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Amplitudes have revealed hidden simplicity

AYM —

and hidden structure linking gauge + gravity.

Avym ® Avym = Acr



Can we leverage these “miracles” for LIGO?
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Yes! After ~1 yr we have new results for GR.



A black hole binary merger has three phases.
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T'he post-Newtonian (PN) approximation 1s
an expansion 1 powers of

virial theorem

| oM
V2~ <1
T

which are tiny and perturbatively calculable
during the inspiral phase.

T'he post-Minkowskian (PM) expansion 1s an

expansion purely 1n powers ot G



Here n-PN requires n-loops since GM” > 1.

Alp,q) ~ {I} L4t
{K +. } v

{NJr } e

Perturbativity holds since GMq ~ GM /r < 1.
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LIGO will continue to test PN corrections.
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Can amplitudes methods give an etficient and
scaleable path to higher PN? Several 1ssues:

* massive black hole #Z SYM gluon

— but BH 1s point-like and mass 1s not a problem

* scattering amplitudes # potential

— but EFT solved this long ago in NRQCD

* evaluating high loop integrals = hard

— but potential 1s szmple so the integrals should be too!
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full theory ettective theory

amplitudes build
methods ansatz
BH / graviton effective BH
tree amplitudes Apree V(p ’ C]) Lagrangian
generalized Feynman
unitarity diagrams
integral o () 7(2) o (2) (4) integral
representation A= § : a1 AprFT = z : EFT[ representation
1 1
multi-loop multi-loop
integration identical Integration
physics
full 1 _ EFT loo
oo A(p, q) — AgrT(D, q) b

amplitude amplitude



I will present our results at 2PM and 3PM,

focusing on certain aspects of:

 calculating the scattering amplitudes

(methods for integrands and integration)

* extracting the conservative potential

(EF'T matching at all orders 1n velocity)

 analyzing the results for consistency

(old and new diagnostics on the final answer)
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1) calculating the amplitude
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Amplitudes link and unity disparate theorzes.

spin

H\ s
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First, recast gluon tree amplitudes as abstract
functions ot kinematic invariants.

_ pH1 K2 n
A = e e €n" A o

scalar function of P;pj, Pi€j, €;€;

Crucially, we maintain on-shell conditions.

massless helicity basis

pipi = piei = €;e; = {

transverse



We define a set of simple transmutation
operators which convert between species:

723 — 2 gluon — 2 scalar
7;7]{ — 5)p i — ap f | gluon — 1 scalar

£i — Z pipjapjei
J

T'hese operations have been proven via on-
shell recursion and checked up to Spt.



oluons

Aym ® Aym = Agr
(double copy)
oravitons
861 €4 862 €3 AGR
(dimensional reduction)

massless scalars + gravitons

l P1P2 — P1P2 — M1My2

(lift to massive)

massive scalars + gravitons



T'he loop integrands ot amplitudes are built
by matching singularities to tree amplitudes,

which 1s called generalized unitarity.

Integration 1s more involved, and we apply
both relativistic and nonrelativistic methods.



A= / d*01d* 05 Tyy

integrals via

l evaluate energy

residues
= / d*01d> 0y Tsq

expand in

large mass

_ / Pirdty (1) + 1) + 1 + )

evaluate
3d integrals

the answer



After 3d reduction, the vast majority of terms
are 1terated bubble integrals of the form

dSZ gil €i2 S gr&m _ (A.10) of Smirnov’s
g Qo ( Z 4+ q) B - “Feynman Integral Calculus”

T'he 3d integrals which appear exactly mirror

the ssmplicity of those in NRGR.

We also applied several highly nontrivial 4d
checks using IBPs and ditterential equations.



For the nonrelativistic scattering amplitude
for spinless particles at O((7) we obtain

A Gr*m?

2
M = — g (1 —207),
3G m3 322G i mPA (1 — 202)? ¢ dP~1e 1
My = — 92 (1-50%) + 3( )/ D—112 2( P2 )
g €IQI V3¢ (2m)P-1 £2(€ + q)*(£2 + 2pf)
G3vPm*1
My =" ”6 TZ& -4 [3 — 6V + 20600 — 540> + 108v0> + 4vo?
Y
48v (3 + 1202 — 40*) arcsinh 21 18y (1 —202) (1 — 502)
- o2 — 1 (1+7)(1+0)
ST3G3 A mS dP—1¢ 1
37 (1 — 207 1—52‘/
B: [ 1 (1=20°) (1=59") | oyt e+ gl + 2pD

— 32m2v (1 202

3 dD 1£ dD 1£2 1
27'(' D— 1 27T)D 1 82(82 El) (82 -+ q>2(£% + 2p£1)(£% + 2p£2)

We have resummed the series expansion into
an analytic all orders in velocity expression.



11) extracting the potential



Define a general Lagrangian for the EF 1,

Lan= [ 41w (0= o2 ) 40
+/p B'(—p) (i&: — \/p2 + sz> B(p)

Lint = — / Vit (p.7') AT (0') A(p) B (—p) B(~p)

which describes the dynamics ot two spinless,
nonrelativistic particles denoted A and B.



potential

(position space)

potential

(momentum space)

Interaction
vertex

icz (47T7°)i

1=1
Fourier
transform
= _wel(p?) | wPea(p?)  KPes(p?)logq
(p 9 q) 2 ! Q q 167 |
oft-shell

continuation

Vint (0, ') V(\/ P p - p\) = X




Scattering amplitudes in the EF 1 trivial to
compute using Feynman diagrams.

O

(Z) +«—— PM expansion
§ :AEFT
1=1

AEFT

_|_

\/

/\

N N\
M
~N N N
+ +
4 A A



F.ach PM order 1s not homogenous 1n loops.

1
A](E)P)‘T — I

C1
2
i = X DX

2

3
Ager = )( X+ )OO(

C1Co

Note: arbitrarily high loop diagrams can
actually be computed algebraically!



We solve for the potential by setting the full
amplitude equal to the EF'1" amplitude:

we have

we have
this at 3PM - A= AEFT ' this at all PM

Key point: even though both the tull and EF T
amplitudes are IR divergent, we can compute
their IR finite difference.

q

AN /

separately non-singular in velocity

_ . > _
A](EQPZT — A(Q) =0 = /£2 2(p ) | /dgg (IEFT — I)




From the one- and two-loop amplitude, we

obtain the O((G7) potential,

2,.,2
Cc1 = van (1 — 202)
2m? [3 dvo (1 — 202 2(1 — &) (1 — 20?)°
CQ:V;n [(1—502)— vo ( U)—V< 5)22 U)])
€ 14 V€ 27°¢
2mi 1 , , o A (3+120% - 40%) arcsinhy/ 75+
3= g {12<3—6V—|—206ua—540 + 108v0” + dvo”) — ——
3vy (1 —202) (1 —502)  3vo (7 — 2002) N 203(3 — 4€)o (1 — 202)°
2(1+7)(1+0) 27 43
v* (34 8y — 3¢ — 150% — 80v0? + 15607°) (1 — 207) N VA1 — 26) (1 — 202)°
4~3£2 264

which contains arbitrarily high order PN data
in the velocity expansion.



111) checking the answer



Check #1: In the probe limit, ma « msg, this
describes a particle in a black hole geometry.

Vaspm 1 {( 1 31/) 2 (_ 25 65v 1071/2) Loyt (105 4049y 258912 B 487V3)

" p3 4 2 8 4 8 32 160 32 16
UG(}_273_+_17855SV__ 309930 152710 6607u4)
64 4480 640 8 128
lﬁ;(2805 _1947527u_+_3093791y2_+ 5787v%  168131v* 19425u5>
512 32256 17920 320 512 256
10 (__7007_+_2354633y __23190389u2_+_3013571u3_+_340279u4__ 2376390° 104655u6) +_...}
1024 26880 64512 7168 1024 512 1024

Our result agrees with Schwarzschild metric.

() (o) e (o)
—(1-—=(14+ =— I+ (14 — u? —1
p 2p 2p 2p

1 25u?  105u* 273w  2805u®  7007ul®

1
_""+_25'{'_4 3 3 61 " 512 1024 4_"'}




Check #2: Physically equivalent potentials
ogenerate the same energy for a circular orbit,

angular

/ frequency
2

L L

5(x):—§ (1 1332(9—|-V) 24(81—57V+V2)—|—°">

\ energy per

reduced mass

written 1n terms of the appropriate quantities.

We find agreement at the highest order for
which our results apply to a virialized system,

which 15 O(GVY), 2.e. 2PN,



Check #3: Physically equivalent potentials

are related by a canonical transtormation.

state of the art

our potential 4PN potential
from literature
V]. < > V2

construct explicit
coordinate transform

v v

Ay = As

We found agreement at O(G3v?), e 4PN,



LIGO theorists have run these results through
their pipeline, comparing against NR, etc.

Energetics of two-body Hamiltonians in post-Minkowskian gravity

Andrea Antonelli,! Alessandra Buonanno,™? Jan Steinhoff,! Maarten van de Meent,! and Justin Vines!

' Maz Planck Institute for Gravitational Physics (Albert Einstein Institute), Am Miihlenberg 1, Potsdam 14476, Germany
2 Department of Physics, University of Maryland, College Park, MD 20742, USA
(Dated: January 23, 2019)
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conclusions



summary ot results

* T'here 1s a concrete and scaleable path to
connect progress in amplitudes to LIGO.

* We computed the scattering amplitude
at 3PM utilizing old and new methods.

* We obtain the 3PM potential via EF T’

matching, which passes nontrivial checks.



future directions

* kixtend these results to incorporate spin,
finite s1ze effects, radiation, higher loops.

* Implement a systematic bootstrap for
PM amplitudes from RPI, locality, etc.

* Apply EF'1" and amplitudes methods to
“selt-force” regime where NR and PN fail.
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looks doable



thank you!



