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why three-body systems?
hadron spectroscopy 
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hadron spectroscopy 

nuclear structure / neutrino physics  



The particle zoo the remake 

60+ hadron candidates @ LHCb

Numerous other experimental searches…

https://arxiv.org/abs/2206.15233


Tetraquarks? 
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Nuclear physics & precision tests

Piarulli, Baroni, Schiavilla et al. (2017)

Green function Monte Carlo calculations 



Nuclear physics
 the three-body potentials shifts spectra by about 10%-20%
 these emerge from “local” & “non-local” interactions
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neutrionless double-beta decay



Unitary limit:

Pole in the two-body scattering amplitude at threshold:

Infinite tower of geometrically-separated three-body bound states:  where  EN+1 = EN /λ2 λ = 22.69438
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Efimov physics

Vitaly Efimov

onance parameters, respectively. The updated val-
ues a�/a+ = �3.1 ± 0.3 [39K], �2.8 ± 0.3 [7Li] and
a�/a⇤ = �22 ± 2 [7Li] are in fair agreement with
the values predicted by the universal Efimov theory
a�/a+ ⇡ �4.9 and a�/a⇤ ⇡ �22.0 [4]. The group
of Lev Khaykovich [143] performed a similar experi-
ment using lithium-7 atoms, and measured a� and a⇤.
The ratio a⇤/a� = �1.01(15) obtained in the experi-
ment agrees with the theoretical value above if a� and
a⇤ are interpreted as corresponding to the ground and
first-excited Efimov trimers and the universal scaling
factor 22.7 is multiplied. The groups from Florence
[139] and Rice University [140] have both reported the
observation of two dips in the loss rate for positive scat-
tering lengths, i.e. two values of a+ corresponding to
a ground-state and an excited Efimov trimers. They
found the ratio between these two values to be 25(4)
and 22.5(3) respectively, roughly confirming the dis-
crete scale invariance of Efimov trimers with the uni-
versal ratio 22.7. The universal scaling was reported
to be observed for negative scattering lengths as well
in reference [140], although a subsequent recalibration
of the scattering length with respect to the magnetic
field dismissed the second value of a� and corrected
the values of a+, giving a updated ratio 16(2) [142].

More recently, the second Efimov trimer could be
observed for negative scattering lengths with caesium-
133 atoms near a 800 G Feshbash resonance [40], as
originally proposed in reference [119]. The scaling fac-
tor between the ground state Efimov trimer and second
Efimov trimer was found to be 21.0(1.3), close to the
universal ratio 22.7. The experimental data for the two
Efimov resonances are shown in figure 4.9. This is so
far the most convincing experimental evidence of Efi-
mov states of identical bosons, according to definition
1 of section 4.5.

Bound-state spectroscopy Before the evidence
of Efimov states through three-body and two-body
losses, the association of three colliding atoms in an
Efimov trimer was theoretically proposed [144]. Such
an association, although di↵erent from the original
proposal, could be achieved experimentally and al-
lowed the direct spectroscopy of Efimov trimers. Al-
though the first demonstration was done with three
distinguishable atoms (see section 6.5), the associa-
tion of three bosons into an Efimov trimer was later
achieved with lithium-7 atoms in the group of Lev
Khaykovich [145]. The experiment consists in driv-
ing a transition between three colliding atoms and the
underlying Efimov trimer state by applying a radio-
frequency (rf) modulation of the magnetic field. When
the frequency of the modulation matches the energy
di↵erence between the energy of the colliding atoms
and the trimer energy, the three atoms are associated
in trimers, resulting in a loss of the atoms from the im-
aged cloud. The resonance could be seen as a small dip
in the number of atoms as the frequency of the mod-

ulation is varied, on the shoulder of a broader dip due
to the association of two atoms into a dimer.

Second
resonance

First resonance
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Figure 4.9: Efimov resonances in an ultra-cold gas
of caesium-133 atoms in their lowest hyperfine state,
whose scattering length is varied by applying a mag-
netic field on the order of 800 gauss (adapted from
reference [40]). The resonances appear as peaks in the
three-body recombination rate as a function of scatter-
ing length. The experimental data of reference [40] is
shown with di↵erent colours corresponding to di↵erent
data sets, all taken at a temperature of about 10 nK.
The data around the first resonance is fitted by the
zero-temperature universal formula (4.52) with a� =
�51.0(0.6) nm and ⌘ = 0.10(1). The formula predicts a
second resonance at a = 22.7⇥�51 = �1158 nm. The
second resonance was observed at a = �1068(63) nm,
corresponding to a factor 21(1.3) indicated by the ar-
row. The height of the peak is much smaller than the
zero-temperature prediction, due to the saturation ef-
fect of finite temperature [136, 137], indicated by the
horizontal dotted line for 10 nK.

4.8 Prospects for observation in con-

densed matter

Most studies of Efimov physics have been done in the
fields of nuclear physics and atomic physics, but re-
cently there have been works seeking the possibility
of Efimov physics in other physical systems. Here, we
present the current prospects for quantum spin systems
[146, 147] and excitons [148].
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Two-body systems are well studied via lattice QCD
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outline
integral equations
angular momentum projection
finite-volume formalism 
a lattice QCD calculation
toy model calculations
Efimov physics 
consistency checks and the breakdown of Lüscher

Hansen, RB, Edwards, Thomas, & Wilson (2020) 
Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)
Jackura, RB (2023)
RB, S. R. Costa, Jackura, (2024)
Dawid, RB, Islam, Jackura,  (2023)

IslamDawidJackuraS. R. Costa Thomas

 [won’t present, but happy to discuss]



Arsenal of non-perturbative tools
Scattering theory

Benefits
 analytic description, 
 correct singular behavior,
 infinite-volume Minkowski observables 

Limitations
unknown real functions
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EFTs can be understood as a subset of this
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 analytic description, 
 correct singular behavior,
 infinite-volume Minkowski observables 
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unknown real functions

Lattice QCD

Benefits
 treats dynamics exactly, 

Limitations
computationally costly 
finite Euclidean spacetime
no asymptotic states
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short-distance dynamics 

nearly a continuum of references:
Rusetsky &  Polejaeva(2012)

RB & Davoudi (2012)

Hansen & Sharpe (2014+)

RB, Hansen, Sharpe, …( 2017+)

Mai & Doring (2017)

…

Jackura & RB (2023)

RB, Jackura & Costa (to appear)

Lattice QCD
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short-distance dynamics 
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Arsenal of non-perturbative tools
Scattering theory

K3
<latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit>

short-distance dynamics 

Lattice QCD

iM3 =
<latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+ · · ·
<latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit>

satisfies an integral equation

Where                                     and

d = �G�
Z

GM2d
<latexit sha1_base64="SJxPH4fr3HzAw/CGZ4kq8AVZtRs=">AAACD3icbVDLSsNAFJ3UV42vqEs3g0VxYUtSBN0IRRd1I1SwD2hCmEwm7dDJg5mJUEL+wI2/4saFIm7duvNvnLRdaOuBgcM59zLnHi9hVEjT/NZKS8srq2vldX1jc2t7x9jd64g45Zi0ccxi3vOQIIxGpC2pZKSXcIJCj5GuN7ou/O4D4YLG0b0cJ8QJ0SCiAcVIKsk1jjM/h5ew2oR6Fdo0krBpn9ohkkOMWHabu3UIoa+7RsWsmRPARWLNSAXM0HKNL9uPcRqSSGKGhOhbZiKdDHFJMSO5bqeCJAiP0ID0FY1QSISTTe7J4ZFSfBjEXD2VaKL+3shQKMQ49NRkkVTMe4X4n9dPZXDhZDRKUkkiPP0oSBmUMSzKgT7lBEs2VgRhTlVWiIeIIyxVhUUJ1vzJi6RTr1lmzbo7qzSuZnWUwQE4BCfAAuegAW5AC7QBBo/gGbyCN+1Je9HetY/paEmb7eyDP9A+fwDPlZlb</latexit><latexit sha1_base64="SJxPH4fr3HzAw/CGZ4kq8AVZtRs=">AAACD3icbVDLSsNAFJ3UV42vqEs3g0VxYUtSBN0IRRd1I1SwD2hCmEwm7dDJg5mJUEL+wI2/4saFIm7duvNvnLRdaOuBgcM59zLnHi9hVEjT/NZKS8srq2vldX1jc2t7x9jd64g45Zi0ccxi3vOQIIxGpC2pZKSXcIJCj5GuN7ou/O4D4YLG0b0cJ8QJ0SCiAcVIKsk1jjM/h5ew2oR6Fdo0krBpn9ohkkOMWHabu3UIoa+7RsWsmRPARWLNSAXM0HKNL9uPcRqSSGKGhOhbZiKdDHFJMSO5bqeCJAiP0ID0FY1QSISTTe7J4ZFSfBjEXD2VaKL+3shQKMQ49NRkkVTMe4X4n9dPZXDhZDRKUkkiPP0oSBmUMSzKgT7lBEs2VgRhTlVWiIeIIyxVhUUJ1vzJi6RTr1lmzbo7qzSuZnWUwQE4BCfAAuegAW5AC7QBBo/gGbyCN+1Je9HetY/paEmb7eyDP9A+fwDPlZlb</latexit><latexit sha1_base64="SJxPH4fr3HzAw/CGZ4kq8AVZtRs=">AAACD3icbVDLSsNAFJ3UV42vqEs3g0VxYUtSBN0IRRd1I1SwD2hCmEwm7dDJg5mJUEL+wI2/4saFIm7duvNvnLRdaOuBgcM59zLnHi9hVEjT/NZKS8srq2vldX1jc2t7x9jd64g45Zi0ccxi3vOQIIxGpC2pZKSXcIJCj5GuN7ou/O4D4YLG0b0cJ8QJ0SCiAcVIKsk1jjM/h5ew2oR6Fdo0krBpn9ohkkOMWHabu3UIoa+7RsWsmRPARWLNSAXM0HKNL9uPcRqSSGKGhOhbZiKdDHFJMSO5bqeCJAiP0ID0FY1QSISTTe7J4ZFSfBjEXD2VaKL+3shQKMQ49NRkkVTMe4X4n9dPZXDhZDRKUkkiPP0oSBmUMSzKgT7lBEs2VgRhTlVWiIeIIyxVhUUJ1vzJi6RTr1lmzbo7qzSuZnWUwQE4BCfAAuegAW5AC7QBBo/gGbyCN+1Je9HetY/paEmb7eyDP9A+fwDPlZlb</latexit><latexit sha1_base64="SJxPH4fr3HzAw/CGZ4kq8AVZtRs=">AAACD3icbVDLSsNAFJ3UV42vqEs3g0VxYUtSBN0IRRd1I1SwD2hCmEwm7dDJg5mJUEL+wI2/4saFIm7duvNvnLRdaOuBgcM59zLnHi9hVEjT/NZKS8srq2vldX1jc2t7x9jd64g45Zi0ccxi3vOQIIxGpC2pZKSXcIJCj5GuN7ou/O4D4YLG0b0cJ8QJ0SCiAcVIKsk1jjM/h5ew2oR6Fdo0krBpn9ohkkOMWHabu3UIoa+7RsWsmRPARWLNSAXM0HKNL9uPcRqSSGKGhOhbZiKdDHFJMSO5bqeCJAiP0ID0FY1QSISTTe7J4ZFSfBjEXD2VaKL+3shQKMQ49NRkkVTMe4X4n9dPZXDhZDRKUkkiPP0oSBmUMSzKgT7lBEs2VgRhTlVWiIeIIyxVhUUJ1vzJi6RTr1lmzbo7qzSuZnWUwQE4BCfAAuegAW5AC7QBBo/gGbyCN+1Je9HetY/paEmb7eyDP9A+fwDPlZlb</latexit>

D = M2 dM2
<latexit sha1_base64="Q2xWcCxgiXkbnzraU1B2FeN5Oqo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6Eoi7cCBXsA5oQJpNJO3QyCTMToYT+hht/xY0LRVzqyr9x0gaxrQdmOJxzL/fe4yeMSmVZ30ZpaXllda28XtnY3NreMXf32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh1e533kgQtKY36tRQtwI9TkNKUZKS55pORFSA4xYdj2++OW3Y68OnRMY5N+s6plVq2ZNABeJXZAqKND0zE8niHEaEa4wQ1L2bCtRboaEopiRccVJJUkQHqI+6WnKUUSkm00uG8MjrQQwjIV+XMGJ+rcjQ5GUo8jXlfmWct7Lxf+8XqrCczejPEkV4Xg6KEwZVDHMY4IBFQQrNtIEYUH1rhAPkEBY6TArOgR7/uRF0q7XbKtm351WG5dFHGVwAA7BMbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1paMoqefTAD4+sHpo2fZg==</latexit><latexit sha1_base64="Q2xWcCxgiXkbnzraU1B2FeN5Oqo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6Eoi7cCBXsA5oQJpNJO3QyCTMToYT+hht/xY0LRVzqyr9x0gaxrQdmOJxzL/fe4yeMSmVZ30ZpaXllda28XtnY3NreMXf32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh1e533kgQtKY36tRQtwI9TkNKUZKS55pORFSA4xYdj2++OW3Y68OnRMY5N+s6plVq2ZNABeJXZAqKND0zE8niHEaEa4wQ1L2bCtRboaEopiRccVJJUkQHqI+6WnKUUSkm00uG8MjrQQwjIV+XMGJ+rcjQ5GUo8jXlfmWct7Lxf+8XqrCczejPEkV4Xg6KEwZVDHMY4IBFQQrNtIEYUH1rhAPkEBY6TArOgR7/uRF0q7XbKtm351WG5dFHGVwAA7BMbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1paMoqefTAD4+sHpo2fZg==</latexit><latexit sha1_base64="Q2xWcCxgiXkbnzraU1B2FeN5Oqo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6Eoi7cCBXsA5oQJpNJO3QyCTMToYT+hht/xY0LRVzqyr9x0gaxrQdmOJxzL/fe4yeMSmVZ30ZpaXllda28XtnY3NreMXf32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh1e533kgQtKY36tRQtwI9TkNKUZKS55pORFSA4xYdj2++OW3Y68OnRMY5N+s6plVq2ZNABeJXZAqKND0zE8niHEaEa4wQ1L2bCtRboaEopiRccVJJUkQHqI+6WnKUUSkm00uG8MjrQQwjIV+XMGJ+rcjQ5GUo8jXlfmWct7Lxf+8XqrCczejPEkV4Xg6KEwZVDHMY4IBFQQrNtIEYUH1rhAPkEBY6TArOgR7/uRF0q7XbKtm351WG5dFHGVwAA7BMbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1paMoqefTAD4+sHpo2fZg==</latexit><latexit sha1_base64="Q2xWcCxgiXkbnzraU1B2FeN5Oqo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6Eoi7cCBXsA5oQJpNJO3QyCTMToYT+hht/xY0LRVzqyr9x0gaxrQdmOJxzL/fe4yeMSmVZ30ZpaXllda28XtnY3NreMXf32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh1e533kgQtKY36tRQtwI9TkNKUZKS55pORFSA4xYdj2++OW3Y68OnRMY5N+s6plVq2ZNABeJXZAqKND0zE8niHEaEa4wQ1L2bCtRboaEopiRccVJJUkQHqI+6WnKUUSkm00uG8MjrQQwjIV+XMGJ+rcjQ5GUo8jXlfmWct7Lxf+8XqrCczejPEkV4Xg6KEwZVDHMY4IBFQQrNtIEYUH1rhAPkEBY6TArOgR7/uRF0q7XbKtm351WG5dFHGVwAA7BMbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1paMoqefTAD4+sHpo2fZg==</latexit>



Arsenal of non-perturbative tools
Scattering theory

K3
<latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit>

short-distance dynamics 

Lattice QCD

iM3 =
<latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+ · · ·
<latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+ · · ·
<latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit>

K3
<latexit sha1_base64="MJT5I47pWPxAZYlXnr8cZO+nFzA=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0I7ipYB/QDiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjO/OUaleSQfzSRGP6QDyfucUWMlvxNSM2RUpPfT7kW3VHYr7gxkmXg5KUOOWrf01elFLAlRGiao1m3PjY2fUmU4EzgtdhKNMWUjOsC2pZKGqP10FnpKTq3SI/1I2ScNmam/N1Iaaj0JAzuZhdSLXib+57UT07/2Uy7jxKBk80P9RBATkawB0uMKmRETSyhT3GYlbEgVZcb2VLQleItfXiaN84rnVryHy3L1Jq+jAMdwAmfgwRVU4Q5qUAcGT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDsBqSBw==</latexit><latexit sha1_base64="MJT5I47pWPxAZYlXnr8cZO+nFzA=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0I7ipYB/QDiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjO/OUaleSQfzSRGP6QDyfucUWMlvxNSM2RUpPfT7kW3VHYr7gxkmXg5KUOOWrf01elFLAlRGiao1m3PjY2fUmU4EzgtdhKNMWUjOsC2pZKGqP10FnpKTq3SI/1I2ScNmam/N1Iaaj0JAzuZhdSLXib+57UT07/2Uy7jxKBk80P9RBATkawB0uMKmRETSyhT3GYlbEgVZcb2VLQleItfXiaN84rnVryHy3L1Jq+jAMdwAmfgwRVU4Q5qUAcGT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDsBqSBw==</latexit><latexit sha1_base64="MJT5I47pWPxAZYlXnr8cZO+nFzA=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0I7ipYB/QDiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjO/OUaleSQfzSRGP6QDyfucUWMlvxNSM2RUpPfT7kW3VHYr7gxkmXg5KUOOWrf01elFLAlRGiao1m3PjY2fUmU4EzgtdhKNMWUjOsC2pZKGqP10FnpKTq3SI/1I2ScNmam/N1Iaaj0JAzuZhdSLXib+57UT07/2Uy7jxKBk80P9RBATkawB0uMKmRETSyhT3GYlbEgVZcb2VLQleItfXiaN84rnVryHy3L1Jq+jAMdwAmfgwRVU4Q5qUAcGT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDsBqSBw==</latexit><latexit sha1_base64="MJT5I47pWPxAZYlXnr8cZO+nFzA=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0I7ipYB/QDiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjO/OUaleSQfzSRGP6QDyfucUWMlvxNSM2RUpPfT7kW3VHYr7gxkmXg5KUOOWrf01elFLAlRGiao1m3PjY2fUmU4EzgtdhKNMWUjOsC2pZKGqP10FnpKTq3SI/1I2ScNmam/N1Iaaj0JAzuZhdSLXib+57UT07/2Uy7jxKBk80P9RBATkawB0uMKmRETSyhT3GYlbEgVZcb2VLQleItfXiaN84rnVryHy3L1Jq+jAMdwAmfgwRVU4Q5qUAcGT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDsBqSBw==</latexit>

real and non-singular 
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<latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit><latexit sha1_base64="QT45Zdp9EG5hJfbb5B1KrWh4bwE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bgwjrMcE8e8j97DJHvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lnYuG6zTcx6t687asowoncArn4MI1NOEeWtAGAlN4hld4szLrxXq3PhajFavcOYY/sD5/AFBRk24=</latexit>

short-distance dynamics 

Lattice QCD

iM3 =
<latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+ · · ·
<latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+ · · ·
<latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit><latexit sha1_base64="4z+kaNyPXWM+ROnHRf8uUaTBSa0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOhd9FiZoBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+fnTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UY3fi5UGmGXLHFoiiTBBMy+52EQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0r6se27de7iqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzBxWCj2Q=</latexit>

= iD + iL[D] · F [D,K3] · R[D]
<latexit sha1_base64="3GFL21bDHckg/PDy9fxSmYeqla4=">AAACYnicbVFbS8MwGE2r01kv29yjPgSHICijVUFfhKEigj5McRfYSknTbAtLLySpUEr/pG8++eIPsd3K3O1A4OSc70u+nNgBo0Lq+reibmwWtraLO9ru3v5BqVw5bAs/5Ji0sM983rWRIIx6pCWpZKQbcIJcm5GOPX7I/M4n4YL63oeMAmK6aOjRAcVIppJVju5o30VyhBGLH5Nzqs12r0lvzjG1PnZ8Cf/9pwX/YsZfEiu+WlP/vnSeVa7pdX0CuEqMnNRAjqZV/uo7Pg5d4knMkBA9Qw+kGSMuKWYk0fqhIAHCYzQkvZR6yCXCjCcRJfA0VRw48Hm6PAkn6nxHjFwhItdOK7MhxbKXieu8XigHt2ZMvSCUxMPTiwYhg9KHWd7QoZxgyaKUIMxpOivEI8QRlumvZCEYy09eJe3LuqHXjbfrWuM+j6MIjsAJOAMGuAEN8AyaoAUw+FEKyoFSUn5VTa2o1WmpquQ9VbAA9fgPon23uw==</latexit><latexit sha1_base64="3GFL21bDHckg/PDy9fxSmYeqla4=">AAACYnicbVFbS8MwGE2r01kv29yjPgSHICijVUFfhKEigj5McRfYSknTbAtLLySpUEr/pG8++eIPsd3K3O1A4OSc70u+nNgBo0Lq+reibmwWtraLO9ru3v5BqVw5bAs/5Ji0sM983rWRIIx6pCWpZKQbcIJcm5GOPX7I/M4n4YL63oeMAmK6aOjRAcVIppJVju5o30VyhBGLH5Nzqs12r0lvzjG1PnZ8Cf/9pwX/YsZfEiu+WlP/vnSeVa7pdX0CuEqMnNRAjqZV/uo7Pg5d4knMkBA9Qw+kGSMuKWYk0fqhIAHCYzQkvZR6yCXCjCcRJfA0VRw48Hm6PAkn6nxHjFwhItdOK7MhxbKXieu8XigHt2ZMvSCUxMPTiwYhg9KHWd7QoZxgyaKUIMxpOivEI8QRlumvZCEYy09eJe3LuqHXjbfrWuM+j6MIjsAJOAMGuAEN8AyaoAUw+FEKyoFSUn5VTa2o1WmpquQ9VbAA9fgPon23uw==</latexit><latexit sha1_base64="3GFL21bDHckg/PDy9fxSmYeqla4=">AAACYnicbVFbS8MwGE2r01kv29yjPgSHICijVUFfhKEigj5McRfYSknTbAtLLySpUEr/pG8++eIPsd3K3O1A4OSc70u+nNgBo0Lq+reibmwWtraLO9ru3v5BqVw5bAs/5Ji0sM983rWRIIx6pCWpZKQbcIJcm5GOPX7I/M4n4YL63oeMAmK6aOjRAcVIppJVju5o30VyhBGLH5Nzqs12r0lvzjG1PnZ8Cf/9pwX/YsZfEiu+WlP/vnSeVa7pdX0CuEqMnNRAjqZV/uo7Pg5d4knMkBA9Qw+kGSMuKWYk0fqhIAHCYzQkvZR6yCXCjCcRJfA0VRw48Hm6PAkn6nxHjFwhItdOK7MhxbKXieu8XigHt2ZMvSCUxMPTiwYhg9KHWd7QoZxgyaKUIMxpOivEI8QRlumvZCEYy09eJe3LuqHXjbfrWuM+j6MIjsAJOAMGuAEN8AyaoAUw+FEKyoFSUn5VTa2o1WmpquQ9VbAA9fgPon23uw==</latexit><latexit sha1_base64="3GFL21bDHckg/PDy9fxSmYeqla4=">AAACYnicbVFbS8MwGE2r01kv29yjPgSHICijVUFfhKEigj5McRfYSknTbAtLLySpUEr/pG8++eIPsd3K3O1A4OSc70u+nNgBo0Lq+reibmwWtraLO9ru3v5BqVw5bAs/5Ji0sM983rWRIIx6pCWpZKQbcIJcm5GOPX7I/M4n4YL63oeMAmK6aOjRAcVIppJVju5o30VyhBGLH5Nzqs12r0lvzjG1PnZ8Cf/9pwX/YsZfEiu+WlP/vnSeVa7pdX0CuEqMnNRAjqZV/uo7Pg5d4knMkBA9Qw+kGSMuKWYk0fqhIAHCYzQkvZR6yCXCjCcRJfA0VRw48Hm6PAkn6nxHjFwhItdOK7MhxbKXieu8XigHt2ZMvSCUxMPTiwYhg9KHWd7QoZxgyaKUIMxpOivEI8QRlumvZCEYy09eJe3LuqHXjbfrWuM+j6MIjsAJOAMGuAEN8AyaoAUw+FEKyoFSUn5VTa2o1WmpquQ9VbAA9fgPon23uw==</latexit>



Integral equations
We need to solve:

Need to resort to numerical solutions. 

d(p0, s,p) = �G(p0, s,p)�
Z qmax

0

d3q

(2⇡)32!q
G(p0, s,q)M2(q, s) d(q, s,p)

<latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit><latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit><latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit><latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit>

“integration kernel”



Integral equations
We need to solve:

Need to resort to numerical solutions. 

Three correlated challenges:
3D integral equation, 
need to project to angular momentum and parity, 
integration kernel is generally singular. 

d(p0, s,p) = �G(p0, s,p)�
Z qmax

0

d3q

(2⇡)32!q
G(p0, s,q)M2(q, s) d(q, s,p)

<latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit><latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit><latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit><latexit sha1_base64="Xu8Y+Jjm618gKYcT1wCyvsJgddY="></latexit>



The one-particle exchange is one of the main sources of singularities.
Let us consider the case where :S = 0

Partial wave projections

<latexit sha1_base64="Xga5PsRvcX7/W5IZUxJXISuVRxw="></latexit>p
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The one-particle exchange is one of the main sources of singularities.
Let us consider the case where :

Projecting to total  amounts to integrating over all angles:
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Partial wave projections
In general…
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integral equations
angular momentum projection
finite-volume formalism 
a lattice QCD calculation
toy model calculations
Efimov physics 
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Jackura, RB (2023)
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Dawid, RB, Islam, Jackura,  (2023)
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The energy of three identical spinless bosons in a box satisfies:

[up to details I won’t go into #] Hansen & Sharpe (2014+)

Two point correlation functions:
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πππ 
(I=3 channel, )mπ ∼ 390 MeV

103 energy levels described by three numbers:  mπ, aππ, )3
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πππ 
(I=3 channel, )mπ ∼ 390 MeV

F�1
3 (P,L) +K3(P

2) = 0
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Hansen, RB, Edwards, Thomas, & Wilson (2020)

103 energy levels described by 
three numbers:  mπ, aππ, )3
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πππ scattering 
(I=3 channel, )mπ ∼ 390 MeV

first 3body scattering amplitude from the lattice QCD!

Hansen, RB, Edwards, Thomas, & Wilson (2020)

= iD + iL[D] · F [D,K3] · R[D]
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m2
13

<latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit><latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit><latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit><latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit>

q
m2

12/m⇡
<latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit><latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit><latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit><latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit>

q
m2

12/m⇡
<latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit><latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit><latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit><latexit sha1_base64="mcZnlyHnBMHH/L5gw6m0gElPRnc=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiZF0GXRjcsK9gFNDJPppB06M4kzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6WMKu2639bS8srq2nppo7y5tb2za+/tt1SSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhtdjv/1IpKKJuNOjlAQc9QWNKUbaSKF96KsHqXMe5l6tuK8VZzz0UxraFbfqTuAsEm9GKjBDI7S//F6CM06Exgwp1fXcVAc5kppiRoqynymSIjxEfdI1VCBOVJBPzi+cE6P0nDiRpoR2JurviRxxpUY8Mp0c6YGa98bif1430/FlkFORZpoIPF0UZ8zRiTPOwulRSbBmI0MQltTc6uABkghrk1jZhODNv7xIWrWq51a92/NK/WoWRwmO4BhOwYMLqMMNNKAJGHJ4hld4s56sF+vd+pi2LlmzmQP4A+vzBwdrlYI=</latexit>
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m2
12

<latexit sha1_base64="L63sdbplO94DJHBbRmjWxO9ttiE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kUQY9FLx4r2A9o15JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vcLa+sbmVnG7tLO7t39QPjxqmTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++4lpw2N1bycJCyQZKh5xSqyTOrKf4dr0odYvV/yqPwdaJTgnFcjR6Je/eoOYppIpSwUxpov9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2v3eKzpwyQFGsXSmL5urviYxIYyYydJ2S2JFZ9mbif143tdFVkHGVpJYpulgUpQLZGM2eRwOuGbVi4gihmrtbER0RTah1EZVcCHj55VXSqlWxX8V3F5X6dR5HEU7gFM4BwyXU4RYa0AQKAp7hFd68R+/Fe/c+Fq0FL585hj/wPn8AWrSPgQ==</latexit><latexit sha1_base64="L63sdbplO94DJHBbRmjWxO9ttiE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kUQY9FLx4r2A9o15JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vcLa+sbmVnG7tLO7t39QPjxqmTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++4lpw2N1bycJCyQZKh5xSqyTOrKf4dr0odYvV/yqPwdaJTgnFcjR6Je/eoOYppIpSwUxpov9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2v3eKzpwyQFGsXSmL5urviYxIYyYydJ2S2JFZ9mbif143tdFVkHGVpJYpulgUpQLZGM2eRwOuGbVi4gihmrtbER0RTah1EZVcCHj55VXSqlWxX8V3F5X6dR5HEU7gFM4BwyXU4RYa0AQKAp7hFd68R+/Fe/c+Fq0FL585hj/wPn8AWrSPgQ==</latexit><latexit sha1_base64="L63sdbplO94DJHBbRmjWxO9ttiE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kUQY9FLx4r2A9o15JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vcLa+sbmVnG7tLO7t39QPjxqmTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++4lpw2N1bycJCyQZKh5xSqyTOrKf4dr0odYvV/yqPwdaJTgnFcjR6Je/eoOYppIpSwUxpov9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2v3eKzpwyQFGsXSmL5urviYxIYyYydJ2S2JFZ9mbif143tdFVkHGVpJYpulgUpQLZGM2eRwOuGbVi4gihmrtbER0RTah1EZVcCHj55VXSqlWxX8V3F5X6dR5HEU7gFM4BwyXU4RYa0AQKAp7hFd68R+/Fe/c+Fq0FL585hj/wPn8AWrSPgQ==</latexit><latexit sha1_base64="L63sdbplO94DJHBbRmjWxO9ttiE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kUQY9FLx4r2A9o15JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vcLa+sbmVnG7tLO7t39QPjxqmTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++4lpw2N1bycJCyQZKh5xSqyTOrKf4dr0odYvV/yqPwdaJTgnFcjR6Je/eoOYppIpSwUxpov9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2v3eKzpwyQFGsXSmL5urviYxIYyYydJ2S2JFZ9mbif143tdFVkHGVpJYpulgUpQLZGM2eRwOuGbVi4gihmrtbER0RTah1EZVcCHj55VXSqlWxX8V3F5X6dR5HEU7gFM4BwyXU4RYa0AQKAp7hFd68R+/Fe/c+Fq0FL585hj/wPn8AWrSPgQ==</latexit>

m2
13

<latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit><latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit><latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit><latexit sha1_base64="2VoSNo42icDEIqX4T5s9dq2SGv4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Kpsq6LHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDG+v63t7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemLa8Fjd23HCAkkGikecEuuktuxl+HzyUO2Vyn7FnwEtE5yTMuSo90pf3X5MU8mUpYIY08F+YoOMaMupYJNiNzUsIXREBqzjqCKSmSCb3TtBp07poyjWrpRFM/X3REakMWMZuk5J7NAselPxP6+T2ugqyLhKUssUnS+KUoFsjKbPoz7XjFoxdoRQzd2tiA6JJtS6iIouBLz48jJpVivYr+C7i3LtOo+jAMdwAmeA4RJqcAt1aAAFAc/wCm/eo/fivXsf89YVL585gj/wPn8AXDuPgg==</latexit>

m2
12
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πππ scattering 
(I=3 channel, )mπ ∼ 390 MeV

first 3body scattering amplitude from the lattice QCD!

Hansen, RB, Edwards, Thomas, & Wilson (2020)

= iD + iL[D] · F [D,K3] · R[D]
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outline
integral equations
angular momentum projection
finite-volume formalism 
a lattice QCD calculation
toy model calculations
Efimov physics 
consistency checks and the breakdown of Lüscher

Hansen, RB, Edwards, Thomas, & Wilson (2020) 
Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)
Jackura, RB (2023)
RB, S. R. Costa, Jackura, (2024)
Dawid, RB, Islam, Jackura,  (2023)

 [won’t present, but happy to discuss]



A very interesting example
Consider a theory with a two-body bound state:

 Arguably the most singular example, 
 testing formalism,
 exploring Efimov physics, 
 towards nuclear physics, 
 …

Can get a bound state using the effective range expansion at leading order:

 
 if , can have a pole at , 
 bound-state mass ,

M2(s) ⇠
1

q cot �(s)� iq
=

1

� 1
a � iq
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a > 0 q = iκ = i/a
mb = 2 m2 − 1/a2



The singularity landscape

(m + mb)2 (3m)2
Re[s]
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<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

(
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit> <latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit> <latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit> <latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>
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The singularity landscape

(m + mb)2 (3m)2
Re[s]

(
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

(
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit> <latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit> <latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit> <latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>
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three-body bound states & resonances [“trimers”]



The singularity landscape

(m + mb)2 (3m)2
Re[s]

(
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

(
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Im[s]

(m2
b − m2)2

m2
m2 + 2m2

b

three-body threshold

bound state ( ) -spectator ( ) thresholdb φ

left-hand (logarithmic) cut

three-body bound states & resonances [“trimers”]



Obtaining the  amplitudeb + φ
We can obtaine the  amplitudes using LSZ:M'b
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 Two-body bound state:

                                             

 Bound state / spectator scattering amplitude

∼ ∼ −g2

s − m2
b

M'b(s) =
1

K�1
'b (s)� i⇢'b

= lim
�k,�p!m2

b

D(s, k, p)
(�k �m2

b)(�p �m2
b)

g2

= lim
�k,�p!m2

b

d(s, k, p)g2
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M2(s) =
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(ωqb
, qb)

(E − ωqb
, − qb)

[“on-shell momentum”]



Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)

Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta: d(p0, s, p) = �G(p0, s, p)�
Z qmax

0

dq q2

(2⇡)2!q
G(p0, s, q)M2(q, s) d(q, s, p)

⇡ �G(p0, s, p)�
qmaxX

q=0

K(p0, s, q) d(q, s, p)
<latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit><latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit><latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit><latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit>

[contains pole, logarithmic and square root cuts]



Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)

Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta:

Use linear algebra:  

d(p0, s, p) = �G(p0, s, p)�
Z qmax

0

dq q2

(2⇡)2!q
G(p0, s, q)M2(q, s) d(q, s, p)

⇡ �G(p0, s, p)�
qmaxX

q=0

K(p0, s, q) d(q, s, p)
<latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit><latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit><latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit><latexit sha1_base64="SovYhmuHHfZcBEXVuX+XyW/cfhs="></latexit>

[1 +K] · ~dsol(s, p) = � ~G(s, p)
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Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)

Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta:

Use linear algebra:  

Use integral equation to interpolate or extrapolate:

d(p0, s, p) = �G(p0, s, p)�
Z qmax

0

dq q2

(2⇡)2!q
G(p0, s, q)M2(q, s) d(q, s, p)

⇡ �G(p0, s, p)�
qmaxX

q=0

K(p0, s, q) d(q, s, p)
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[1 +K] · ~dsol(s, p) = � ~G(s, p)
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d(p0, s, p) ⇡ �G(p0, s, p)� ~K(p0, s) · ~dsol(s, p)
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'
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<latexit sha1_base64="GsUTiz++hui2SKd4GNG4toymRjQ=">AAACDHicbVC7TgJBFJ31ifhCLW02EhNscJcYtSTaWKKRRwIrmR3uwoTZR2buGslmP8DGX7Gx0BhbP8DOv3FYKBQ8ySQn5577mONGgiu0rG9jYXFpeWU1t5Zf39jc2i7s7DZUGEsGdRaKULZcqkDwAOrIUUArkkB9V0DTHV6O6817kIqHwS2OInB82g+4xxlFLXULxQ7CA2ZzEldQNkyTTEluIC2pY/+ucpRql1W2MpjzxJ6SIpmi1i18dXohi30IkAmqVNu2InQSKpEzAWm+EyuI9C7ah7amAfVBOUl2RGoeaqVneqHUL0AzU393JNRXauS72ulTHKjZ2lj8r9aO0Tt3Eh5EMULAJou8WJgYmuNkzB6XwFCMNKFMcn2ryQZUUoY6v7wOwZ798jxpVMr2adm+PilWL6Zx5Mg+OSAlYpMzUiVXpEbqhJFH8kxeyZvxZLwY78bHxLpgTHv2yB8Ynz+syZv8</latexit>

Re(s/m2)

<latexit sha1_base64="GsUTiz++hui2SKd4GNG4toymRjQ=">AAACDHicbVC7TgJBFJ31ifhCLW02EhNscJcYtSTaWKKRRwIrmR3uwoTZR2buGslmP8DGX7Gx0BhbP8DOv3FYKBQ8ySQn5577mONGgiu0rG9jYXFpeWU1t5Zf39jc2i7s7DZUGEsGdRaKULZcqkDwAOrIUUArkkB9V0DTHV6O6817kIqHwS2OInB82g+4xxlFLXULxQ7CA2ZzEldQNkyTTEluIC2pY/+ucpRql1W2MpjzxJ6SIpmi1i18dXohi30IkAmqVNu2InQSKpEzAWm+EyuI9C7ah7amAfVBOUl2RGoeaqVneqHUL0AzU393JNRXauS72ulTHKjZ2lj8r9aO0Tt3Eh5EMULAJou8WJgYmuNkzB6XwFCMNKFMcn2ryQZUUoY6v7wOwZ798jxpVMr2adm+PilWL6Zx5Mg+OSAlYpMzUiVXpEbqhJFH8kxeyZvxZLwY78bHxLpgTHv2yB8Ynz+syZv8</latexit>

Re(s/m2)

<latexit sha1_base64="GJ/1vSI28wAkPM5FIlbadxNzaLs=">AAACBnicbVDLSsNAFJ3UV62vqksRQosgCDXpQl0G3bhwUcE+oIlhMp20g5MHMzdiCFm58QP8CTcuFHHrN7jr3zh9LLT1wMDhnHvnzBwv5kyCYQy1wsLi0vJKcbW0tr6xuVXe3mnJKBGENknEI9HxsKSchbQJDDjtxILiwOO07d1djPz2PRWSReENpDF1AtwPmc8IBiW55X0b6AOM78k8jsldnkk3uzLz4+C2nrvlqlEzxtDniTklVatiHz0PrbThlr/tXkSSgIZAOJayaxoxOBkWwAineclOJI1VCu7TrqIhDqh0snF8rh8opaf7kVAnBH2s/t7IcCBlGnhqMsAwkLPeSPzP6ybgnzkZC+MEaEgmQX7CdYj0USd6jwlKgKeKYCKYeqtOBlhgAqq5kirBnP3yPGnVa+ZJzbw2q9Y5mqCI9lAFHSITnSILXaIGaiKCHtELekPv2pP2qn1on5PRgjbd2UV/oH39ABvfnH8=</latexit>

sL1/m2
<latexit sha1_base64="9ZohK2WLFUCcbLEtiPTBWKt1SYc=">AAACBnicbVDLSsNAFJ3UV62vqksRQosgCDXpQl0G3bhwUcE+oI1hMp22gzNJmLkRQ8jKjR/gT7hxoYhbv8Fd/8bpY6GtBwYO59w7Z+b4EWcKLGto5BYWl5ZX8quFtfWNza3i9k5DhbEktE5CHsqWjxXlLKB1YMBpK5IUC5/Tpn93MfKb91QqFgY3kETUFbgfsB4jGLTkFfc7QB9gfE/qc0zuslR56VU1Oxa31cwrlq2KNYY5T+wpKTulztHz0ElqXvG70w1JLGgAhGOl2rYVgZtiCYxwmhU6saKRTsF92tY0wIIqNx3HZ+aBVrpmL5T6BGCO1d8bKRZKJcLXkwLDQM16I/E/rx1D78xNWRDFQAMyCerF3ITQHHVidpmkBHiiCSaS6beaZIAlJqCbK+gS7Nkvz5NGtWKfVOxru+ycownyaA+V0CGy0Sly0CWqoToi6BG9oDf0bjwZr8aH8TkZzRnTnV30B8bXDx1pnIA=</latexit>

sL2/m2
<latexit sha1_base64="ObgjHZ4nDVjogIgy4/tnARDbbD0=">AAACDXicbVC7TgJBFJ31ieADtbSZCCZWuEuhlkQbS0zkkbC4mR0GmDD7yMxdItnsD9j4KzaaaIyNhb2dH6K1w0Kh4EkmOTnnvua4oeAKTPPTWFhcWl5Zzaxlc+sbm1v57Z26CiJJWY0GIpBNlygmuM9qwEGwZigZ8VzBGu7gfOw3hkwqHvhXMApZ2yM9n3c5JaAlJ1+0gd1AOid2BaGDJFZObA+JDPscu8mRd11OnHzBLJkp8DyxpqRQKX49vg1z31Un/2F3Ahp5zAcqiFItywyhHRMJnAqWZO1IsVAvIz3W0tQnHlPtOL0iwQda6eBuIPXzAafq746YeEqNPFdXegT6atYbi/95rQi6p+2Y+2EEzKeTRd1IYAjwOBrc4ZJRECNNCJVc34ppn0hCQQeY1SFYs1+eJ/VyyTouWZdWoXKGJsigPbSPDpGFTlAFXaAqqiGKbtE9ekLPxp3xYLwYr5PSBWPas4v+wHj/AZLpoOo=</latexit>

s'b/m2

<latexit sha1_base64="GsUTiz++hui2SKd4GNG4toymRjQ=">AAACDHicbVC7TgJBFJ31ifhCLW02EhNscJcYtSTaWKKRRwIrmR3uwoTZR2buGslmP8DGX7Gx0BhbP8DOv3FYKBQ8ySQn5577mONGgiu0rG9jYXFpeWU1t5Zf39jc2i7s7DZUGEsGdRaKULZcqkDwAOrIUUArkkB9V0DTHV6O6817kIqHwS2OInB82g+4xxlFLXULxQ7CA2ZzEldQNkyTTEluIC2pY/+ucpRql1W2MpjzxJ6SIpmi1i18dXohi30IkAmqVNu2InQSKpEzAWm+EyuI9C7ah7amAfVBOUl2RGoeaqVneqHUL0AzU393JNRXauS72ulTHKjZ2lj8r9aO0Tt3Eh5EMULAJou8WJgYmuNkzB6XwFCMNKFMcn2ryQZUUoY6v7wOwZ798jxpVMr2adm+PilWL6Zx5Mg+OSAlYpMzUiVXpEbqhJFH8kxeyZvxZLwY78bHxLpgTHv2yB8Ynz+syZv8</latexit>

Re(s/m2)

<latexit sha1_base64="GJ/1vSI28wAkPM5FIlbadxNzaLs=">AAACBnicbVDLSsNAFJ3UV62vqksRQosgCDXpQl0G3bhwUcE+oIlhMp20g5MHMzdiCFm58QP8CTcuFHHrN7jr3zh9LLT1wMDhnHvnzBwv5kyCYQy1wsLi0vJKcbW0tr6xuVXe3mnJKBGENknEI9HxsKSchbQJDDjtxILiwOO07d1djPz2PRWSReENpDF1AtwPmc8IBiW55X0b6AOM78k8jsldnkk3uzLz4+C2nrvlqlEzxtDniTklVatiHz0PrbThlr/tXkSSgIZAOJayaxoxOBkWwAineclOJI1VCu7TrqIhDqh0snF8rh8opaf7kVAnBH2s/t7IcCBlGnhqMsAwkLPeSPzP6ybgnzkZC+MEaEgmQX7CdYj0USd6jwlKgKeKYCKYeqtOBlhgAqq5kirBnP3yPGnVa+ZJzbw2q9Y5mqCI9lAFHSITnSILXaIGaiKCHtELekPv2pP2qn1on5PRgjbd2UV/oH39ABvfnH8=</latexit>

sL1/m2
<latexit sha1_base64="9ZohK2WLFUCcbLEtiPTBWKt1SYc=">AAACBnicbVDLSsNAFJ3UV62vqksRQosgCDXpQl0G3bhwUcE+oI1hMp22gzNJmLkRQ8jKjR/gT7hxoYhbv8Fd/8bpY6GtBwYO59w7Z+b4EWcKLGto5BYWl5ZX8quFtfWNza3i9k5DhbEktE5CHsqWjxXlLKB1YMBpK5IUC5/Tpn93MfKb91QqFgY3kETUFbgfsB4jGLTkFfc7QB9gfE/qc0zuslR56VU1Oxa31cwrlq2KNYY5T+wpKTulztHz0ElqXvG70w1JLGgAhGOl2rYVgZtiCYxwmhU6saKRTsF92tY0wIIqNx3HZ+aBVrpmL5T6BGCO1d8bKRZKJcLXkwLDQM16I/E/rx1D78xNWRDFQAMyCerF3ITQHHVidpmkBHiiCSaS6beaZIAlJqCbK+gS7Nkvz5NGtWKfVOxru+ycownyaA+V0CGy0Sly0CWqoToi6BG9oDf0bjwZr8aH8TkZzRnTnV30B8bXDx1pnIA=</latexit>

sL2/m2
<latexit sha1_base64="ObgjHZ4nDVjogIgy4/tnARDbbD0=">AAACDXicbVC7TgJBFJ31ieADtbSZCCZWuEuhlkQbS0zkkbC4mR0GmDD7yMxdItnsD9j4KzaaaIyNhb2dH6K1w0Kh4EkmOTnnvua4oeAKTPPTWFhcWl5Zzaxlc+sbm1v57Z26CiJJWY0GIpBNlygmuM9qwEGwZigZ8VzBGu7gfOw3hkwqHvhXMApZ2yM9n3c5JaAlJ1+0gd1AOid2BaGDJFZObA+JDPscu8mRd11OnHzBLJkp8DyxpqRQKX49vg1z31Un/2F3Ahp5zAcqiFItywyhHRMJnAqWZO1IsVAvIz3W0tQnHlPtOL0iwQda6eBuIPXzAafq746YeEqNPFdXegT6atYbi/95rQi6p+2Y+2EEzKeTRd1IYAjwOBrc4ZJRECNNCJVc34ppn0hCQQeY1SFYs1+eJ/VyyTouWZdWoXKGJsigPbSPDpGFTlAFXaAqqiGKbtE9ekLPxp3xYLwYr5PSBWPas4v+wHj/AZLpoOo=</latexit>

s'b/m2
<latexit sha1_base64="9ZohK2WLFUCcbLEtiPTBWKt1SYc=">AAACBnicbVDLSsNAFJ3UV62vqksRQosgCDXpQl0G3bhwUcE+oI1hMp22gzNJmLkRQ8jKjR/gT7hxoYhbv8Fd/8bpY6GtBwYO59w7Z+b4EWcKLGto5BYWl5ZX8quFtfWNza3i9k5DhbEktE5CHsqWjxXlLKB1YMBpK5IUC5/Tpn93MfKb91QqFgY3kETUFbgfsB4jGLTkFfc7QB9gfE/qc0zuslR56VU1Oxa31cwrlq2KNYY5T+wpKTulztHz0ElqXvG70w1JLGgAhGOl2rYVgZtiCYxwmhU6saKRTsF92tY0wIIqNx3HZ+aBVrpmL5T6BGCO1d8bKRZKJcLXkwLDQM16I/E/rx1D78xNWRDFQAMyCerF3ITQHHVidpmkBHiiCSaS6beaZIAlJqCbK+gS7Nkvz5NGtWKfVOxru+ycownyaA+V0CGy0Sly0CWqoToi6BG9oDf0bjwZr8aH8TkZzRnTnV30B8bXDx1pnIA=</latexit>

sL2/m2
<latexit sha1_base64="ObgjHZ4nDVjogIgy4/tnARDbbD0=">AAACDXicbVC7TgJBFJ31ieADtbSZCCZWuEuhlkQbS0zkkbC4mR0GmDD7yMxdItnsD9j4KzaaaIyNhb2dH6K1w0Kh4EkmOTnnvua4oeAKTPPTWFhcWl5Zzaxlc+sbm1v57Z26CiJJWY0GIpBNlygmuM9qwEGwZigZ8VzBGu7gfOw3hkwqHvhXMApZ2yM9n3c5JaAlJ1+0gd1AOid2BaGDJFZObA+JDPscu8mRd11OnHzBLJkp8DyxpqRQKX49vg1z31Un/2F3Ahp5zAcqiFItywyhHRMJnAqWZO1IsVAvIz3W0tQnHlPtOL0iwQda6eBuIPXzAafq746YeEqNPFdXegT6atYbi/95rQi6p+2Y+2EEzKeTRd1IYAjwOBrc4ZJRECNNCJVc34ppn0hCQQeY1SFYs1+eJ/VyyTouWZdWoXKGJsigPbSPDpGFTlAFXaAqqiGKbtE9ekLPxp3xYLwYr5PSBWPas4v+wHj/AZLpoOo=</latexit>

s'b/m2

<latexit sha1_base64="48HgjWA85V72snNCh06FyaZ46vk=">AAACA3icbVDLSgMxFM3UV62vUXe6CZaCqzIjRV0W3bisYB/QGUomzbShmQfJHbEMA278FTcuFHHrT7jzb8y0s9DWA4HDOffmJMeLBVdgWd9GaWV1bX2jvFnZ2t7Z3TP3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATrepPr3O/eM6l4FN7BNGZuQEYh9zkloKWBeeQAe4DZPaknCJ1kqVW3rIZTywZmNac58DKxC1JFBVoD88sZRjQJWAhUEKX6thWDmxIJnAqWVZxEsVhHkBHraxqSgCk3nWVnuKaVIfYjqU8IeKb+3khJoNQ08PRkQGCsFr1c/M/rJ+BfuikP4wRYSOdBfiIwRDgvBA+5ZBTEVBNCJddvxXRMJKGga6voEuzFLy+TzlndPq/bt41q86qoo4yO0Qk6RTa6QE10g1qojSh6RM/oFb0ZT8aL8W58zEdLRrFziP7A+PwBYzmXVQ==</latexit>

0.004%

sφb = (m + mb)2

Im[s]

Re[s]

Some amplitude results
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Unitary limit:

Pole in the two-body scattering amplitude at threshold:

Infinite tower of geometrically-separated three-body bound states:  where  EN+1 = EN /λ2 λ = 22.69438

p cot � = �1

a
+

rp2

2
+ · · · = 0

<latexit sha1_base64="wlVwhBHoFqJriU1zZLMb2BCEDRI=">AAACG3icbZDLSgMxFIYzXmu9VV26CRZBEMvMIOimUHTjsoK9QKeWTCbThmYmQ3JGKMO8hxtfxY0LRVwJLnwb08tCW38IfPnPOSTn9xPBNdj2t7W0vLK6tl7YKG5ube/slvb2m1qmirIGlUKqtk80EzxmDeAgWDtRjES+YC1/eD2utx6Y0lzGdzBKWDci/ZiHnBIwVq/kJh6V4AVMAKmeeaEiNHPyjOSnU1bJvZtnrrnSQILGVWz3SmW7Yk+EF8GZQRnNVO+VPr1A0jRiMVBBtO44dgLdjCjgVLC86KWaJYQOSZ91DMYkYrqbTXbL8bFxAhxKZU4MeOL+nshIpPUo8k1nRGCg52tj879aJ4XwspvxOEmBxXT6UJgKDBKPg8IBV4yCGBkgVHHzV0wHxGQCJs6iCcGZX3kRmm7FsSvO7Xm5djWLo4AO0RE6QQ66QDV0g+qogSh6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6+sHfRyhAw==</latexit><latexit sha1_base64="wlVwhBHoFqJriU1zZLMb2BCEDRI=">AAACG3icbZDLSgMxFIYzXmu9VV26CRZBEMvMIOimUHTjsoK9QKeWTCbThmYmQ3JGKMO8hxtfxY0LRVwJLnwb08tCW38IfPnPOSTn9xPBNdj2t7W0vLK6tl7YKG5ube/slvb2m1qmirIGlUKqtk80EzxmDeAgWDtRjES+YC1/eD2utx6Y0lzGdzBKWDci/ZiHnBIwVq/kJh6V4AVMAKmeeaEiNHPyjOSnU1bJvZtnrrnSQILGVWz3SmW7Yk+EF8GZQRnNVO+VPr1A0jRiMVBBtO44dgLdjCjgVLC86KWaJYQOSZ91DMYkYrqbTXbL8bFxAhxKZU4MeOL+nshIpPUo8k1nRGCg52tj879aJ4XwspvxOEmBxXT6UJgKDBKPg8IBV4yCGBkgVHHzV0wHxGQCJs6iCcGZX3kRmm7FsSvO7Xm5djWLo4AO0RE6QQ66QDV0g+qogSh6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6+sHfRyhAw==</latexit><latexit sha1_base64="wlVwhBHoFqJriU1zZLMb2BCEDRI=">AAACG3icbZDLSgMxFIYzXmu9VV26CRZBEMvMIOimUHTjsoK9QKeWTCbThmYmQ3JGKMO8hxtfxY0LRVwJLnwb08tCW38IfPnPOSTn9xPBNdj2t7W0vLK6tl7YKG5ube/slvb2m1qmirIGlUKqtk80EzxmDeAgWDtRjES+YC1/eD2utx6Y0lzGdzBKWDci/ZiHnBIwVq/kJh6V4AVMAKmeeaEiNHPyjOSnU1bJvZtnrrnSQILGVWz3SmW7Yk+EF8GZQRnNVO+VPr1A0jRiMVBBtO44dgLdjCjgVLC86KWaJYQOSZ91DMYkYrqbTXbL8bFxAhxKZU4MeOL+nshIpPUo8k1nRGCg52tj879aJ4XwspvxOEmBxXT6UJgKDBKPg8IBV4yCGBkgVHHzV0wHxGQCJs6iCcGZX3kRmm7FsSvO7Xm5djWLo4AO0RE6QQ66QDV0g+qogSh6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6+sHfRyhAw==</latexit><latexit sha1_base64="wlVwhBHoFqJriU1zZLMb2BCEDRI=">AAACG3icbZDLSgMxFIYzXmu9VV26CRZBEMvMIOimUHTjsoK9QKeWTCbThmYmQ3JGKMO8hxtfxY0LRVwJLnwb08tCW38IfPnPOSTn9xPBNdj2t7W0vLK6tl7YKG5ube/slvb2m1qmirIGlUKqtk80EzxmDeAgWDtRjES+YC1/eD2utx6Y0lzGdzBKWDci/ZiHnBIwVq/kJh6V4AVMAKmeeaEiNHPyjOSnU1bJvZtnrrnSQILGVWz3SmW7Yk+EF8GZQRnNVO+VPr1A0jRiMVBBtO44dgLdjCjgVLC86KWaJYQOSZ91DMYkYrqbTXbL8bFxAhxKZU4MeOL+nshIpPUo8k1nRGCg52tj879aJ4XwspvxOEmBxXT6UJgKDBKPg8IBV4yCGBkgVHHzV0wHxGQCJs6iCcGZX3kRmm7FsSvO7Xm5djWLo4AO0RE6QQ66QDV0g+qogSh6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6+sHfRyhAw==</latexit>

M ⇠ 1

p cot � � ip
=

1

ip
<latexit sha1_base64="4quOH35zlSNpvWzbYk4DwiO7F7I=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwY5kRRTdC0Y0boYJ9QGcomTTThmYeJHeEMsyXuPFX3LhQRHClf2OmHURbDwROzrmX5BwvFlyBZX0ZpYXFpeWV8mplbX1jc8vc3mmpKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2ucr99z6TiUXgH45i5ARmE3OeUgJZ65qkTEBhSItKbzFE8wI4vCU3tLI0dGoHTZwLIEY+zix9DX3pm1apZE+B5Yhekigo0euaH049oErAQqCBKdW0rBjclEjgVLKs4iWIxoSMyYF1NQxIw5aaTeBk+0Eof+5HUJwQ8UX9vpCRQahx4ejIPo2a9XPzP6ybgn7spD+MEWEinD/mJwBDhvCvc55JREGNNCJVc/xXTIdE1gG60okuwZyPPk9ZxzbZq9u1JtX5Z1FFGe2gfHSIbnaE6ukYN1EQUPaAn9IJejUfj2Xgz3qejJaPY2UV/YHx+AzSAo8M=</latexit><latexit sha1_base64="4quOH35zlSNpvWzbYk4DwiO7F7I=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwY5kRRTdC0Y0boYJ9QGcomTTThmYeJHeEMsyXuPFX3LhQRHClf2OmHURbDwROzrmX5BwvFlyBZX0ZpYXFpeWV8mplbX1jc8vc3mmpKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2ucr99z6TiUXgH45i5ARmE3OeUgJZ65qkTEBhSItKbzFE8wI4vCU3tLI0dGoHTZwLIEY+zix9DX3pm1apZE+B5Yhekigo0euaH049oErAQqCBKdW0rBjclEjgVLKs4iWIxoSMyYF1NQxIw5aaTeBk+0Eof+5HUJwQ8UX9vpCRQahx4ejIPo2a9XPzP6ybgn7spD+MEWEinD/mJwBDhvCvc55JREGNNCJVc/xXTIdE1gG60okuwZyPPk9ZxzbZq9u1JtX5Z1FFGe2gfHSIbnaE6ukYN1EQUPaAn9IJejUfj2Xgz3qejJaPY2UV/YHx+AzSAo8M=</latexit><latexit sha1_base64="4quOH35zlSNpvWzbYk4DwiO7F7I=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwY5kRRTdC0Y0boYJ9QGcomTTThmYeJHeEMsyXuPFX3LhQRHClf2OmHURbDwROzrmX5BwvFlyBZX0ZpYXFpeWV8mplbX1jc8vc3mmpKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2ucr99z6TiUXgH45i5ARmE3OeUgJZ65qkTEBhSItKbzFE8wI4vCU3tLI0dGoHTZwLIEY+zix9DX3pm1apZE+B5Yhekigo0euaH049oErAQqCBKdW0rBjclEjgVLKs4iWIxoSMyYF1NQxIw5aaTeBk+0Eof+5HUJwQ8UX9vpCRQahx4ejIPo2a9XPzP6ybgn7spD+MEWEinD/mJwBDhvCvc55JREGNNCJVc/xXTIdE1gG60okuwZyPPk9ZxzbZq9u1JtX5Z1FFGe2gfHSIbnaE6ukYN1EQUPaAn9IJejUfj2Xgz3qejJaPY2UV/YHx+AzSAo8M=</latexit><latexit sha1_base64="4quOH35zlSNpvWzbYk4DwiO7F7I=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwY5kRRTdC0Y0boYJ9QGcomTTThmYeJHeEMsyXuPFX3LhQRHClf2OmHURbDwROzrmX5BwvFlyBZX0ZpYXFpeWV8mplbX1jc8vc3mmpKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2ucr99z6TiUXgH45i5ARmE3OeUgJZ65qkTEBhSItKbzFE8wI4vCU3tLI0dGoHTZwLIEY+zix9DX3pm1apZE+B5Yhekigo0euaH049oErAQqCBKdW0rBjclEjgVLKs4iWIxoSMyYF1NQxIw5aaTeBk+0Eof+5HUJwQ8UX9vpCRQahx4ejIPo2a9XPzP6ybgn7spD+MEWEinD/mJwBDhvCvc55JREGNNCJVc/xXTIdE1gG60okuwZyPPk9ZxzbZq9u1JtX5Z1FFGe2gfHSIbnaE6ukYN1EQUPaAn9IJejUfj2Xgz3qejJaPY2UV/YHx+AzSAo8M=</latexit>
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onance parameters, respectively. The updated val-
ues a�/a+ = �3.1 ± 0.3 [39K], �2.8 ± 0.3 [7Li] and
a�/a⇤ = �22 ± 2 [7Li] are in fair agreement with
the values predicted by the universal Efimov theory
a�/a+ ⇡ �4.9 and a�/a⇤ ⇡ �22.0 [4]. The group
of Lev Khaykovich [143] performed a similar experi-
ment using lithium-7 atoms, and measured a� and a⇤.
The ratio a⇤/a� = �1.01(15) obtained in the experi-
ment agrees with the theoretical value above if a� and
a⇤ are interpreted as corresponding to the ground and
first-excited Efimov trimers and the universal scaling
factor 22.7 is multiplied. The groups from Florence
[139] and Rice University [140] have both reported the
observation of two dips in the loss rate for positive scat-
tering lengths, i.e. two values of a+ corresponding to
a ground-state and an excited Efimov trimers. They
found the ratio between these two values to be 25(4)
and 22.5(3) respectively, roughly confirming the dis-
crete scale invariance of Efimov trimers with the uni-
versal ratio 22.7. The universal scaling was reported
to be observed for negative scattering lengths as well
in reference [140], although a subsequent recalibration
of the scattering length with respect to the magnetic
field dismissed the second value of a� and corrected
the values of a+, giving a updated ratio 16(2) [142].

More recently, the second Efimov trimer could be
observed for negative scattering lengths with caesium-
133 atoms near a 800 G Feshbash resonance [40], as
originally proposed in reference [119]. The scaling fac-
tor between the ground state Efimov trimer and second
Efimov trimer was found to be 21.0(1.3), close to the
universal ratio 22.7. The experimental data for the two
Efimov resonances are shown in figure 4.9. This is so
far the most convincing experimental evidence of Efi-
mov states of identical bosons, according to definition
1 of section 4.5.

Bound-state spectroscopy Before the evidence
of Efimov states through three-body and two-body
losses, the association of three colliding atoms in an
Efimov trimer was theoretically proposed [144]. Such
an association, although di↵erent from the original
proposal, could be achieved experimentally and al-
lowed the direct spectroscopy of Efimov trimers. Al-
though the first demonstration was done with three
distinguishable atoms (see section 6.5), the associa-
tion of three bosons into an Efimov trimer was later
achieved with lithium-7 atoms in the group of Lev
Khaykovich [145]. The experiment consists in driv-
ing a transition between three colliding atoms and the
underlying Efimov trimer state by applying a radio-
frequency (rf) modulation of the magnetic field. When
the frequency of the modulation matches the energy
di↵erence between the energy of the colliding atoms
and the trimer energy, the three atoms are associated
in trimers, resulting in a loss of the atoms from the im-
aged cloud. The resonance could be seen as a small dip
in the number of atoms as the frequency of the mod-

ulation is varied, on the shoulder of a broader dip due
to the association of two atoms into a dimer.

Second
resonance

First resonance
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0.001

0.100
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Figure 4.9: Efimov resonances in an ultra-cold gas
of caesium-133 atoms in their lowest hyperfine state,
whose scattering length is varied by applying a mag-
netic field on the order of 800 gauss (adapted from
reference [40]). The resonances appear as peaks in the
three-body recombination rate as a function of scatter-
ing length. The experimental data of reference [40] is
shown with di↵erent colours corresponding to di↵erent
data sets, all taken at a temperature of about 10 nK.
The data around the first resonance is fitted by the
zero-temperature universal formula (4.52) with a� =
�51.0(0.6) nm and ⌘ = 0.10(1). The formula predicts a
second resonance at a = 22.7⇥�51 = �1158 nm. The
second resonance was observed at a = �1068(63) nm,
corresponding to a factor 21(1.3) indicated by the ar-
row. The height of the peak is much smaller than the
zero-temperature prediction, due to the saturation ef-
fect of finite temperature [136, 137], indicated by the
horizontal dotted line for 10 nK.

4.8 Prospects for observation in con-

densed matter

Most studies of Efimov physics have been done in the
fields of nuclear physics and atomic physics, but re-
cently there have been works seeking the possibility
of Efimov physics in other physical systems. Here, we
present the current prospects for quantum spin systems
[146, 147] and excitons [148].
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sL2/m2
<latexit sha1_base64="ObgjHZ4nDVjogIgy4/tnARDbbD0=">AAACDXicbVC7TgJBFJ31ieADtbSZCCZWuEuhlkQbS0zkkbC4mR0GmDD7yMxdItnsD9j4KzaaaIyNhb2dH6K1w0Kh4EkmOTnnvua4oeAKTPPTWFhcWl5Zzaxlc+sbm1v57Z26CiJJWY0GIpBNlygmuM9qwEGwZigZ8VzBGu7gfOw3hkwqHvhXMApZ2yM9n3c5JaAlJ1+0gd1AOid2BaGDJFZObA+JDPscu8mRd11OnHzBLJkp8DyxpqRQKX49vg1z31Un/2F3Ahp5zAcqiFItywyhHRMJnAqWZO1IsVAvIz3W0tQnHlPtOL0iwQda6eBuIPXzAafq746YeEqNPFdXegT6atYbi/95rQi6p+2Y+2EEzKeTRd1IYAjwOBrc4ZJRECNNCJVc34ppn0hCQQeY1SFYs1+eJ/VyyTouWZdWoXKGJsigPbSPDpGFTlAFXaAqqiGKbtE9ekLPxp3xYLwYr5PSBWPas4v+wHj/AZLpoOo=</latexit>

s'b/m2

<latexit sha1_base64="48HgjWA85V72snNCh06FyaZ46vk=">AAACA3icbVDLSgMxFM3UV62vUXe6CZaCqzIjRV0W3bisYB/QGUomzbShmQfJHbEMA278FTcuFHHrT7jzb8y0s9DWA4HDOffmJMeLBVdgWd9GaWV1bX2jvFnZ2t7Z3TP3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATrepPr3O/eM6l4FN7BNGZuQEYh9zkloKWBeeQAe4DZPaknCJ1kqVW3rIZTywZmNac58DKxC1JFBVoD88sZRjQJWAhUEKX6thWDmxIJnAqWVZxEsVhHkBHraxqSgCk3nWVnuKaVIfYjqU8IeKb+3khJoNQ08PRkQGCsFr1c/M/rJ+BfuikP4wRYSOdBfiIwRDgvBA+5ZBTEVBNCJddvxXRMJKGga6voEuzFLy+TzlndPq/bt41q86qoo4yO0Qk6RTa6QE10g1qojSh6RM/oFb0ZT8aL8W58zEdLRrFziP7A+PwBYzmXVQ==</latexit>

0.004%
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<latexit sha1_base64="94WI/YEZ98S0TDf+mZuoQcam9pU="></latexit>
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the Efimov evolution
sφb = (m + mb)2

Im[s]

Re[s]



−0.6

−0.4

−0.2

0.0

0.2

−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8

<latexit sha1_base64="nUtt1qfHeDVEF/DjKa0FDDsSGZI="></latexit> 
/m

<latexit sha1_base64="jXY/PXJVPryaKgzYn2lrT6mR9A8="></latexit>

1/ma

resonance

bound state
virtual state

<latexit sha1_base64="tQY97fH+CzL39kaItulW0oXnTUM="></latexit>

'b
��
thr.

−0.025

−0.015

−0.005

0.005

−0.120 −0.090 −0.060 −0.030 0.000 0.030

bound state

res
onance

virtual state

<latexit sha1_base64="Ub4RIGlkA7K6Qssq355a74UCoCo="></latexit>

1st trimer

2nd trimer

3rd trimer

<latexit sha1_base64="94WI/YEZ98S0TDf+mZuoQcam9pU="></latexit>

3' |thr.

the Efimov evolution



−0.6

−0.4

−0.2

0.0

0.2

−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8

<latexit sha1_base64="nUtt1qfHeDVEF/DjKa0FDDsSGZI="></latexit> 
/m

<latexit sha1_base64="jXY/PXJVPryaKgzYn2lrT6mR9A8="></latexit>

1/ma

resonance

bound state
virtual state

<latexit sha1_base64="tQY97fH+CzL39kaItulW0oXnTUM="></latexit>

'b
��
thr.

−0.025

−0.015

−0.005

0.005

−0.120 −0.090 −0.060 −0.030 0.000 0.030

−0.0010

−0.0006

−0.0002

0.0002

−0.0050 −0.0035 −0.0020 −0.0005 0.0010

bound state

res
onance

bound state

res
onance

virtual state

<latexit sha1_base64="Ub4RIGlkA7K6Qssq355a74UCoCo="></latexit>

1st trimer

2nd trimer

3rd trimer

<latexit sha1_base64="94WI/YEZ98S0TDf+mZuoQcam9pU="></latexit>

3' |thr.
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the Efimov resonances
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<latexit sha1_base64="2tN/orTKmW9iM8z3ae/Qn3bkJFU="></latexit>

ma = �235

<latexit sha1_base64="kJADwEjK+y+zhITYPJKyR5nq8c8="></latexit>

ma = �421

<latexit sha1_base64="fcy5QukIBP/B7A+5aXv4AdLdkno="></latexit>

ma = �205

<latexit sha1_base64="LNjRuYJ/TukEoqdc9+t3/KrLwiA="></latexit>

ma = �9

<latexit sha1_base64="saVUoTX1RKLccBMjuK8U1EQMLns="></latexit>

ma = �12

<latexit sha1_base64="F4oadK2HbJbF3XQhT7FkGbDy9C0="></latexit>

ma = �33

<latexit sha1_base64="I7f+nWJrQWODU2S4io9qtxji2So="></latexit>

ma = �4

<latexit sha1_base64="4QTJXZLzjeknuKHAiIYKzO9Ne0U="></latexit>

ma = �1.5

<latexit sha1_base64="4NWq6OqRB/Wh+JfxlUsGLbhHk8U="></latexit>

ma = �0.9

<latexit sha1_base64="L6Wi0ju7sAUWgxvyBfqzAoYMluE="></latexit>

Re(�E/m)

<latexit sha1_base64="OKloBIbhetuaoiHP99uG/jHTSGk="></latexit> Im
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E
/m
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<latexit sha1_base64="u+MPBYpVPeMdU5xzPMhNzyktH0A="></latexit>

�E1
<latexit sha1_base64="wiEKzeH7APEzMLoxkdo7DySe9Yo="></latexit>

�2 �E2
<latexit sha1_base64="Ye+xeZ2h/vyMJKjpeT/ONv1ECxg="></latexit>

�4 �E3

<latexit sha1_base64="94WI/YEZ98S0TDf+mZuoQcam9pU="></latexit>

3' |thr.the Efimov resonances



the conjecture, the puzzle, & the quirky 

the conjecture the puzzle the quirky 



the conjecture 
Although we do not see beyond the nearest sheets…we 
conjecture that Efimov resonances are marching in 
synchronous from the infinite number of sheets. 

When the nth state reaches the jth sheet, the n+1th one 
reaches the j+1th sheet.  

the Efimov elevator

<latexit sha1_base64="1w5yNZyp1bR1Y3Xh3kytuhBFE1M="></latexit>

Re�E

<latexit sha1_base64="rHsvu6Ih74xP2eW+TqTxFFtkjCs="></latexit>

sheet 0
<latexit sha1_base64="sS/8GR0YBNucTa3AkcX/A/TnNJg="></latexit>

(physical)

<latexit sha1_base64="7TimOqqCLv1kXHysmQseyMqw3fI="></latexit>

sheet �1

<latexit sha1_base64="DXrTjJn3cmAc/ianBR9MQoTWCsA="></latexit>

sheet +2

<latexit sha1_base64="ZcrtgyifePz5THUS1xj5DYoTb4g="></latexit>

sheet +1

<latexit sha1_base64="JGnHM6CWdXhfiHZg99jf9KAifCM="></latexit>

�E1
<latexit sha1_base64="KVSARjeO0mAQlJAhYZAzSeID3Sc="></latexit>

�E2
<latexit sha1_base64="KVSARjeO0mAQlJAhYZAzSeID3Sc="></latexit>

�E2
<latexit sha1_base64="wwcBs+/EAV+BKTb72kgtbf77OIE="></latexit>

�E3

<latexit sha1_base64="bTa1XAwGvsRJZrf6xV8JioMu2SQ="></latexit>

Im�E

<latexit sha1_base64="Q5/e8GKFGHp7sB+QyGkWip6sSjQ="></latexit>

mirror pole
loops

<latexit sha1_base64="/ywaCG4OSnUf8QbdpmDYjeNpsGk="></latexit>

conjectured
“missing” poles

<latexit sha1_base64="b5qtdi20t5yjbuuOCXD4cE+m5lU="></latexit>resonance
pole loops

<latexit sha1_base64="TkXKaFJ/vIHCB32YiYu9AhFQWsg="></latexit>

Efimov states

<latexit sha1_base64="u8UcW9o6Ltlg/jvb9we+JQFXLAY="></latexit>

physical axis

<latexit sha1_base64="94WI/YEZ98S0TDf+mZuoQcam9pU="></latexit>

3' |thr.
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<latexit sha1_base64="JGnHM6CWdXhfiHZg99jf9KAifCM="></latexit>

�E1
<latexit sha1_base64="KVSARjeO0mAQlJAhYZAzSeID3Sc="></latexit>

�E2
<latexit sha1_base64="KVSARjeO0mAQlJAhYZAzSeID3Sc="></latexit>

�E2
<latexit sha1_base64="wwcBs+/EAV+BKTb72kgtbf77OIE="></latexit>

�E3

<latexit sha1_base64="bTa1XAwGvsRJZrf6xV8JioMu2SQ="></latexit>

Im�E

<latexit sha1_base64="Q5/e8GKFGHp7sB+QyGkWip6sSjQ="></latexit>

mirror pole
loops

<latexit sha1_base64="/ywaCG4OSnUf8QbdpmDYjeNpsGk="></latexit>

conjectured
“missing” poles

<latexit sha1_base64="b5qtdi20t5yjbuuOCXD4cE+m5lU="></latexit>resonance
pole loops

<latexit sha1_base64="TkXKaFJ/vIHCB32YiYu9AhFQWsg="></latexit>

Efimov states

<latexit sha1_base64="u8UcW9o6Ltlg/jvb9we+JQFXLAY="></latexit>

physical axis

<latexit sha1_base64="94WI/YEZ98S0TDf+mZuoQcam9pU="></latexit>

3' |thr.

the puzzle 
What happens are the “ground floor” of the Efimov 
elevator? 

Two poles come in: one from the +1 sheet and another 
from the -1 sheet…but only one pole appears in sheet 0?



the quirky 



outline
integral equations
angular momentum projection
finite-volume formalism 
a lattice QCD calculation
toy model calculations
Efimov physics 
consistency checks and the breakdown of Lüscher

Hansen, RB, Edwards, Thomas, & Wilson (2020) 
Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)
Jackura, RB (2023)
RB, S. R. Costa, Jackura, (2024)
Dawid, RB, Islam, Jackura,  (2023)

 [won’t present, but happy to discuss]



4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

m
2 1
3
/m

2 ⇡
m

2 1
3
/m

2 ⇡

m2
12/m

2
⇡

2⇥ 108

3⇥ 108

4⇥ 108

5⇥ 108

1⇥ 108

3⇥ 108

5⇥ 108

7⇥ 108

rapidly developing field! 

actual lattice calculations

formal developments

checks of the formalism 

further explorations
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<latexit sha1_base64="52aL0PjG86nzGnHqi976x3mPqr8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkiLoRim5cVrAPaEOZTCft0MkkzNyIJWTjr7hxoYhbP8Odf+M0zUJbDwwczrmvOX4suAbH+baWlldW19ZLG+XNre2dXXtvv6WjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h4mMfNCMpQ84JSAkfr2YQ/YI+RzUl8QOs7SkFzVsr5dcapODrxI3IJUUIFG3/7qDSKahEwCFUTrruvE4KVEAaeCZeVeolls5pMh6xoqSci0l+aLM3xilAEOImWeBJyrvztSEmo9CX1TGRIY6XlvKv7ndRMILr2UyzgBJulsUZAIDBGepoEHXDEKYmIIoYqbWzEdEUUomMzKJgR3/suLpFWruudV9+6sUr8u4iihI3SMTpGLLlAd3aIGaiKKMvSMXtGb9WS9WO/Wx6x0ySp6DtAfWJ8/iKWXAQ==</latexit>

ma = 2
<latexit sha1_base64="Dj6vPPCnN4Bkm6UWJBya5dN7fn8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLoRim5cVrAPaEOZTCft0MkkzNyIJWTjr7hxoYhbP8Odf+M0zUJbDwwczrmvOX4suAbH+baWlldW19ZLG+XNre2dXXtvv6WjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h4mMfNCMpQ84JSAkfr2YQ/YI+RzUl8QOs7SkFzVsr5dcapODrxI3IJUUIFG3/7qDSKahEwCFUTrruvE4KVEAaeCZeVeolls5pMh6xoqSci0l+aLM3xilAEOImWeBJyrvztSEmo9CX1TGRIY6XlvKv7ndRMILr2UyzgBJulsUZAIDBGepoEHXDEKYmIIoYqbWzEdEUUomMzKJgR3/suLpHVWdWtV9+68Ur8u4iihI3SMTpGLLlAd3aIGaiKKMvSMXtGb9WS9WO/Wx6x0ySp6DtAfWJ8/jrmXBQ==</latexit>

ma = 6
<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16

<latexit sha1_base64="6JBsNFZlhu3/pw9SwqioMaF35Uo=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWLkbBKu6mUMugjYVFBPOAPJbZyWwyZPbhzF0xLFva+Cs2IorYCv6Anb/hB4iTTQpNPDBwOOe+5jghZxJM81PLzMzOzS9kF3NLyyura/r6RlUGkSC0QgIeiLqDJeXMpxVgwGk9FBR7Dqc1p3869GvXVEgW+JcwCGnLw12fuYxgUJKtbzeB3kA6J3Y4Jv0kvmoX7fjcSg68djGx9bxZMFMY08Qak3xp1/yKH7/fy7b+0ewEJPKoD4RjKRuWGUIrxgIY4TTJNSNJQ7UHd2lDUR97VLbi9IDE2FNKx3ADoZ4PRqr+7oixJ+XAc1Slh6EnJ72h+J/XiMA9bsXMDyOgPhktciNuQGAMUzE6TFACfKAIJoKpWw3SwwITUNnlVAjW5JenSbVYsA4L1oWVL52gEbJoC+2gfWShI1RCZ6iMKoigW3SPntCzdqc9aC/a66g0o417NtEfaG8/NIyeiA==</latexit>

q2L1/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2
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