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why three-body systems?

O hadron spectroscopy
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The particle zoo ,
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Nuclear physics & precision tests
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Nuclear physics

¢ the three-body potentials shifts spectra by about 10%-20%
¢ these emerge from “local” & “non-local” interactions
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Efimov physics

Unitary limit:

Pole in the two-body scattering amplitude at threshold: M ~

Infinite tower of geometrically-separated three-body bound states: Ey,, ; = Ey/A* where A = 22.69438
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Overarching goal

non-perturbatively constrain two- and three-hadron scattering
amplitudes directly from the standard model (including electroweak & BSM probes)
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Two-body systems
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outline

[] integral equations

[] angular momentum projection
[] finite-volume formalism

[] a lattice QCD calculation

[] toy model calculations

[] Efimov physics

[] consistency checks and the breakdown of Liischer
[won’t present, but happy to discuss]
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Arsenal of non-perturbative tools

Scattering theory

Benetfits
[/ analytic description,
A correct singular behavior,
[ infinite-volume Minkowski observables

Limitations
[[]J unknown real functions

Im|s]

M—O—{)’WWW\ Re[s]
(3m)? EFTs can be understood as a subset of this




Arsenal of non-perturbative tools

Scattering theory Lattice QCD "
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Benetfits Benefits
[ analytic description, [ treats dynamics exactly,
A correct singular behavior,
[ infinite-volume Minkowski observables Limitations
[] computationally costly
Limitations [] finite Euclidean spacetime
[ ] unknown real functions [] no asymptotic states
Im|s] Im|s]
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Arsenal of non-perturbative tools

Scattering theory [.attice QCD ““....E ”‘:"
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short-distance dynamics B et e —————.s A

nearly a continuum of references:

Rusetsky & Polejaeva(2012)
RB & Davoudi (2012)

Hansen & Sharpe (2014+)

RB, Hansen, Sharpe, ...( 2017+)
Mai & Doring (2017)

Jackura & RB (2023)
RB, Jackura & Costa (to appear)



Arsenal of non-perturbative tools

Scattering theory

short-distance dynamics




Arsenal of non-perturbative tools

Scattering theory

short-distance dynamics

iMs = &ﬂ'? +% L

satisfies an integral equation

(Where D= MsdM- and
d:—G—/G/\/le




Arsenal of non-perturbative tools

Scattering theory

short-distance dynamics

iMs = &ﬂ'? +% +“°+%?< L

C
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Arsenal of non-perturbative tools

Scattering theory
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Integral equations

We need to solve:

Jmax d3
d(p’,s,p) = —G(p', s,p) —/ ( d
0

27_‘_)32(&)(1 G(p y Oy q>M2(Q7 S) d(qv S, p)

Need to resort to numerical solutions.



Integral equations

We need to solve:

dmax d3
d(p’,s,p) = —G(p, s, p) —/ ( 1
0

27_‘_)32(&)(1 G(p y Oy q>M2(Q7 S) d(qv S, p)

Need to resort to numerical solutions.

Three correlated challenges:
[] 3D integral equation,
[[] need to project to angular momentum and parity,
[] integration kernel is generally singular.



Partial wave projections

The one-particle exchange is one of the main sources of singularities.
Let us consider the case where § = O:
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Partial wave projections

The one-particle exchange is one of the main sources of singularities.

[et us consider the case where S = O:

k
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Partial wave projections

In general...
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Partial wave projections

In general...

S. R. Costa Jackura
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outline

[ integral equations

[ angular momentum projection

[] finite-volume formalism

[] a lattice QCD calculation

[] toy model calculations

[] Efimov physics

[] consistency checks and the breakdown of Liischer
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Arsenal of non-perturbative tools

Lattice QCD .

short-distance dynamics S A

[ Two point correlation functions:

C(1) = (0] 6(1)6(0)[0) = ) ¢, e =

n




Arsenal of non-perturbative tools

short-distance dynamics B et e —————.s A
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[ Two point correlation functions:

C(1) = (0] 6(1)6(0)[0) = ) ¢, e =

n

[ The energy of three identical spinless bosons in a box satisfies:

Fy ' (P,,L) +K3(P2) =0 +0(c")

Hansen & Sharpe (2014+)



17 Scatterin

(I=2 channel, m_~ 390 MeV
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rTrT scatterin

(I=2 channel, m_~ 390 MeV)

g

ot
(000] (001] (011] 111] (002]
5 o A\ : .
54 - . X - \ ) 4
SENER N| RN\ S det[F~*(P,L) + M(P)] =
A 0 . -

S 24 20 24 20 24 20 24 20 24

<
%
tfm 0(p)/p

pcot o —

ip |
W Y 2.5 3.0

Hansen, RB, Edwards, Thomas, & Wilson (2020)



TTrirt

(I=3 channel, m_ ~ 390 MeV)
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TTrirt

(I=3 channel, m_ ~ 390 MeV)
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TTrirt

(I=3 channel, m_ ~ 390 MeV)
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TITIrT scatterin g

(I=3 channel, m_ ~ 390 MeV
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TITIrT Scatterin

(I=3 channel, m_ ~ 390 MeV
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outline

[ integral equations

[ angular momentum projection

[ finite-volume formalism

[A a lattice QCD calculation

[] toy model calculations

[] Efimov physics

[] consistency checks and the breakdown of Liischer



Avery interesting example

Consider a theory with a two-body bound state:
O Arguably the most singular example,
0 testing formalism,
O exploring Efimov physics,
() towards nuclear physics,

0.

Can get a bound state using the effective range expansion at leading order:

0O N 1 S
Ma(s) qcotd(s) — iq N —% — 1q

QO ifa > 0, can have a pole at ¢ = ik = i/a,
O bound-state mass ny, = 2\/ m* — 1/a?,




The sinqularity landscape
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The sinqularity landscape
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The sinqularity landscape

Im|[s]
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three-body threshold
bound state (b) -spectator (¢) threshold

three—body bound states & resonances |[“trimers” ]



The sinqularity landscape
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Obtaining the b + @ amplitude

We can obtaine the Meb amplitudes using LSZ:
[ Two-body bound state:

M) O~ e~

[ Bound state / spectator scattering amplitude

| —m2)(o, —
Mop(s) = —— — lim D(s k)% mb>§% m;)
Koy (8) —ipep  onop—mi g
= lim d(s, k,p)g°
T (£ — oy, — qp)

ﬂ”on—shell momentum”’]
\ (a)qba Qb)



Solving integral equations

[[] Detform contour to miss singularities and discretize momenta
[ ] sometimes useful // sometimes critical

dmax d 2
[] Discretize momenta: d(p’, s,p) = —G(p', s,p) — / (zj)gw G(p',s,q)Mal(q, s)d(q, s, p)
0 q

G(p',s,p) — » K(p',s.q)d(gs,p)

[contains pole, logarithmic and square root cuts‘\/



Solving integral equations

[[] Detform contour to miss singularities and discretize momenta
[ ] sometimes useful // sometimes critical

dmax d 2
[] Discretize momenta: d(p’, s,p) = —G(p', s,p) — / (zj)gw G(p',s,q)Mal(q, s)d(q, s, p)
0 q

G(p', s, p) ZKp s,q) d(q; s, p)

[[] Use linear algebra:
1+ K] - dsoi(s,p) = —G(s.p)



Solving integral equations

[[] Detform contour to miss singularities and discretize momenta
[ ] sometimes useful // sometimes critical

dmax d 2
[] Discretize momenta: d(p’, s,p) = —G(p', s,p) — / (zj)gw G(p',s,q)Mal(q, s)d(q, s, p)
0 q

G(p', s,p) ZKp s,q) d(q, s, D)

[[] Use linear algebra:
[1 T K] dsol(S p) é(S,p)

[[] Use integral equation to interpolate or extrapolate:

—

d(p/7 Sap) ~ _G(p/v S7p) - E(p/7 8) ' dsol(svp)



Some amplitude results
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outline

[ integral equations

[ angular momentum projection

[ finite-volume formalism

[A a lattice QCD calculation

[4 toy model calculations

[] Efimov physics

[] consistency checks and the breakdown of Liischer



Efimov physics

Unitary limit:

Pole in the two-body scattering amplitude at threshold: M ~

Infinite tower of geometrically-separated three-body bound states: Ey,, ; = Ey/A* where A = 22.69438
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Increasing a
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the Efimov evolution
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the Efimov evolution
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the Efimov evolution
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the Efimov resonances o
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the Efimov resonances
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the conjecture, the puzzle, & the quirky
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the conjecture

Although we do not see beyond the nearest sheets...we

¢ mirror pole heet —1
loops

,,;;:.':l--l

conjecture that Efimov resonances are marching in Efimov states 3¢ | |

synchronous from the infinite number of sheets.

When the nt" state reaches the j* sheet, the n+1t" one

sheet 0
reaches the j+1 sheet. = ~ (physical)
resonance y
pole loops O
\ sheet 41
conjectured sheet +2

“missing” poles



the puzzle

What happens are the “ground floor” of the Efimov

¢ mirror pole heet —1
loops

,,;;:...lllll

,
elevator: Efimov states 3¢ |tnr. |

Two poles come in: one from the +1 sheet and another

from the -1 sheet...but only one pole appears in sheet 0? sheet 0
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pole loops O
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“missing” poles




the quirky
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outline

[ integral equations

[ angular momentum projection

[ finite-volume formalism

[A a lattice QCD calculation

[4 toy model calculations

[ Efimov physics

[] consistency checks and the breakdown of Liischer



rapidly developing field!
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