJNxydk8EA7AexGQj+u4Nj9PZGiUMph6OvOEKm+nK6NzP9qnUR1T92U8jhRhOPJom7CoIrgKA8YUEGwYkMNCAuq/wpxHwmElU6tqEOwp0+eheZRxdZ8e1yqXuRxFMAe2AdlYIMTUAU3oAYaAINH8AxewZvxZLwY78bHpHXOyGd2wB8Znz/szJXT</latexit><latexit sha1_base64="x4aF4Urd87LuNQxKyB5IFeRUJ/k=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCNUBXFZYXeoIlhMpm2QyeTODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPn92NGpbKsb2NufmFxabmwUlxdW9/YNLe2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB5ejeuuBCEkjXlfDmLgh6nHapRgpbXnm7rmXOiKEV9f17C4t24cZdO4TFMAzzyxZFWssOAt2DiWQq+aZX04Q4SQkXGGGpOzYVqzcFAlFMSNZ0UkkiREeoB7paOQoJNJNxydk8EA7AexGQj+u4Nj9PZGiUMph6OvOEKm+nK6NzP9qnUR1T92U8jhRhOPJom7CoIrgKA8YUEGwYkMNCAuq/wpxHwmElU6tqEOwp0+eheZRxdZ8e1yqXuRxFMAe2AdlYIMTUAU3oAYaAINH8AxewZvxZLwY78bHpHXOyGd2wB8Znz/szJXT</latexit><latexit sha1_base64="x4aF4Urd87LuNQxKyB5IFeRUJ/k=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCNUBXFZYXeoIlhMpm2QyeTODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPn92NGpbKsb2NufmFxabmwUlxdW9/YNLe2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB5ejeuuBCEkjXlfDmLgh6nHapRgpbXnm7rmXOiKEV9f17C4t24cZdO4TFMAzzyxZFWssOAt2DiWQq+aZX04Q4SQkXGGGpOzYVqzcFAlFMSNZ0UkkiREeoB7paOQoJNJNxydk8EA7AexGQj+u4Nj9PZGiUMph6OvOEKm+nK6NzP9qnUR1T92U8jhRhOPJom7CoIrgKA8YUEGwYkMNCAuq/wpxHwmElU6tqEOwp0+eheZRxdZ8e1yqXuRxFMAe2AdlYIMTUAU3oAYaAINH8AxewZvxZLwY78bHpHXOyGd2wB8Znz/szJXT</latexit>

A(2)
EFT =

<latexit sha1_base64="lxfe8dEcEMI2W2X8CWIg+oo006c=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KUgTdCFVRXFboDZoYJpNJO3RycWYilBDc+CpuXCji1qdw59s4bbPQ1h8GPv5zDmfO78aMCmkY31phYXFpeaW4Wlpb39jc0rd32iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDi/H9c4D4YJGYVOOYmIHqB9Sn2IkleXoe+dOavEAXl03s7u0UjvKoHWfIA+eOXrZqBoTwXkwcyiDXA1H/7K8CCcBCSVmSIieacTSThGXFDOSlaxEkBjhIeqTnsIQBUTY6eSEDB4qx4N+xNULJZy4vydSFAgxClzVGSA5ELO1sflfrZdI/9ROaRgnkoR4ushPGJQRHOcBPcoJlmykAGFO1V8hHiCOsFSplVQI5uzJ89CuVU3Ft8fl+kUeRxHsgwNQASY4AXVwAxqgBTB4BM/gFbxpT9qL9q59TFsLWj6zC/5I+/wB7lqV1A==</latexit><latexit sha1_base64="lxfe8dEcEMI2W2X8CWIg+oo006c=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KUgTdCFVRXFboDZoYJpNJO3RycWYilBDc+CpuXCji1qdw59s4bbPQ1h8GPv5zDmfO78aMCmkY31phYXFpeaW4Wlpb39jc0rd32iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDi/H9c4D4YJGYVOOYmIHqB9Sn2IkleXoe+dOavEAXl03s7u0UjvKoHWfIA+eOXrZqBoTwXkwcyiDXA1H/7K8CCcBCSVmSIieacTSThGXFDOSlaxEkBjhIeqTnsIQBUTY6eSEDB4qx4N+xNULJZy4vydSFAgxClzVGSA5ELO1sflfrZdI/9ROaRgnkoR4ushPGJQRHOcBPcoJlmykAGFO1V8hHiCOsFSplVQI5uzJ89CuVU3Ft8fl+kUeRxHsgwNQASY4AXVwAxqgBTB4BM/gFbxpT9qL9q59TFsLWj6zC/5I+/wB7lqV1A==</latexit><latexit sha1_base64="lxfe8dEcEMI2W2X8CWIg+oo006c=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KUgTdCFVRXFboDZoYJpNJO3RycWYilBDc+CpuXCji1qdw59s4bbPQ1h8GPv5zDmfO78aMCmkY31phYXFpeaW4Wlpb39jc0rd32iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDi/H9c4D4YJGYVOOYmIHqB9Sn2IkleXoe+dOavEAXl03s7u0UjvKoHWfIA+eOXrZqBoTwXkwcyiDXA1H/7K8CCcBCSVmSIieacTSThGXFDOSlaxEkBjhIeqTnsIQBUTY6eSEDB4qx4N+xNULJZy4vydSFAgxClzVGSA5ELO1sflfrZdI/9ROaRgnkoR4ushPGJQRHOcBPcoJlmykAGFO1V8hHiCOsFSplVQI5uzJ89CuVU3Ft8fl+kUeRxHsgwNQASY4AXVwAxqgBTB4BM/gFbxpT9qL9q59TFsLWj6zC/5I+/wB7lqV1A==</latexit><latexit sha1_base64="lxfe8dEcEMI2W2X8CWIg+oo006c=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KUgTdCFVRXFboDZoYJpNJO3RycWYilBDc+CpuXCji1qdw59s4bbPQ1h8GPv5zDmfO78aMCmkY31phYXFpeaW4Wlpb39jc0rd32iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDi/H9c4D4YJGYVOOYmIHqB9Sn2IkleXoe+dOavEAXl03s7u0UjvKoHWfIA+eOXrZqBoTwXkwcyiDXA1H/7K8CCcBCSVmSIieacTSThGXFDOSlaxEkBjhIeqTnsIQBUTY6eSEDB4qx4N+xNULJZy4vydSFAgxClzVGSA5ELO1sflfrZdI/9ROaRgnkoR4ushPGJQRHOcBPcoJlmykAGFO1V8hHiCOsFSplVQI5uzJ89CuVU3Ft8fl+kUeRxHsgwNQASY4AXVwAxqgBTB4BM/gFbxpT9qL9q59TFsLWj6zC/5I+/wB7lqV1A==</latexit>

A(3)
EFT =

<latexit sha1_base64="CkZPVX45gwIfCScvbbsCWxBDvmE=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KooJuhKooLiv0Bk0Mk8mkHTq5ODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnd2NGhTSMb60wN7+wuFRcLq2srq1v6JtbLRElHJMmjljEOy4ShNGQNCWVjHRiTlDgMtJ2B5ejevuBcEGjsCGHMbED1AupTzGSynL0nXMntXgAr64b2V1aOTrIoHWfIA+eOXrZqBpjwVkwcyiDXHVH/7K8CCcBCSVmSIiuacTSThGXFDOSlaxEkBjhAeqRrsIQBUTY6fiEDO4rx4N+xNULJRy7vydSFAgxDFzVGSDZF9O1kflfrZtI/9ROaRgnkoR4sshPGJQRHOUBPcoJlmyoAGFO1V8h7iOOsFSplVQI5vTJs9A6rJqKb4/LtYs8jiLYBXugAkxwAmrgBtRBE2DwCJ7BK3jTnrQX7V37mLQWtHxmG/yR9vkD7+iV1Q==</latexit><latexit sha1_base64="CkZPVX45gwIfCScvbbsCWxBDvmE=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KooJuhKooLiv0Bk0Mk8mkHTq5ODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnd2NGhTSMb60wN7+wuFRcLq2srq1v6JtbLRElHJMmjljEOy4ShNGQNCWVjHRiTlDgMtJ2B5ejevuBcEGjsCGHMbED1AupTzGSynL0nXMntXgAr64b2V1aOTrIoHWfIA+eOXrZqBpjwVkwcyiDXHVH/7K8CCcBCSVmSIiuacTSThGXFDOSlaxEkBjhAeqRrsIQBUTY6fiEDO4rx4N+xNULJRy7vydSFAgxDFzVGSDZF9O1kflfrZtI/9ROaRgnkoR4sshPGJQRHOUBPcoJlmyoAGFO1V8h7iOOsFSplVQI5vTJs9A6rJqKb4/LtYs8jiLYBXugAkxwAmrgBtRBE2DwCJ7BK3jTnrQX7V37mLQWtHxmG/yR9vkD7+iV1Q==</latexit><latexit sha1_base64="CkZPVX45gwIfCScvbbsCWxBDvmE=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KooJuhKooLiv0Bk0Mk8mkHTq5ODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnd2NGhTSMb60wN7+wuFRcLq2srq1v6JtbLRElHJMmjljEOy4ShNGQNCWVjHRiTlDgMtJ2B5ejevuBcEGjsCGHMbED1AupTzGSynL0nXMntXgAr64b2V1aOTrIoHWfIA+eOXrZqBpjwVkwcyiDXHVH/7K8CCcBCSVmSIiuacTSThGXFDOSlaxEkBjhAeqRrsIQBUTY6fiEDO4rx4N+xNULJRy7vydSFAgxDFzVGSDZF9O1kflfrZtI/9ROaRgnkoR4sshPGJQRHOUBPcoJlmyoAGFO1V8h7iOOsFSplVQI5vTJs9A6rJqKb4/LtYs8jiLYBXugAkxwAmrgBtRBE2DwCJ7BK3jTnrQX7V37mLQWtHxmG/yR9vkD7+iV1Q==</latexit><latexit sha1_base64="CkZPVX45gwIfCScvbbsCWxBDvmE=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KooJuhKooLiv0Bk0Mk8mkHTq5ODMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnd2NGhTSMb60wN7+wuFRcLq2srq1v6JtbLRElHJMmjljEOy4ShNGQNCWVjHRiTlDgMtJ2B5ejevuBcEGjsCGHMbED1AupTzGSynL0nXMntXgAr64b2V1aOTrIoHWfIA+eOXrZqBpjwVkwcyiDXHVH/7K8CCcBCSVmSIiuacTSThGXFDOSlaxEkBjhAeqRrsIQBUTY6fiEDO4rx4N+xNULJRy7vydSFAgxDFzVGSDZF9O1kflfrZtI/9ROaRgnkoR4sshPGJQRHOUBPcoJlmyoAGFO1V8h7iOOsFSplVQI5vTJs9A6rJqKb4/LtYs8jiLYBXugAkxwAmrgBtRBE2DwCJ7BK3jTnrQX7V37mLQWtHxmG/yR9vkD7+iV1Q==</latexit>

c3
<latexit sha1_base64="Guh2Rwl6JujLUo+0Ld4EjVfasHg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfQY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apkk04w3WSIT3Qmp4VIo3kSBkndSzWkcSt4Ox7ezevuJayMS9YiTlAcxHSoRCUbRWg+sf9mv1ty6OxdZBa+AGhRq9KtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKObIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1VzfeLOMpwAqdwDh5cgw930IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8Ae4TjYs=</latexit><latexit sha1_base64="Guh2Rwl6JujLUo+0Ld4EjVfasHg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfQY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apkk04w3WSIT3Qmp4VIo3kSBkndSzWkcSt4Ox7ezevuJayMS9YiTlAcxHSoRCUbRWg+sf9mv1ty6OxdZBa+AGhRq9KtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKObIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1VzfeLOMpwAqdwDh5cgw930IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8Ae4TjYs=</latexit><latexit sha1_base64="Guh2Rwl6JujLUo+0Ld4EjVfasHg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfQY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apkk04w3WSIT3Qmp4VIo3kSBkndSzWkcSt4Ox7ezevuJayMS9YiTlAcxHSoRCUbRWg+sf9mv1ty6OxdZBa+AGhRq9KtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKObIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1VzfeLOMpwAqdwDh5cgw930IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8Ae4TjYs=</latexit><latexit sha1_base64="Guh2Rwl6JujLUo+0Ld4EjVfasHg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfQY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apkk04w3WSIT3Qmp4VIo3kSBkndSzWkcSt4Ox7ezevuJayMS9YiTlAcxHSoRCUbRWg+sf9mv1ty6OxdZBa+AGhRq9KtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKObIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1VzfeLOMpwAqdwDh5cgw930IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8Ae4TjYs=</latexit>

c2
<latexit sha1_base64="GdfDwcirgGUoBIskPGsBYMYQh6s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSIuix4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJphi2WCIS1Q2pRsEltgw3ArupQhqHAjvh5HZe7zyh0jyRj2aaYhDTkeQRZ9RY64EN6gO36tW8hcg6+AVUoVBz4H71hwnLYpSGCap1z/dSE+RUGc4Ezir9TGNK2YSOsGdR0hh1kC9WnZEL6wxJlCj7pCEL9/dETmOtp3FoO2Nqxnq1Njf/q/UyE90EOZdpZlCy5UdRJohJyPxuMuQKmRFTC5QpbnclbEwVZcamU7Eh+Ksnr0O7XvMt319VG40ijjKcwTlcgg/X0IA7aEILGIzgGV7hzRHOi/PufCxbS04xcwp/5Hz+AOyPjYo=</latexit><latexit sha1_base64="GdfDwcirgGUoBIskPGsBYMYQh6s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSIuix4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJphi2WCIS1Q2pRsEltgw3ArupQhqHAjvh5HZe7zyh0jyRj2aaYhDTkeQRZ9RY64EN6gO36tW8hcg6+AVUoVBz4H71hwnLYpSGCap1z/dSE+RUGc4Ezir9TGNK2YSOsGdR0hh1kC9WnZEL6wxJlCj7pCEL9/dETmOtp3FoO2Nqxnq1Njf/q/UyE90EOZdpZlCy5UdRJohJyPxuMuQKmRFTC5QpbnclbEwVZcamU7Eh+Ksnr0O7XvMt319VG40ijjKcwTlcgg/X0IA7aEILGIzgGV7hzRHOi/PufCxbS04xcwp/5Hz+AOyPjYo=</latexit><latexit sha1_base64="GdfDwcirgGUoBIskPGsBYMYQh6s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSIuix4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJphi2WCIS1Q2pRsEltgw3ArupQhqHAjvh5HZe7zyh0jyRj2aaYhDTkeQRZ9RY64EN6gO36tW8hcg6+AVUoVBz4H71hwnLYpSGCap1z/dSE+RUGc4Ezir9TGNK2YSOsGdR0hh1kC9WnZEL6wxJlCj7pCEL9/dETmOtp3FoO2Nqxnq1Njf/q/UyE90EOZdpZlCy5UdRJohJyPxuMuQKmRFTC5QpbnclbEwVZcamU7Eh+Ksnr0O7XvMt319VG40ijjKcwTlcgg/X0IA7aEILGIzgGV7hzRHOi/PufCxbS04xcwp/5Hz+AOyPjYo=</latexit><latexit sha1_base64="GdfDwcirgGUoBIskPGsBYMYQh6s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSIuix4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJphi2WCIS1Q2pRsEltgw3ArupQhqHAjvh5HZe7zyh0jyRj2aaYhDTkeQRZ9RY64EN6gO36tW8hcg6+AVUoVBz4H71hwnLYpSGCap1z/dSE+RUGc4Ezir9TGNK2YSOsGdR0hh1kC9WnZEL6wxJlCj7pCEL9/dETmOtp3FoO2Nqxnq1Njf/q/UyE90EOZdpZlCy5UdRJohJyPxuMuQKmRFTC5QpbnclbEwVZcamU7Eh+Ksnr0O7XvMt319VG40ijjKcwTlcgg/X0IA7aEILGIzgGV7hzRHOi/PufCxbS04xcwp/5Hz+AOyPjYo=</latexit>

c1
<latexit sha1_base64="roGqjDYINk29P0LLW/7j4LS2ipY=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7Iuix4MVjRVsL7VKy6Wwbms0uSVYoS3+CFw+KePUXefPfmLZ70NYXAg/vzJCZN0ylMNbzvklpbX1jc6u8XdnZ3ds/qB4etU2SaY4tnshEd0JmUAqFLSusxE6qkcWhxMdwfDOrPz6hNiJRD3aSYhCzoRKR4Mw66573/X615tW9uegq+AXUoFCzX/3qDRKexagsl8yYru+lNsiZtoJLnFZ6mcGU8TEbYtehYjGaIJ+vOqVnzhnQKNHuKUvn7u+JnMXGTOLQdcbMjsxybWb+V+tmNroOcqHSzKLii4+iTFKb0NnddCA0cisnDhjXwu1K+Yhpxq1Lp+JC8JdPXoX2Rd13fHdZazSKOMpwAqdwDj5cQQNuoQkt4DCEZ3iFNyLJC3knH4vWEilmjuGPyOcP6wuNiQ==</latexit><latexit sha1_base64="roGqjDYINk29P0LLW/7j4LS2ipY=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7Iuix4MVjRVsL7VKy6Wwbms0uSVYoS3+CFw+KePUXefPfmLZ70NYXAg/vzJCZN0ylMNbzvklpbX1jc6u8XdnZ3ds/qB4etU2SaY4tnshEd0JmUAqFLSusxE6qkcWhxMdwfDOrPz6hNiJRD3aSYhCzoRKR4Mw66573/X615tW9uegq+AXUoFCzX/3qDRKexagsl8yYru+lNsiZtoJLnFZ6mcGU8TEbYtehYjGaIJ+vOqVnzhnQKNHuKUvn7u+JnMXGTOLQdcbMjsxybWb+V+tmNroOcqHSzKLii4+iTFKb0NnddCA0cisnDhjXwu1K+Yhpxq1Lp+JC8JdPXoX2Rd13fHdZazSKOMpwAqdwDj5cQQNuoQkt4DCEZ3iFNyLJC3knH4vWEilmjuGPyOcP6wuNiQ==</latexit><latexit sha1_base64="roGqjDYINk29P0LLW/7j4LS2ipY=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7Iuix4MVjRVsL7VKy6Wwbms0uSVYoS3+CFw+KePUXefPfmLZ70NYXAg/vzJCZN0ylMNbzvklpbX1jc6u8XdnZ3ds/qB4etU2SaY4tnshEd0JmUAqFLSusxE6qkcWhxMdwfDOrPz6hNiJRD3aSYhCzoRKR4Mw66573/X615tW9uegq+AXUoFCzX/3qDRKexagsl8yYru+lNsiZtoJLnFZ6mcGU8TEbYtehYjGaIJ+vOqVnzhnQKNHuKUvn7u+JnMXGTOLQdcbMjsxybWb+V+tmNroOcqHSzKLii4+iTFKb0NnddCA0cisnDhjXwu1K+Yhpxq1Lp+JC8JdPXoX2Rd13fHdZazSKOMpwAqdwDj5cQQNuoQkt4DCEZ3iFNyLJC3knH4vWEilmjuGPyOcP6wuNiQ==</latexit><latexit sha1_base64="roGqjDYINk29P0LLW/7j4LS2ipY=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7Iuix4MVjRVsL7VKy6Wwbms0uSVYoS3+CFw+KePUXefPfmLZ70NYXAg/vzJCZN0ylMNbzvklpbX1jc6u8XdnZ3ds/qB4etU2SaY4tnshEd0JmUAqFLSusxE6qkcWhxMdwfDOrPz6hNiJRD3aSYhCzoRKR4Mw66573/X615tW9uegq+AXUoFCzX/3qDRKexagsl8yYru+lNsiZtoJLnFZ6mcGU8TEbYtehYjGaIJ+vOqVnzhnQKNHuKUvn7u+JnMXGTOLQdcbMjsxybWb+V+tmNroOcqHSzKLii4+iTFKb0NnddCA0cisnDhjXwu1K+Yhpxq1Lp+JC8JdPXoX2Rd13fHdZazSKOMpwAqdwDj5cQQNuoQkt4DCEZ3iFNyLJC3knH4vWEilmjuGPyOcP6wuNiQ==</latexit>

c21
<latexit sha1_base64="4qOSHYchP9J4aToaEp9vwkEYHtg=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5HZe7zyh0jyRD2aaYhDTkeQRZ9RYy2cD77ExqNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0G7UPcv3V7Vms4ijDGdwDpfgwTU04Q5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wcRf44t</latexit><latexit sha1_base64="4qOSHYchP9J4aToaEp9vwkEYHtg=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5HZe7zyh0jyRD2aaYhDTkeQRZ9RYy2cD77ExqNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0G7UPcv3V7Vms4ijDGdwDpfgwTU04Q5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wcRf44t</latexit><latexit sha1_base64="4qOSHYchP9J4aToaEp9vwkEYHtg=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5HZe7zyh0jyRD2aaYhDTkeQRZ9RYy2cD77ExqNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0G7UPcv3V7Vms4ijDGdwDpfgwTU04Q5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wcRf44t</latexit><latexit sha1_base64="4qOSHYchP9J4aToaEp9vwkEYHtg=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5HZe7zyh0jyRD2aaYhDTkeQRZ9RYy2cD77ExqNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0G7UPcv3V7Vms4ijDGdwDpfgwTU04Q5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wcRf44t</latexit>
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Note: arbitrarily high loop diagrams can 
actually be computed algebraically!



We solve for the potential by setting the full 
amplitude equal to the EFT amplitude:

Key point: even though both the full and EFT 
amplitudes are IR divergent, we can compute 
their IR finite difference.

A(2)
EFT �A(2) = 0 = 2


�c2(p2)

q
+

Z
d3` (IEFT � I)

�
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separately non-singular in velocity

we have  
this at 3PM A = AEFT
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we have  
this at all PM



From the one- and two-loop amplitude, we 
obtain the O(G3) potential,
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(10.10)
The variables used in Eq. (10.10) are defined below Eq. (9.3) and in Appendix A. Note that plugging
in c1 and c2 into the IR divergent integrals in Eq. (10.6) exactly reproduces the IR divergent integrals
in Eq. (9.3). This explicitly demonstrates the cancellation of IR artifacts in the matching between
full theory and the EFT.

The Hamiltonian in Eq. (10.8) contains a mass singularity, reflecting the mass singularity in the
amplitude (9.3). Taking both masses small, the arcsinh term in c3 dominates and gives

H
3PM(p, r) æ ≠64 G

3p4

|r|3 ln m1m2

4p2
+ · · · = ≠4 G

3
s

2

|r|3 ln m1m2

s
+ · · · , (10.11)

where we display only the singular term. As we explain in Sec. 12, this singularity is consistent with
the known absence of collinear singularities in gravitational theories [79] because the small mass
and small momentum transfer limits do not commute.

11 Consistency Checks
Our calculation of the 3PM Hamiltonian exploits a number of novel techniques. To validate the
result, we have performed several consistency checks against known results such as the 4PN Hamil-
tonian, the Schwarzschild solution, and the 4PN and 2PM scattering angles. These are of course
not all independent but nevertheless it is satisfying to reproduce multiple results in the literature.

As shown in Fig. 1, the overlap between our 3PM Hamiltonian and the 4PN Hamiltonian pro-
vides a nontrivial check. However, Hamiltonians depend on the choice of coordinates and cannot
be directly compared. In Sec. 11.1, we construct a canonical transformation that relates our 3PM
Hamiltonian in Eq. (10.8) and the 4PN Hamiltonian in Ref. [17], thus demonstrating their equiva-
lence in the overlap region.

Alternatively, we may check the equivalence between Hamiltonians by comparing scattering
amplitudes, which encode only physical information and are independent of the gauge choice. In
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which contains arbitrarily high order PN data 
in the velocity expansion.



iii) checking the answer



Check #1: In the probe limit, mA ≪ mB, this 
describes a particle in a black hole geometry.

Our result agrees with Schwarzschild metric. 4
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Details of these checks will be provided in [? ].

3

6PN contributions at 3PM order. For convenience we in-
troduce variables for the total mass M = mA +mB , the

reduced mass, µ = mAmB/M , and their ratio, ⌫ = µ/M .
The nonrelativistic scattering amplitude at O(G3) is
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where all IR divergent terms are proportional to the uni-
versal integral in Eq. (??).

In order to extract the conservative potential from this
amplitude we employ the EFT method developed in [?
]. We define a nonrelativistic EFT for a massive scalar
whose interaction vertex is the conservative potential,

V =
1X

i=1

ViPM =
1X

i=1

ci(p
2)

✓
G

r

◆i

, (16)

where i labels orders in the PM expansion. Note that
the form of this potential is itself a choice of gauge. Ap-
plying the Feynman rules defined in [? ], we analytically
compute the scattering amplitude of massive scalars,

A
(EFT) =

1X

i=1

A
(EFT)
iPM . (17)

As discussed in [? ], A(EFT)
3PM receives contributions from

diagrams with two loops or fewer and depends on c1,
c2, and c3. In [? ], c1 and c2 were extracted analyt-
ically at all orders in velocity from the tree and one-
loop amplitudes for massive scalars, yielding the full 2PM

potential. Inserting these into A
(EFT)
3PM e↵ectively imple-

ments the subtraction of iterated contributions. Equat-

ing A
(EFT)
3PM = A3PM, we the solve for c3, yielding the

conservative potential at O(G3),
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where ⇢ = r/GM is the distance between particles. As
emphasized in [? ], all IR divergent contributions in

A
(EFT)
3PM and A3PM exactly cancel, which is why we do

not bother evaluating such contributions.
The above expressions pass several highly nontrivial

consistency checks. First, the full theory amplitude A3PM

agrees exactly with A
(EFT)
3PM computed using the conserva-

tive potential computed in existing literature up to 4PN
accuracy. Second, our potential in the probe limit ⌫ = 0
exactly matches the corresponding terms in the Hamilto-
nian for a point particle in a Schwarzschild background,



Check #2: Physically equivalent potentials 
generate the same energy for a circular orbit,

written in terms of  the appropriate quantities. 

We find agreement at the highest order for 
which our results apply to a virialized system, 
which is O(G3v0), i.e. 2PN.
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Check #3: Physically equivalent potentials 
are related by a canonical transformation.
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our potential
state of  the art 
4PN potential 
from literature

We found agreement at O(G3v4), i.e. 4PN.
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Advanced methods for computing perturbative, quantum-gravitational scattering amplitudes
show great promise for improving our knowledge of classical gravitational dynamics. This is es-
pecially true in the weak-field and arbitrary-speed (post-Minkowskian, PM) regime, where the con-
servative dynamics at 3PM order has been recently determined for the first time, via an amplitude
calculation. Such PM results are most relevantly applicable to relativistic scattering (unbound
orbits), while bound/inspiraling binary systems, the most frequent sources of gravitational waves
for the LIGO and Virgo detectors, are most suitably modeled by the weak-field and slow-motion
(post-Newtonian, PN) approximation. Nonetheless, it has been suggested that PM results can in-
dependently lead to improved modeling of bound binary dynamics, especially when taken as inputs
for e↵ective-one-body (EOB) models of inspiraling binaries. Here, we initiate a quantitative study
of this possibility, by comparing PM, EOB and PN predictions for the binding energy of a two-body
system on a quasi-circular inspiraling orbit against results of numerical relativity (NR) simulations.
The binding energy is one of the two central ingredients (the other being the gravitational-wave
energy flux) that enters the computation of gravitational waveforms employed by LIGO and Virgo
detectors, and for (quasi-)circular orbits it provides an accurate diagnostic of the conservative sector
of a model. We find that, whereas 3PM results do improve the agreement with NR with respect
to 2PM (especially when used in the EOB framework), it is crucial to push PM calculations at
higher orders if one wants to achieve better performances than current waveform models used for
LIGO/Virgo data analysis.

I. INTRODUCTION

Gravitational waves (GWs) from binary black holes
(BHs) and neutron stars (NSs) [1–4] encode information
about the structure of compact objects and their inter-
action via (strong, dynamical) gravitational fields. The
continuously improving network of GW detectors [5–8]
o↵ers unprecedented insights into astrophysics and fun-
damental physics. Likewise, a continuous improvement
in the accuracy of existing GW predictions, using both
numerical and analytical methods, is necessary in order
to continue the successful story of GW astronomy.

Regarding GW predictions for compact binary coa-
lescence, numerical and analytical methods complement
each other well, since the analytic post-Newtonian (PN,
weak-field and slow-motion) approximation (e.g., see
Refs [9–14]) relies on the separation between the or-
bit’s and the body’s scales being large, while current
numerical-relativity (NR) simulations (e.g., see Refs. [15–
17]) become ine�cient in this regime. Since the orbital
separation shrinks over time due to energy and angular
momentum loss via GW emission, a synergistic approach
between both methods is needed to predict the complete
inspiral-merger-ringdown (IMR) sequence for the com-
pact binaries now routinely detected by ground-based
GW observatories [4].

The e↵ective-one-body (EOB) formalism [18, 19] im-
proves the accuracy of the (perturbative) PN two-body
dynamics (see, e.g., Refs.[20–24]) by resumming PN re-
sults in such a way as to include the exact test-particle
limit. EOB waveforms [25–28] are an important class of
IMR waveform models employed in LIGO/Virgo searches

and inference studies [1–4, 29–32]. Because of the more
accurate description of the dynamics toward merger
(with respect to PN), EOB waveforms are also employed
to build another class of IMR waveforms, the phenomeno-
logical waveform models (e.g., see Ref. [33]). In order
to improve EOB waveform models in the entire binary’s
parameter space (i.e., large-mass ratios and large spins),
better understand the uniqueness and robustness of the
EOB resummation, and gain confidence in its range of
applicability, it is important to extend the EOB for-
malism to highly relativistic bound and unbound or-
bits. The large mass-ratio case, which is relevant for
space-based and third-generation ground-based detectors
and requires a very accurate modeling of fast-motion ef-
fects, is one important example [34–38], which we will
follow up elsewhere [39]. Here, we focus on the post-
Minkowskian (PM) approximation (i.e., weak field and
fast motion) [9, 12, 40–50] applicable to scattering bina-
ries (see also Refs. [51–65] for recent applications).

A crucial ingredient of the EOB formalism is the en-
ergy map [18] between the two-body and the e↵ective
one-body description. While the energy map was estab-
lished as a natural choice up to 4PN order [18, 66, 67],
its properties become more apparent and unique (at least
at 1PM) when extending the conservative EOB Hamilto-
nian to 1PM and 2PM orders [53, 56]. One can also
gain insight into EOB spin maps at 1PM and 2PM
orders [55, 57, 68]. These results, together with the
prospect of creating a waveform model for scattering
binaries, certainly provide a good motivation to push
the PM knowledge to higher orders. Quite interestingly,
profiting from recent advances in the area of scattering
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FIG. 4. Energetics of PM Hamiltonians augmented by PN information. Same as in Fig. 2 but now we compare
to NR the binding energy of PM EOB Hamiltonians augmented by PN information. Notice that adding 3PM information at
3PN or above does not lead to a visible di↵erence from plain PN EOB Hamiltonians (the 3PM-3PN and 3PN curves, as well
as the 3PM-4PN and 4PN ones, are essentially on top of each other). Also included is a curve for an alternative 3PM EOB

Hamiltonian, HEOB,fPS

3PM
, derived in Appendix B.

improvement coming from 4PM. The conclusion is that
it will be very useful to extend the knowledge of PM cal-
culations to higher orders — for example at least 4PM,
but even 5PM order.

Before ending this section we remark that the compar-
ison results that we have illustrated depend on several
choices. First of all, we have decided to compare the
binding energy extracted from NR simulations to results
obtained from an adiabatic sequence of circular orbits,
instead of the ones from the Hamilton equations with
radiation-reaction force. To illustrate the impact of this
choice we compare in Fig. 6 the binding energies of HEOB

3PN

and H
EOB,PS

nPN
obtained by evolving the Hamilton equa-

tions with a suitable radiation-reaction force (labeled “in-
spiral”) and using an adiabatic sequence of circular orbits
(labeled “circular”). The di↵erence is small early in the
evolution and grows as the inspiral approaches the ISCO,
where we observe a typical di↵erence in the binding en-
ergy of 5% to 10% (for q = 1).

Lastly, Fig. 7 demonstrates the di↵erence of calculat-
ing e(⌦) numerically, treating the various approximants
of the Hamiltonian as exact, and analytically as an ex-
pansion in (GM⌦). The plots show the results of calcu-
lating e(⌦) numerically from mPM and nPN Hamiltoni-
ans treated as “exact”, and also the curves from the ana-

lytically computed binding-energy EnPN(⌦) truncated at
2PN (i.e., (GM⌦)6/3 with respect to leading term) and
3PN (i.e., (GM⌦)8/3) order (see Eq. (232) in Ref. [9])
(labeled EnPN). As already noticed in Ref. [86], the dif-
ferences can be quite substantial. However, it is worth
re-emphasizing that if one calculates e(⌦) analytically
starting from either H3PM or H2PN one recovers the 2PN
result exactly.

IV. CONCLUSIONS

The study of the energetics conducted in this work,
using currently available PM Hamiltonians up to third
order, highlights two main points. Firstly, the binding
energy for circular orbits computed with the 3PM Hamil-
tonian of Ref. [81] and the 3PM EOB Hamiltonian of
Sec. II are closer to NR predictions than the ones com-
puted at lower PM orders, especially for small frequencies
(or high angular momenta) (see Figs. 2 and 3). This sug-
gests that similar improvements can be made by pushing
PM calculations to higher orders, leading to a more ac-
curate modeling of the inspiral phase.
Secondly, we find that higher-order PM calculations

of the conservative two-body dynamics would be needed
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FIG. 2. Energetics of PM Hamiltonians. We compare to NR the binding energy as a function of orbital frequency GM⌦
from both PM and PM-EOB Hamiltonians for a nonspinning binary black hole with mass ratio q = 1 (left panel) and q = 10
(right panel). The dots at the end of the curves mark the ISCOs, when present in the corresponding two-body dynamics. The
NR binding energy and its error are in cyan. The top x-axis shows the number of orbits until merger. In the lower panel we
show the fractional di↵erence between the approximants and the NR result.

q = 1 and 10 [24]. In Fig. 1 we display the NR waveforms.
Those simulations span about 56 and 36 GW cycles (cor-
responding to ⇠ 28 and ⇠ 18 orbital cycles), for q = 1
and q = 10, respectively, before merger. We highlight in
Fig. 1 the portion of the waveform that we use to com-
pare with the binding-energy approximants. As can be
seen, the comparisons with NR extend up to about 1.4
and 1.8 GW cycles, for q = 1 and q = 10, respectively,
before the two black holes merge. Thus, our comparisons
of analytic models to NR predictions extend to the late
inspiral of a binary evolution, a stage characterized by
high velocity and strong gravity.

We compare NR predictions against analytic results
obtained with PM, EOB and PN Hamiltonians, summa-
rized in Table I. Notably, we compute results with the
Hamiltonian at mPM orders with m = 1, 2, 3 [64, 81]
(labeled HmPM), and with the EOB Hamiltonian of
Refs. [53, 56] and this paper at mPM orders with m =
1, 2, 3 (labeled H

EOB,PS

mPM
). We also compare results with

the PM EOB Hamiltonian augmented with PN results
up to 4PN order (labeled H

EOB,PS

mPM+nPN
), as derived in Ap-

pendix A. Furthermore, the (original) EOB Hamiltonian
employed in LIGO/Virgo data analysis [25, 27] is built
from the EOB Hamiltonian of Refs. [18, 66, 67], and it
resums perturbative PN results di↵erently from the PM

EOB Hamiltonian. To understand the impact of the dif-
ferent resummation, and also highlight the accuracy that
PM results would need to achieve in order to motivate
their use in waveform modeling, we also show results
with such an EOB Hamiltonian (labeled H

EOB

nPN
). Fi-

nally, we also employ the PN Hamiltonian from Ref. [84]
(labeled HnPN), and an alternative 3PM EOB Hamilto-
nian presented for circular orbits in Appendix B (labeled

H
EOB,fPS

3PM
).

In Figs. 2 and 3 we compare the binding energy com-
puted in NR with the ones from PM and PM EOB
Hamiltonians versus either the binary’s orbital frequency
(Fig. 2) or angular momentum (Fig. 3), for mass ratios
q = 1 and q = 10. We clearly see the improvement of
the PM binding energy from 1PM to 3PM, especially at
low frequency. The PM-EOB binding energies generally
show better agreement with NR, but they have a much
smaller range of variation from 1PM to 3PM. The 3PM
result does slightly better than 1PM, while 2PM is worse
than the other two. Overall those results demonstrate
the value and relevance of pushing PM calculations at
higher order, and of further exploring how to use PM
results to improve EOB models.

To understand the impact of PM calculations for
LIGO/Virgo analyses, it is important to compare the

LIGO theorists have run these results through 
their pipeline, comparing against NR, etc.





conclusions



• There is a concrete and scaleable path to 
connect progress in amplitudes to LIGO.

• We obtain the 3PM potential via EFT 
matching, which passes nontrivial checks.

• We computed the scattering amplitude 
at 3PM utilizing old and new methods.

summary of  results



• Extend these results to incorporate spin, 
finite size effects, radiation, higher loops.

• Apply EFT and amplitudes methods to 
“self-force” regime where NR and PN fail.

• Implement a systematic bootstrap for 
PM amplitudes from RPI, locality, etc.

future directions
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